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Al*:  Correct work leading to the given equation having scored BIM1.
Condone y+12x =48 and apply isw once seen.

Do not condone 12x+y~48=0 (unless a correct equation = 48 s scen)

() Nate: Condone poor nofation such as missing dx or spurious | symbols throughout.

M1:  Attempts to find cither the x or y coordinate of the intersection of line /1 and line /»
You may need to check the diagram or limits to their integrals

1 ( 192
AML: Correct method for the area of the triangle. e.g. Triangle area is - 4x"19.2"| =384 or —

Ifintegration is attempted then condone slips in their rearrangement of 12x+ y = 48 to
=48~ 12x and note that their integrals do need not fo be evaluated, so for example

3
ras-taxrae (=838 030401536
- T25 725 J

P

21
BI:  Comectintegration of curve ignoring limits, ie. 4x' ~ =7 but condone e.2

ddM1: Fully correct strategy including substifution which would lead to an exact asea.
Does not need to reach a value. Dependent on both previous M marks.

2 384
Tmplicd by 384~ ora cortect final answer ==

Note that the decimal approximation that might be seen is 10.97142857 and implies ddM0
unless there s evidence of substifution (which need not be evaluated)

Al:  Correct exact value. Either ¥ or 10 i:

Alternative using lines — curve:

M1:  Attempts to find cither the x or y coordinate of the intersection of line /1 and line 1
You may need to check the diagram or limits to their integrals.

dMI: Correct method for at least one part (0 to “2.4” or “2.4” to 4) of the area of R including limits
Condone slips in their rearrangement of 12x+y =48 to y =48~12x and note that their
integrals do need not to be evaluated, so for example

e 5 N s

leokforJ. 8x l&—xi Jax or I "(48-12x)" 2

o

e

Sx—x?

dr (ora sum of both)

Bl:  Correct integration of both regions ignoring limits. May be completed as a sum or separately.

Note that each integral may have been simplified.

} and {+} [4&x—10x1+§ }

x 2
Condone e.g. in place of

s s
J‘x?dx and {+} | 48-20x+x7 dxr — [%
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Notes for Question  Continued

® Way 1

MI: | Attempts both 1.5° 1.8 and 1.6:°=2.1.._and at least one result is comrect to awrt 1 dp

Al Both 1.5° =awrt 1.8._.and 1.6'° =awt 2.1.... reason (e.g. 1.8..<2 and 2.1..>2
or states C cuts through y = 2). C continuous and conclusion

[0) Way 2

MI: Attempts both 1.5 ~2=—016... and 1.6"* ~2=0.12__. and at least one result is correct
toawrt 1 dp

Al: | Both 157 ~2=-0.16... and 16 ~2=0.12... correct to awrt 1 dp. reason (e.g ~0.16..<0
and 0.12... > 0. sign change or states C cuts through y = 0). C continuous and conclusion

®) Way 3

Ml: Attempts both 1.5In1.5=0.608... and 1.6ln1.6=0.752... and at least one result 1s correct
toawrt 1 dp

Al: Both 1.5Inl. 0.608... and 1.6In1.6=0.752... correct to awrt 1 dp, reason
(e.g 0.608..<0.69... and 0.752...>0.69... or states they are either side of In2).
C continuous and conclusion.

®) Way 4

MI: | Attempts both 1.5log1 5=0264... and 1.6logl 6=0.326... and at least one result is correct
to awrt 2 dp

AL: | Both 1.5log1 5=0264. and 1.6log1.6=0.326... correct to awrt 2 dp. reason
(e.g 0.264..<0301.. and 0.326...>0.301...or states they are either side of log2).
C continuous and conclusion.

(©

MI: An attempt to use the given or their formula once. Can be implied by 2(1.5)'™"* or awrt 163

AL: | States x, =1.673 cao (103 dp)

Note: | Give M1 Al for stating ¥, =1.673

Note: | MI can be implied by stating their final answer x, =awrt 1673

Note: | x =1.63299._ 3, =1.46626__. x, =1.61313

()]

Bl: | scescheme

BI: | sce scheme

Note: | Only marks of BIBO or BIBI are possible in (d)

Note: | Give B0 B0 for “Converges in a cob-web pattern” or Converges up and down fo &
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® St=-5=y=5("-5"+2)" M1 | LIb
(y=) 405 Al | Lb
@
® =t=2x+1=y=5("2x+1"42)" Ml | L1b
y=5(2x+3)" Al | 11b
@
© (2x+37) > ("2x 43" ML | L1b
dy 3
& a0(2(-3)+3
[dx ) (2(-3)+3) am1 | 11b
2 _|-1080
& ] Al | Lb
(O]

(7 marks)





image99.jpeg
Notes

@ Mark parts (a) and (b) fogether.

MI:  Substitutes x=—3 into x ’—;1 attempts to find 7, and substitutes their rinto y=5(r+2)"
Condone slips. May be implied by substitution of =5 into y or by 405 or by y=5(-3)"
Alternatively, they may substitute x =—3 into their y=f(x)

AL cao Answer only scores full marks and ISW after seeing 405 e.g. (=5, 405)

Accept (-3, 405) or e.g. P=405

) Mark parts (a) and (b) fogether.

MI:  Attempts to make r the subject of x= ’;—1 using the correct order of operations and
substitutes into y = 5(7+2)' Condone slips e.g_dividing by 2 first: §+1 or missing the
+2in y=5(t+2)°
ALt 1: Writes 1= (é]' 2. substitutes into x = ‘;1 and attempts to make y the subject using

1
vy sy 3
the correct order of operations, i.e., 2x=| . —3=>(2x+3) =8 5(2x+3)
Alt 2: Makes 7 the subject and then substitutes into an expanded 5(7+2)"
Do not be too concerned about their expansion, but it must contain #* and a constant term.
Al: cao and ISW after a correct answer seen. May be scored for y =5(2x+1+2)"

Allowe.g y=80x"+480x" +1080x" +1080x +405 ore.g.
(2x+1)" +40(2x +1)° +120(2x+1)" +160(2x +1)+80

‘Their RHS may be unsimplified but do not allow if e.g. binomial coefficients are still present
Do not accept £(x) = ... It must be
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©
M1

M1

Al

Note: Differentiation seen in (a) or (b) can score marks if used in (c)
Reduces the power of their ("2x+3")" by one to Q("2x+3")""" where Q is a constant and
could be 1. There should be no other terms using this method.

Alternatively, attempts to expand their ("2x+3")" (may have been expanded in (b)) and
reduces the power of x by one in at least one term

They may use parametric differentiation, i.e., % =a(t+2)’ and % =b where a and b are
1 1

dya(t+2)

constants, leading to ie. they must divide the correct way round.

@
Condone attempts at the chain rule that reach e.g. 3’ =...° but make a slip when substituting

backin forxorr,eg., :—:(5x+3)’ or ‘T:(Hz)i provided the intention is clear.

Substitutes x =3 into their % in terms of x which may be implied by their answer.
a

Using parametric differentiation, substitutes their ¢ (found from an attempt at substituting

x=-3 into x=121

which may have been seen in (a)) into their % in terms of £

Note for reference, if correct, the parametric differentiation is :J 20(t+2)° and % £
:

2

dy 3
leading to —=40(r+2
cading to & —s0(1+2)

‘They may substitute their value of £ info ? first before using the chain rule to reach %
1
‘which is acceptable and implies the first M mark.

[ﬁ:)fmso
dx

Correct answer only scores full marks
May be seen labelled as m or something else.
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Question Scheme Marks | AOs
® 4:l+4cmrécml:%ér:7§éy: . M1 | 21
_V:3x(7§]+25in(7%}:77[7«/§ Al | L1b
@
®) 4 dy 3ea
dy_dr _3*2cost M1 21
Atlempls 4= 4 = Zsinr
@ Al | L1b
= 6sint—2cost =3
Eg Gsint—2cost=Rsin Ml | 31a
Al | L1b
amt | 2.1
r=awrt 0.816 Al | Lib
©

(8 marks)
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@

M1:  For the key step in finding y when = %
Al: —7-3

®)

Mi:  For sctting up an equation in 7 using all of the information given.
The key steps req\lired to score this mark are

« Finding —bydwndmg 5 4o T

o Setting a' ——2 and proceeding to an equation of the form asinr+beost=c

Al: 6sinf—2cost=3 or exact equivalent
M1:  Chooses a suitable method to solve the equation.
Look for a correct overall method condoning slips.
Al:  Correct values of “R” and “@”
dM1: Full and complete method to find 7 using correct order of operations.
1t is dependent upon all previous M marks.
Al:  Forawrt 0.816 and no other values.
Alternative for the final 4 marks:

6sinf—2cost=3=>G6sint=3+2cost=>36sin t=9+12cost+4cos ¢

= 36-36c0s’ 1=0+12cost+4cos t=>40cos t+12cost~27=0

323,51
ﬁcosl:T‘/_(OGXS.. . -0.985..) = 1=0816
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‘Question Scheme Marks AOs
(@ x=(t+3)° 25 ML L1b
Way 1 T
Sx+25=(t+3)" = (x+25) I =(r+3) > y=.. ML 21
Y =6ln(x+25) = y=3In(x +25) Alcso | L1b
3
(@) Way 2
6In(r+3)=3In(r+3) ML | LIb
y=3In(r+3)" =3In(r +61+9)=3ln(x+16+9) M1 21
v =3In(x+25) Alcso | L1b
() Way 3
T ¥
smuu;:% In(r+3)=1+3=cS Sr=cf -3 ML | 1Ib
IR
—3| 16| *3|*16¢y:
or M| 21
y
[eﬁ—hs ue —372|:'_
»=3In(x+25) Alcso | L1b
@) Way 4
x=(t+3)*-25 M1 L1b
d
& _ar
L_a =y=3in(x+25 M| 21
g st Gl
=6l3=6ln3=3l(9)=c=0
Aleso | LIb

In(x+25)
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(®)

In250eeg 6In5 Blft 22a
(-%)
25
or
@ ii 6 M1 21
o i3
& s6
dr
=325 = 2 0] a3
25y —3x=150In5 Al 22a
“@
7 marks)

Notes

‘Choose the mark scheme that best matches the
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(@) ‘Way 1
MI: Attempts to complete the square. Award for sight of x = (¢ + 3)* +
MI: Rearranges their x = (1 +3)’ - 25 to either (¢+3)~... or (1+3)° =.. and then substitutes correctly their
expression into the parametric equation for . Soe.g. t=x+25-3— y=6ln(yx+25-3) is MO.
Alcso: y = 3In(x +25) including brackets with all stages of working shown.

The “y =" must appear at some point.

where ... £0

Way 2
M1: Attempts to use the power rule for logarithms y =6ln(r+3) =_..In(t+3)° where ... £6
M1: Writes = 6In(c+3) as 3in(r+3)" and then multiplies out and substitutes correctly in for  to obtain a

Cartesian equation for C
Alcso: y = 3In(x +25) including brackets with all stages of working shown.

The “y =" must appear at some poit.

Way 3

MI: Attempts to make £ the subject for y=6In(t +3) to obtain £ =€ +... where ... %0

MI: Substitutes 1 =¢” +.. correctly into x =1> + 6 - 16 and rearranges to make y the subject.
Alcso: 3 3In(x +25) including brackets with all stages of working shown.

The “y =" must appear at some point.

Way 4
M1: Attempts to complete the square. Award for sight of x = (¢ +3)* £ where ... £0

M: Attempts to find ‘;i where % ’*Zb . a.b=0 and uses the completed square form to find :l in
x ar- x

terms of x and then integrates to obtain a Cartesian equation for C

Aleso: A complete method using any correct point on the curve to show that ¢ =0 and obtain
¥ = 3In(x + 25) with all stages of working shown. The “y =" must appear at some point.

Note that a common incorrect approach in (a) is:

x=r +61-16=(1-2)(1+8) Sx=1-2=r=x+2=y

6ln(x+5)

L DI T
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(b)
BIit: Deduces y—31n250¢ e.g —61n$ but allow follow through on their Cartesian equation with x =0
and apply isw afier a correct value or ft value fory
dy

M1: Attempts to find & when x=0 so score for obtaining 2 -
dr dx  x+"25"

and substituting in x=0

Allow this mark if they use the letters 4 and B e.g :", =gy orallowa “made up” 4 and B
< x+B 0+

or

@
& a
Areapts to ind & when 12 by finding &
3
=)
Foctlisdeatvelookir e M2 seagif e Loy
d  at+b lt+3) at+b
& ‘L‘
g o _\1e3)_6(2r+6)
NOTE if candidates find 123 _Z25) 15 e il ive BOD that =2 has been used unless
e -+

o
there is clear evidence that /=2 has not been used.
W3
]
y=mx+c they must proceed as far as ¢ = ... It is dependent on the previous method mark.
Must have mumeric 4 and B now.
Al: 25y—3x—150In5 or any integer multiple of this equation in the form ax + by

M1 Attempts to find the equation of the tangent. Score for sight of y~"3In25"="—="(x{-0}) or if they use

cIn5





image8.jpeg
ddMI:Fully correct strategy including substitution which would lead to an exact area.
Does not need to reach a value. Dependent on both previous M marks.
This approach requires
 substitution of 0, their 2.4 and 4 in the correct places

o the %(z 4y %( 2.4)? 1o be cancelled (may be implied by a correct final answer %)

Note that the decimal approximation that might be seen is 10.97142857 and implies ddM0

2 2
unless there is evidence that the Z(24)% ~7(24)2 has been cancelled .. 68T - 68T

Al Comect exact value. Either o of 10%
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‘Question Marks AOs
@ Bl | 22a
Ml | Lib
Ml | Lib
>y adM1 | 21
or
5 Al* | L1b
=5 y=-2x+5
¢ y=-3x
> 3x+4y=20%
&
D) Maximum height is 9m Bl | 34
@

(6 marks)
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Notes

(a) Ifparametric differentiation is not used in part (a) (e.g. uses Cartesian form) then onlv

Bl:

MI:

MI:

ddM1:

A1

the B marlk is available but see alternative below.

Uses the given Cartesian coordinates to deduce the correct value for .

If more than one value for  e.g. £ =3 is given and ¢ = 1 is not “selected” score BO but
if just £ =1 is used subsequently allow recovery and score B

Attempts touse & _ 9, 97 ¢ cquivalent with their differentiated equations.
@ drax

There must be an attempt to differentiate both parameters, however poor. and divide or
multiply correctly so using & _ ¥ scores MO. Both parameters must be “changed”

dx  x
Condone confusion with the variables e.g. referring to % oY arinmmicionsilen

(

This may be implied by e.g. 5, -3, o 2(r+3).r=-1 = .. 4

dar dar dar ax

Uses their numerical value of f (not 4) in their % 1o obtain a value.

Condone attempts with different values of r e.g. =1 and f==5

pplies a correct straight line method with their value of gi which has come from
N

an attempt fo use parametric differentiation with their value of  (not 4) and with x =4 and
=2 correctly placed. An attempt at the equation of the normal is MO,

If using y = mx + ¢ they must reach as far as
Depends on both previous M marks.
Correct equation as printed with no errors but condone 4y+3x=20*

Allow equivalents e.g. 20 =4y +3x* or 3x+4y=20%

This is a printed answer so there must be at least one intermediate step as shown in the
‘main scheme.
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=-3(2-3f x—==-2

wx 24 4

iy—Z:f%[x*47¢3x*4_“:20"

: 4 &
BI:  ither a comect expression for < in terms of ¥ and/ory following a correct Ey in terms

of f or for (=1 seen anywhere.

dy_dy dr

MI: Atempis touse & with their differentiated equations.

There must be an attempt to differentiate both parameters, however poor. and divide o

multiply correctly so using & _ ¥ scores MO
dx  x
& dy
Condone confusion with the variables c.g.referring o " as < ifthe intention is clear
T
This may be implied by .. & =37, L =2(¢+3).r=-1 & e 3
dar ar a ar a4

MI:  Attempts to express their % which is in terms of f, in terms of x and/or y and uses x =4

andy =2 correctly placed in an attempt to find the gradient of the tangent

ddM1: Applies a correct straight line method with their value of dE) which has come from

an attempt fo use parametric differentiation with their gradient and withx =4 and y=2
correctly placed.
If using y = mx + ¢ they must reach as far as ¢ =
Depends on both previous M marks.
Al": Correct equation as printed with no errors
This is a printed answer so there must be at least one intermediate step as shown in the

‘main scheme.

®)

WE i ikl Sl vt uiti Moot Dok 00w





image110.png
Question Marks | AOs
@
Ml | Llb
Al | LIb
Ml | 21
Ml | Llb
Al* | 21
®
®)
Ml | 3la
Al* | 21

(2)
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(b) Alternative 1:

(rl)z+5:%(2mr+1—1)z+s

:%4tanzr+5:2(seczr—1)+5

= 2sec’ 143
) Alternative 2:

X:Z!anr+l¢l:!an"(%’lji}.Zz*cl{‘an—l(%fl]]+3

ﬂy:2[1+mnz(|an4[

)
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() Attempts the lower limit for k:
1 2 1 2
LD 5=tk = —rr(11-20)=0 i | 21
b —4ac =1-4(11-2k) =0 =k =
(k:)% Al |1
Actempts the upper limit for &
M| 21
]
(k=)5 Al |1
BB
B e
S<k<s Al | 22
®
(12 marks)

Notes:
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(a) Must use parametric differentiation fo score anv marks in this part and not e.g. Cartesian for
dy

M1 For the key step of attempting % % There must be some attempt to differentiate both

dr

parameters however poor and divide the right way round so using =3 scores Mo.

dy _ dy
iy

LE
> ar

dx % 2
This may be implied by e.g. - =2sec’ £, <= 4sec’rtant,

dr

dy  4sec’ttant

AL o

7. Correct expression in any form. May be implied as above.
2sec’t

Condone the confusion with variables as long as the intention is clear e.g.

4sec’xtan x

— 2tanx) and allow subsequent marks if this is interpreted correctly
2sec’x

M1: For attempting to find the values of x, y and the gradientat 1 :%un getting at least fwo correct.

N

& ( dy .
=2 ortheigrar=7

Note that the x=3, =7 may be seen as e.g. (3, 7) on the diagram. There must be a non-trivial
a

B
< for this mark e.g. they must have a 4o substitute into.
N

&

Follow through on their -

5o allow for any two of x=3,

M1: For a correct attempt at the normal equation using their x and y at =2 with the negative

7

reciprocal of their %alr A ?7 Baving fade Some aHEmpY aE 0w Al Soreay pseed

T
For attempts using y = mx + ¢ they must reach as far as a value for ¢ using their xand y at £ =

& x
with the negative reciprocal of their —tm Z all correctly placed.

@ 7
A I i i i il NGk ke i e
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(®)
M1: Attempts to use s

=1+tan’t oe to obtain an equation involving y and (x—1)

sec’t+

Eg asaboveoreg y= z(1+tm*rj+

) )+3 for M1 and then

:%()Vl)]i»i" for Al

A1*: Proceeds with a clear argument fo the given answer with no errors
Alternative 1:

M1: Uses the given result, substitutes for x and attempts to use sec’ # =1+ tan’f oe

Al Proceeds with a clear argument o the y parameter and makes a (minimal) conclusion e.g.
QED. hence proven ete

Alternative 2:

M1: Uses the x parameter to obtain { in terms of arctan, substifutes info y and attempts fo use

sec’r=1+tan’1 oe
Al Proceeds with a clear argument to the given answer with no errors

Alternative 3:
&

&
ML: Uses S from part (a) to express - in terms of . integrates and uses (3. 7) to find °c” to reach

dr

a Cartesian equation.
AL: Proceeds with a clear argument o the given answer with no errors
Allow the marks for (b) to score anywhere in their solution e.g. if they find the Cartesian
equation in part (a)
()
M1: A full attempt to find the lower limit for k.

1 B 1
G145

§x+k¢x27x+(1172k':0¢b3 —dac=1-4(11-2k) = 0=k =

Lok g (6310 Fori and S b, — 456,40

Score M1 for setting %(x—n” +5=-5

eg b —4ac>0 oreg. b —4ac<0 comectly to find a value for k.

AL k—goe Look for this value e.g. may appear in an inequality e.g k>§,k<§
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dy
Score M1 for
core M1 for -

5 1
" linear expression in x”, sets = . solves a linear equation to find x and

x+F to find a value

fork. Al k :%oe Look for this value e.g. may appear in an inequality c.g. k> % k< %3

then substitutes into the given result in (b) to find y and then uses y =
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An alternative method using parameters for lower limit:

= Lirks 25 te3=

3 S(2tanr+1)+k

=2(1+tan’ )43 %umrﬂ)u:szmjrﬂmws S—k=0

? —dac=0=1-4x2(5 5—/c):o¢k:%

1
2

Score M1 for substituting parametric form of x and y into x+k, uses sec’ r=1+tan’t

rearranges to 3TQ form and attempts 5 —4ac...0 or e.g. b —4ac>0 or 5 —4ac <0 comrectly to
find a value for k.
s 5. 8

AL k= oc. Look for this value e.g. may appear in an inequality c.g. £> =, k < -
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Question Scheme Marks | AOs
SinGe+ ) ot |
i
Sinvcos i+ cos vsini—sinx ML | 1b
7 AL [ 1o
(@As h>0), smx(ms:il]+wsx(#)~>ﬂxsmr+lxcnsr am1 | 21
- als | 25

(5 marks)
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M1: A full attempt to find the upper limit for k. This requires an attempt to find the value of x and the
z

LR and sotves ok

value of y using 5

. the substitution of these values into ¥

AL k= % Look for this value c.g. may appear in an inequality.

AL Deduces the correct range for k- % <k< %

Allow equivalent nofation c.g. [k < 7’ and & >§) [k é%ﬁk > %} [% %}

Butnoteg [k

13 3 13 43
], {kéTUk,?], {k§7 or k>?]anddcnclallev\lfm

terms of x.
Allow equivalent exact values for %, B
There may be other methods for finding the upper limit which are valid. If you are in any

i i L e R
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Question Scheme Marks | AOs
@ 2 4x3+3
) =2 =351 M1 L1b
15
= Al L1b
@
®) o a(2x+1)—2(4x+3
£ w M1 31a
(2x+1)
()= ——
OO Al Llb
Requires
o Correct g'(x)
« Statement ¢/(x) <0 oc Al 21
_Conclusion e.g. “proven”, “truc”, “decreasing”
®
© Achieves either boundary 212 or 213 M| L
3 3 3 3
Fin2<fg<3in3 oreg JIn2<y<3in3 Al 25
@

(7 marks)
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Notes:
@
Mi:
AL

®)
Mi:

Al:

Al:

@©
Mi:
AL

Aftempts to apply the operations in the correct order. E.g. subsitutes %m Fordintog

Achieves % or exact equivalent.

Attempts the quotient rule (or product rule) to obtain the correct form or divides to reach

the form A+ where A and B are positive constants.
*
-
gm= - OR g(¥)=2+
(2x+1) (2x+])

See scheme. For the alternative method look for

o Comrect g(x)=2+

(2v+1)

1
* Comesttatement. Asx ineesses (o ¥ — ) s deseases (or = 0) 50 ¢(9)
ot

s a decreasing function

Achieves cither exact boundary %ln 201 % In3

Correct range written with correct notation and with strict inequalities
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‘Question ‘Scheme Marks AOs
(a) ar dh 1
=20 oeeg. G-t Bl | Llb
ML | 3la
A | 21
[6]
(b)
® M| L
%h'*/\ljﬂ} oeeg Mg Al | LIb
20082 (144
20497 - 1x0semcmtinf - 1) a1 | 34
2. .t o oanl 1L
26207 - axsernaser= -0 - 1) ddM1 | 3.1b
R osin1728 oe eg it =32, 216 Al | 33
iow' 125
(0]
(b) Alternativ
ey ) M| L
Al | 1
a1 | 34
ddM1 | 3.1b
SI+178 oe eg =i 20 Al | 33
1000 125
[S]
© S513t+1.728= ¢ = ML 34
(t=) awrt18 4 min Al 32a
@
(10 marks)
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(a)
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For &
dh
M: Requires

a

200 stated or used ~ may be implied by their chain rule attempt

—_ (or a suitable letter for k. which may be /. but must not be a number)
i o2 ¢ o )

K

A AJ'

scores M0 as :;’ i tncomectly pinced

(dh_\dn av
@ Jar e
@ _an av_ 200k
@ ar e Jn o
Al*: A rigorous argument with all steps shown and simplifies to achieve % 2 with no errors

7

Do not allow the use of 2 for both constants. Allow use of e.g. :" %/' for full marks
v~ kdh

=200, S _h &V _ 1 2 _ 2 ccores BIMIAO* unlessc.g. “let 4= " seen.
AN TR R A AT

W R e [ R x
Allow correct work leading to e. = g > or == x 0 A=—u
w200 T T w200 T 200

There must be an attempt to link the ¥ with the

or any equivalent with 9.

+ application of the correct chainrul (

their %cenecd) placed. So ¥

v

eg

which may be missing an = sign.

Allow an argument with % 4 dh_dn dv

Withhold this A mark if there are notational errors e.g. 37
a

scores B1(implied)M1A0*
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(b) Note that some candidates may work with e.g. 7 Lm ore.g. =200k which is acceptable.

assume ¥ __ 1 greg 9h_200 ghep only the first 2 method

200fn & i
marks are available (see note below). Condone use of other variables if the intention is clear but the
final answer must be in terms of r and 7.

Candidates who do not have a A e.

M1: Separates the variables and integrates fo obtain an equation of the form _ 4*

t{rc) oe

The constant of integration is not needed for this mark.

AL (<) oc. The constant of integration is not needed for this mark.

3
Condone spurious nofation for this intermediate mark ¢.g. integral signs left in afier integrating.
dMI: Substitutes =0 and /=144 and attempts to find c.
It is dependent on the previous method mark.
Do not be concerned with the “processing” to find “c” as long as they are using =0 and h=144
May be implied by their value of c
ddMI: Substitutes =8 and h=324 and their c and attempts to find /. Do not be concerned with the

“processing” to find / as long as they are using 1=8 and h=32¢
Itis dependent on both previous method marks.
AL: Correct equation in the correct form from correct work. 4% =0.513t+1.728 or 47 %H%

Must follow A1 earlier so do check if this has been obtained fortuitously. Allow 1.73 for 1.728

Note candidates who do not have a 4 e.g assume ¥ =1 _ oreg ¥ _290 can yse either 1=0 and

a 2000 " @I

Bl B w1l §ed 6 b il S conntub ol st
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(b)Alternativ
MI: Finds the reciprocal of both sides and integrates to obtain an equation of the form = .Ji*(+c)

AL 1= 2 () oe. The constant of integration is not needed for this mark

dM1: Substitutes =0 and /=144 and substitutes (=8 and /=324 and attempts to find  or c.
Itis dependent on the previous method mark.
Do not be concerned with the “processing” to find 4 or  as long as they are using 1=
and (=8 and =324 and reach a value for / or . May be implied by their value(s).

ddM1: Complete attempt to find / and c. It is dependent on both previous method marks.
Do not be concerned with the “processing” to find / and ¢ as long as they are using 1=0 and h=1.44
and (=8 and h=324

AlL: Correct equation in the comrect form. % =0.513¢+1.728 o &

and h=144

:_su, 26
1000’ 125

Must follow A1 earlier so do check if this has been obtained fortuitously. Allow 1.73 for 1.728

Special Ca
Some candidates are using the given equation in part (b) to find the value of 4 and the value of B using the

given conditions. May score a maximum of 00110. This should be marked as follows:

MOA0: (No attempt to integratc)
MI: Substitutes ¢ =0 and = 1.4 to find a value for B
M1 Substitutes £ =8 and =324 with their value of B to find a value for 4
A0: Since they have not sed the given model.
(Allow full recovery in (c) if this cquation is correct)

©

M1: Attempts to substitute /= 5 into their equation which must be of the form /% = ¢~ B or possibly a

rearranged equation c.g. /% = A7~ 3 with values of A and B leading to a value for £
Do not be concerned about the processing as long as they use /1= 5 and obtain a value for f even if fis
negative.
Al: Awrt 18.4 minutes following a correct equation in (b).
The units are required but allow ¢.g. min. mins, but no just 18.4 and not m (which means mefres)
Allow e.g. 18 minutes 25 seconds or 18 mins 26 secs
Note this may follow A0 in part (b) as they may have rearranged incorreetly in (b) but use a correct

23 171 14 L [355 706
equationin (¢) e.g. 2% =1 br . 14 3 or may come from the special case.
B @8 38 -t o5 ¥ {0 i

Bl i eloshiier it tnaect ik winb it so 10 4 Eillviad By D
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Question Scheme Marks AOs
@ e +e” Ml | Lib
k(xe+et) Al | LIb
4o 1 (o)t
;( 5 —z):zxsc (e"-2)" Bl | LIb
. L E
(DT e £y =B @y Tt on |
(F09=) Z
)
y 7e* (7 (2-x)-4x-4)
)= (7 Al | 1o
2 -2
0]
) Q-0 —4x—4=0=x(.e" MI_| Lib
24 A | 21
& +4
@
© Draws a vertical line x =1 up to the curve then across to the line = X
then up to the curve finishing at the root (need fo see a minimum of 2 Bl 21
vertical and horizontal lines tending to the roof)
@
(@@
x, Ml | Llb
Al | 1Ib
) B=1.968 dBI | 22b
()]
[C] 20 -4
b= - Ml | 3la
h(0.4315) =—0.000297. h(0.4325) =0.000947...
Both calculations correct and e.g. states:
 There is a change of sign
* eg f(x) is continuous Alero | 24
o @=0432 (103dp)
@

(13 marks)





image126.jpeg
Notes

@

MI:  Attempts the product rule on xe* (or may be 7xe”) achieving an expression of the form ..xe* =..e*
Ifitis clear that the quotient rule has been applied instead which may be quoted then MO.

Al

K(xe* +¢") (e.g. 7(ve" +e7)) or equivalent which may be unsimplified (may be implied by further
work)

.
By [ "/7) ]’Xk”(e” 2) (simplified or unsimplified)
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Notes

Throughout the question allow the use of /= 0¥ if used consistently
There is no requirement to see "gradient of chord" written down.
sin(c+/)—sinx _ sinx—sin(c+h) _sin(x+h)—sin(x—h)
or or o
xth-x i 2h

) R e T e P i DSy S 0 Ao XSt e St

x—h-x n
MI:  Uses the compound angle formula for sin(x4) to give sinxcoshcosxsinh

Bl:  Gives the correct fraction such as

Al X or equivalent (may be implied by further work)

Allow invisible brackets to be recovered.

aMI: Itis dependent on both the B and the M marks being awarded.
Complete attempt to apply the given limits to the gradient of their chord. They must isolate

[ rad : =l Jand replace with 0 and isolate [ ”‘: h] and replace with 1

cosh—
inxx0+cosxx1

cg sin
sl

(cosh
Accept as a minimum Smx‘

sinf
4 XL T] =cosx (implying the application of the limits)

J and [%”) being isolated but proceed from
i

sinx(cosh=1)+cosxsin/
eg T T 0 0xsini +cosx (o e.g. 0+ cos.x) then this can be mplied and
score dM1
sinx(cosh~1)+cosxsinh

=cosx is dMO
h

Condone if limit nofation remains within their expression after the limits have been applied
e.g lim(sin ¥x0+cosxx1)

Alternatively, condone use of the small angle approximations such that
2

~Zsinx+hcosx
sinxcosh+cosxsinh-sinx _ "

N
n n

=~3sinx+cosx and replaces % with 0
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M1

Al

Attempts to use the quotient rule. It is dependent on the previous method mark.
Score for achieving an expression of the fmn

1 1
(=2 (T xet 77" " D (e - ) T x T e

(Fw=) %

or equivalent (do not be

concerned by the constants for their “7" or their % * which may be both 1)

Ifitis clear that the quotient rule has been applied the wrong way round then score MO.

Altematively. applis the poduct ule Scm for achieving an expression of the form.
3

(£1(x) =) (€% =2)2('7"xe* +"7"e)="2"e* (¢ ~2) T x"7"xe" or equivalent (do not be

concerned by the constants for their “7” or their “ =~ which may be both 1)

Do not condone invisible brackets.

7e* (¥ (2-x)—4x-4)
(£)=) following a fully correct differentiated expression.
e —

You may need to check to see if (a) is continued after other parts for evidence of this.

Condone the lack of f'(x)= on the left hand side or allow the use of jl or y' instead.
v
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Alternative (a) attempt using the triple product rule
/ 1 ' '

Txe* (¥ ~2) Te* (e =2) 2 + Txe" (€™ -2) 2 +7xe‘x[—§}x3=”(e”—2)'5

o
E &l

& ( \
(7:X+7xe"](e”72)+7re’<xl7;}xie“ 7e’(e”—z+n”—2x—§n’* ] 76 (52— 1) - 4x—-4)
S =

=

T T
(@ =2y A2
MI:  Attempts the product rule on xe* —> ...xe* +..c* which may be seen within the expression

€]
(@ -2?

A,
(@ -2) 7+ xe* (e -2) simplified or unsimplified.

( '
Al: J(xe+e*) which may be seen within the expression k| e*(e” =2)  +xe*(e¥ ~2) 7 }+

simplified or unsimplified.

Bl

]x 3¢ (e¥ ~2) ? which may be seen within the expression. +k[ xe* x{
{

3
i}x 3e¥ (e —2)7)

simplified or unsimplified.

dMI: A complete method using all three products (which may appear all on one line). Do not condone
invisible brackets

Al: As above in main scheme notes

_

MI:  Sets their *(2~x)~4x—4 equal to zero, collects terms in x on one side of the equation and non x
terms on the other and attempts to factorise the side with x as a common factor. Condone sign slips
only for this mark. Allow 4 and B to be used instead of "~4" and "~4"

Al*: Achieves the given answer with no errors including invisible brackets. If they do not reach the

2% -4

printed answer then it is AO. Ifthey subsequently wrie x, =5 - thenisw
o 4
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©
Bl

Starting at x, =1 look for at least 2 sets of vertical and horizontal lines drawn (may be dashes)
tending to /3. Condone a lack of arrows on the lines but the sequence of lines should finish at the
‘point of intersection where the root is. Condone the initial vertical line not starting from the x-
axis. Mark the intention to draw horizontal and vertical lines. If they have any lines to the left of
= 1this is BO. If they use both diagrams and do not indicate which one they want marking, then the
“copy of Diagram 1” should be marked.
Examples scoring Bl: Examples scoring B0:





image130.jpeg
@@

MI:  Substitutes 1 into the iterative formula. The values embedded in the formula is sufficient for this
mark May be implied by awrt 1.50

AL awrt1.502isw

(@G

dBI: 1.968 cao (which can only be scored if M1 is scored in (d)(1))

SC:_If (d)() is rounded to 1.50 then allow 197 in (d)(ii) to score MIAOdBI for (d)

[G]

MI:  Attempts to substifute ¥=0.4315 and 04325 into a suitable function and gets one value correct
(rounded or truncated to 1sf). It is allowable to use a tighter interval that contains the foot
0.4317388728
Ifno function is stated then may be implied by their answers to e.g. £/(0.4315). £/(04325)

You will need to check their calculation is correct
Other possible functions include
<
o he)-x-25 : (other way round to MS) h(04315)=00002974._. . h(0.4325) =—0.0009479.
o
Te* (e (2-x)—4x-4
®  their f'(x) =1 ¥
2 -2)7
(If correct 4 and B then £'(0.4315) =F0.005789.. . £/(0.4325) =£0.01831...)
o their g(v) = (" Q1) ~4x—4)
(If correct A and B then g(0.4315) = 70.002275 . g(04325) =+0.007261..)
Al: Requires

©  Both calculations correct (ounded or truncated to 1sf)

©  Astatement that there is a change in sign and that their function is continuous (must refer to
the fanction used for the substitution (which is not f(x))
Accept equivalent statements for £'(0.4315) <0 £'(0.4325)>0 eg.
£/(0.4315)x£'(0.4325) < 0. “one negative one positive”. A minimum is “change of sign and
continuous™ but do not allow this mark if the comment about continuity is clearly incorrect
e.g. “because xis continuous” or “because the interval is continuous”

©  Aminimal conclusion e.g. “hence & =0.432", “so rounds to 0.432". Do not allow
T
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Question Scheme Marks | AOs
(@) | Sets up an allowable equation using volume =240
1. 600 M1 34
Eg 57 x08h=240=h="" oe Al 11b
r
Attempts to substitute their 7 ﬂ; into
r am1 34
(s= %r’ x0,8+%rz *0.8+2rh+0.8rh
5208 +28 =08 +28x %0 _ 08,7+ 1680 Al* 21
T T
“@
M1 | 31
®) 45 _, 61680 a
e 7 Al L1b
sets 05 21050 M1 21
a A1 L1b
r=awrt10.2
“
© d&’s 3360
Attempts to substitute their positive 7 into | — | =16+
pis to sul postive 2 ” M1 11b
and considers its value or sign
&s 3360 &'s
Eg Comect o3 =16+ with o5 =5>Oprovinga A b
‘minimum value of S
@
(10 marks)

Notes:
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Volume = 0.47"h

Area=rh

7h+0 872 +0 87h
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@)
M1: Attempts to use the fact that the volume of the toy is 240 cm®

. or Th=... scores this mark

Sight of %# %0.8x /=240 leading to

But condone an equation of the correct form so allow for k7 =240=> i =... or Th=.
Al: A correct expression for h= g s OO ich e (R sl GET
r ¥
6500

This may be implied when you see an expression for § or part of S E.g 27 =2rx—

E

dMI: Attempts to substitute their

a a
< o suchas hr=into a correct expression for §
g

1
2
Simplified versions such as .87 +2rA+0.87) used with an appropriate substitution is fine.

A1*: Correct work leading fo the given result.
§=. 54 = or surface area = must be scen at least once in the correct place
The method must be made clear so expect to see evidence. For example

S=08" +2h+08rh= S =08 +2rx£tl’+0 8r x@:sg:nmr%ww
=

Sight of %ﬁ %0.8+=7"x08+rh+7h+087h with an appropriate substitution

would be fine.
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MI: Achieves a derivative of the form pr=-L where p and g are non- zero constants
=

AL Ad‘nmes(ﬁ]—lﬁflsgo
ar

7

mxn>0.It is dependent upon a

as N
AML: Sets or implis that their =0 and proceeds to 1r°

correct attempt at differentiation. This mark may be implied by a correct answer to their pr—-%=0

AL 7
©

awrt10.2 or 31050

(&
M1: Attempts to substitute their positive 7 (found in (b)) into 1 ‘;—f ]e oo Lt psomnsinia
. x

and finds its value or sign.

a&s
Alternatively considers the sign of [ e )e,é (at their positive 7 found in (b))
’

Condone the - tobe % or being absent, but only for this mark.

3360
or §"=1.6+>—5—=awrt 5> 0 proving a minimum value of

are Sussma T3

This is dependent upon having achieved r = avt 10and a correct <= =16+ 3350
% ’
a’s a&s 3360
T can be argued without finding the value of = Eg To=16+=>0a57>0. 50
7 7 it

‘minimum value of §. For consistency it is also dependent upon having achieved r = awrt 10

Do NOT allow % for this mark
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Question Scheme Marks | AOs
%ums;:—ma. as 70,5y g 2L,
cos(€+:)fr:osﬂ B "
" cosdcosh —sinBsinh—cosd Mi_| 1ib
- Al L1b
_ sinh
As h=0, J‘;J;..,.w am1 | 21
50 (cos6) = ~siné * A | 25
dé
(0]

(5 marks)
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Notes for Question

Bl: Gives the correct fraction such as cos(6 s sl or cosl0+ 0:: oot

Allow % e Note: cos(8+ ) or cos(6+36) may be expanded
MI: Uses the compound angle formula for cos(6+ ) to give cos&cosh=sinEsinh
Al: | Achieves w or equivalent
dM1: dependent on both the B and M marks being awarded

Complete attempt to 1pply the given Limits to the gradient of their chord
Note: | They mustisolate T and | ‘“5”’ 1. and replace % with 1 and replace ( 221} witn 0
Al*: | cso. Uses correct mathematical language of limiing arguments to prove a%‘ cosd) -
Note: | Acceptable responses for the fnal A mark nclude.

sl g ot Jeosé | =-1sin6+ 0cos6 = -siné
6+ /’: =1 )cos6. As 1 —0, gradient of chord tends to
the gradient of the curve, so derivative is ~sin®
« Gradient of chord = 7¥smﬁ (<2121} eos5. As 1 —0. gradient of curve is ~sing

Note: | Give final AD for the following example which shows o imifing arguments

when =0, %‘cmw o ER ‘°5:’1 |cosé = ~15in6 +0cose = ~sine
Note: | Do not allow the final A1 for stating T” or (<2121 _ g and attemping to apply these
Note: | In this question 56 may be used in place of
Note: | Condone £'(6) where £(6)=cosé or % where =00s6 used in place of —(cos )





image11.jpeg
d
Al*: Uses correct mathematical language of limiting arguments to show that > = cos x with no

erors seen. (cso)

‘We need to see =0 at some point in their solution and linking d—‘ with cosx eg.
v

&

sinx(cos h—1)+ cos xsin s
= h

=sinxx0+Ixcosx=cosx as h—>0

Condone £(x) or 3" in place of &

Give final A0 for no evidence of limiting arguments:

e (
ey’ Yl :smx[ cosh l}+cosx h) nr0scos Xl eosrmaAD
a 0 (n

Do not allow the final Al for just stating L:h flaniieos L

o =0 and attempring o apply
i

these (without secing e.g. /1~ 0 at some point in their solution)

If they work in another variable (c.g. @) then withhold the final mark. If they have mixed variables
within some of their statements, then allow recovery but withhold the final mark.

Withhold this mark if there has been incorrect bracketing or invisible brackets when isolating

sinxcosh—1+cosxsinh cosh-1
sinx(cosh=1) eg TN TN but acoept terms witien s e sinx <
i

do not require brackets. Condone a missing trailing bracket if the inention is clear.

which
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Notes for Question _ Continued

Note: | Condone x used i place of & if this is done consistently
Note: | Give final A0 for
s 7 P
o Tl B i oo lJcosﬁl 1sin8+0cos8 = —sinf
>0l \
sl
@
* Defining f(x)=cos6 and applying £'(x)=.
Note:
Note: | Applying h—0, sinh—h, cosh—1 to givee.g
m ( cos6cosh - sindsin/cos (coset) - snctr) cose)
h—>0 0 0
i final MO AO for incorrect application of limits
Note: | Lm | cosdcosh—sindsinh—cos6| _ km [ sk cosh—1)
- | - sine |
ho 0 S
Dsing +Ocose 6. Sofor not N
=g (- sind +0cos6) = —sin6. So removing
when the Limit was taken is final A0
Note: | Alternative Method: Considers SO +M=COO=) \picy Gimplifies 1o 23005

(@+h)—(6—-h)
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Question Scheme Marks | AOs
@ Attempts £(5)=-18 and f(6) =(+) 4 Ml 1L1b
States change of sign. function continuous so root between Al 2.1

@
®) p=In2 (so £'(x)=2"In2-10 ) Bl 12

o

© 4

Aftempts x; "’m M1 1L.1b
Awrt 5.88 AL |11

@
@ Sets £ =2 12102022 =10 s x= M| L1b
= x—awrt 385 Al | L

@

(7 marks)
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Notes:
@)
Mi:  Attempts both f(5)=-18 and f(6)=(+)4 with at least one correct.
Al:  Completes the argument.
Requires
* both values correct
o gives full reason including "change of sign” (0.¢) and "continuity”
« aminimal conclusion. e.g. root. tick,  lies in the interval [5,6]

Accept equivalent statements for sign change e.g. £(6)> 0. f(5) <0e.g. £(5)x£(6)<0.

£(5)<0<f(6). “one negative one positive”. “there is a change of sign”

‘A minimum is “change of sign and continuous” but do not allow this mark if the comment
about continuity is clearly incorrect e.g. “because x is continuous” or “because the interval
is continuous™

®)
Bl:  p=In2 or f'(x

subsequent work.

211210 Condone p=log2 ualess p =log,, 2 is implied by

@©
£(6)

Mi: - Attempts 3 =6~ 15 following through on thei £(6) and ')
May be implicd by their value if no working is shown.
Al:  Awrt5.88

@
M1:  Sets px2 —10=0 with their positive numerical value of p (which may be 1) and uses
log 1
comect processing fo find a value for v .. 2" = 10 oy —1og, 10 o 2710l 2
5 5 P P P Tog2

Al:  awrt3.85
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‘Question Scheme Marks AOs
@ 23 ~9(3)* +5(3) +k=0=k=.. M 11b
54-81+15+k=0=k=12% or —12+k=0=k=12% Arr L1b

2

(@) Alternative by verification:

2030 -9(3)* +5(3)+12=0 M 11b
54-81+15+12-0 Hencek=12% Al- Tl

2
® j|zf—9£+5x+1z|dx B B N S ML 3la
%13)‘—313)3+%13ﬁ+1213|+c:—10:c: a1 L1b
(0, —28) AL 22a

[©]

G marks)
Notes
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(@) Mark (a) and (b) together
MI: Substitutes x =3 completely into the given derivative, sets = 0 and solves for k.
eg. 2037 -903) +503) +k=0=k=
May be implied by e.g. 54 —81+15+k =0 => & =__.with at least 2 correctly evaluated powers.
A1*: Obtains & = 12 with no errors seen and sufficient working shown. As a minimum you would need to
seeeg. 203 —9(3) +53)+k=0=-12+k=0=k=120r 54-81+15+k 0=k =12
or 2x27-9x9+53) +k=0=k=12
But 2(3)° —9(3)" +5(3)+k =0=>k =12 scores M1AO for lack of working

Note that some are just writing the expression for AE\ then write “sub in x = 3" but don't actually show 3

substituted in and then go on fo write ~12+% =0 leading to k =12 scores MOAO*.
Alternative:
M1: Substitutes x =3 and k= 12 into the given derivative and attempts to evaluate
A1*: Correct work to obtain an answer of 0 with a (minimal) conclusion ¢.g.. tick, hence proven etc

As a minimum you would need to see e.g, 2(3)* —9(3)> +5(3) +12=54-81+15+12=0v

b)
gI)l: Attempts to integrate. Evidence can be taken for integrating to obtain at least 2 from:
27 > x* or -9 5>.x* or Sx—>.x* or 12— _.x where ... are constants

M1 Substitutes x = 3 into their integrated expression that includes a constant of integration. scts this equal

to 10 and proceeds o find their constant. Depends on the previous mark.

If the substitution is not shown this mark may be implied by their value for ¢ o by their

equatione.g. 18+c==*10
Al: (0.-28) Condone ~28 ory = -28 but not just ¢ =~28. There must be no other values or poins.

Condone (-28, 0) following y = ~28
Beware of circular arguments which avoid doing part (a) e.g.
Integration is used on the given derivative fo give y in terms of x. & and ¢
(3.-10)is substituted to give 3k +c =8
R T I T

28
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Thus 15 then substituted mto 3k + c =8 to give k=12
This scores (a) MOAO (b) M1dMIAI (if ~28 is identified as the intercept)
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Alternative for part (a) using algebraic division:

2% -3x -4

x-3)20 —ox? +5x+k

2 —6x
-3 +5x
-3¢ +0x

—ax+k
—4x+12

k=12 (0r 0)
eading to & 120 and then & ~12.

11: Attemps to divide the given cubic by (x—3) and proceeds as far as a remainder set =
Requires at least 2x° £3x.

*: Obtains & =12 with no errors seen and sufficient working. Their algebraic division
heeds to be correct but allow them to have either & —12 or 0 as their “remainder”. If their
is given in their working as 0 they mav proceed directly to & —12
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@

Jr(1e) —px(1-2) (1422)

(£(x)=) — M1 | 11b
_ (1+7)
772x(1+x1)'74x(17x2)(1+x2) A |
(147" )
e oreg
72x(1+x1)74fc(17x1):0 :’Zx(lﬂl)[(l”z)*Z(""E)
(1) (1+2)" dM1 | 31a
=(1+27)+2(1-x*) =0 —2x(1+x7)(3-x%)
=3-x"=0 (1+x1)'
eg 3-x=0 oj 2x(1+2%)(x*-3)=0 davt | 21
(J ] Al | 23

5)
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Notes

@

M1

Al

M1

There may be other valid ways to differentiate or to solve the resulting equation.
2x(1+x) £px(1-2)(1+2%)
Yt )
(1+x%)

provided an incorrect quotient rule is not seen.

Attempts the quotient rule to achieve

Ax(1+27) +px(1-% ) (145

‘but condone -
(1+x7)

Alternatively, attempts the product rule on £(x) = (1-x*)(1+2°)” to achieve

£Ax(1+x*

£px(1-x7)(14+27)

There may be attempts at splitting the numerator to £(x) = (1+x°) ~x* (1+2*)” which

should differentiate to +Ax(1+x*)” £ (14
In all cases, do not penalise signs of 4, 4 and/or 7 unless an incorrect quotient rule or an
incorrect product rule i stated.

£y (14+%

Any occurrences of (1+x°)" may be replaced with 1+2x" +x*

There is no need for a LHS e.g. f'(x) = to be present so ignore an incorrect LHS.

Invisible brackets may be recovered/implied by later work.
Correct differentiation. May be unsimplified. Ignore absence of (or incorrect) LHS.

2x(1+2) —4x(1-2)(1+%)
The correct derivative using the quotient rule is =———— =~ 17" oe

(1+2%)

oe

using the product rule is —2x(1+x")" —dx(1-x

(1+x°

and splitting the numerator is ~4x(1+x*)” ~2x(1+2*)” +4¢ (1+°)” oe

‘You may need to check carefully for equivalent derivatives and ISW after a correct expression
is seen. Note that some candidates may set = 0 at the start and may omit the denominator as a
result — send to review if you are unsure in such cases

Attempts to reduce the expression to a suitable form so that the roots can be found.

either by cancelling a factor of (1+x”) and simplifying the other brackets

—ex+2@  2x(¥*-3)
or

(1+x%)

or 2x(x*-3) (=0)

or by attempting to take x, (1+x”) or +2x(1+x") out as a factor and simplify the other
‘brackets. If they only take out a factor of x then they must have x(+Ax* +Bx*+C)
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ddM1

Al

“2x(1+2%)| (14 %) +2(1-x? “ax(1+%7)(3-x°
(Gl 3| s e O

(1+2%) (1+x%)

Depends on the first M mark.

Note: they might attempt to expand the brackets first, or set = 0 and multiply through by

(1+x*)" and/or divide through by x or 2x at any stage.

e

Do not be concerned if any factors of (1+x? ). x or 2 go “missing” during their work.
The = 0 does not explicitly need to be seen
2x(1+x7)(4x* + B 1+x7)(Ax + Bx)
(er)ar+) | (er)arom) | o+
(1+2%) (1+x*) (1+2%)
o kmaybe0,1,2,30r4
 Aand B (and C if present) are non-zero

x(4x* +BF +C)
¥

Look for +- ‘where

o anyof2vor (1+*) in the numerator and/or (1+x*)" in the denominator may be absent

Attempts to solve their numerator set = 0 using a valid non-calculator method and uses a
solution for x to find a corresponding value for y.

The substitution may be implied by their value of y but, if not, the substitution must be seen.
e Foreither 4x’ +B or Ax’ +Bx, we require 4= 5 and.A x B <0 From either expression

they can write down their x = without working.

e For Ax*+Bx’+C they must show a valid non-calculator method for solving the quartic,
treating it as a quadratic in x* and using the usual rules for solving a quadratic
algebraically, e.g. a=x* —2a>—4a-6(=0) = (a+1)(2a—6)(=0) > x=+/3 . They
must reach a value for x (and not just x°) as well as finding a value for y.

Dependent on both previous method marks. They must use a value for x that is not —1, 0 or 1

Deduces the correct exact coordinates for P (—ﬁ, —%} oe (—V3,-0.125)

Requires all the previous marks to have been scored.

Condone x=—3, y=—-0.125 oreg. —3, -+

8
If there is more than one pair of coordinates given, then the correct coordinates must be clearly
selected or any others clearly rejected.

after

Ignore any mistakes that occur if they multiply out the denominator (1+x
differentiation.
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Question Scheme Marks | AOs
M1 21
Al L1b
Al* 25
(©)]

(3 marks)
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)

x=-12a=-2 and x=124=2 Bl | 22a
1 1
B1 11b
'sec? 06
M1 11b
=[(1-tan* 6)cos’ 040 :fwde
)
:J’[l*sm;ejmszﬂdﬂ (2 _1etam avi | 312
cos*0 w8 secf
— [(cos* 9—sin® 6) do ~Jceso-1)a0
jcoszﬁdﬁ‘ Al | 21

5)
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Notes

®)

Bl

M1

M1

Mark parts (b) and (c) together.
Deduces the correct limits for the integral in € which may be seen separately as side working
or within their integral work. This mark cannot be scored working in degrees.

Allow 37” instead of 7% but not decimal approximations

sin@

(coming from x =2) but

& ik g T P
a a cos8

&,
‘must be correct, 50 ot e.g. ﬁ:sec' x unless recovered

Makes a complete attempt at using the substitution x = tan 6
Requires:

 Anattempt at using % to replace dr with d6 either way round, so if % = g(6) allow

either dv=g(6){d6} or dv :%{dﬁ} % must be a function of & and not a constant.
e

o Allterms in x replaced with tan 8 (or 1+ x* with sec’ 6)

Condone the absence of d@ but dr must no longer be present.

Condone if they fail to square the denominator or e.g. a slip in missing a 6

Use of notation such as d(tan8) is correct but does not score the M1 until replaced with

sec” #{d6} or their derivative of tan 6 (which must not be a constant multiple of tan8).

sin6 1
L secO=—1",

cos6 cos6

+cos’ §=sin’ 6 = +1 to simplify the integral to an expression of the form

+asin® §+bcos? §+c where one of a. b or c may be 0.

The algebra should essentially be correct but condone e.g. sign slips or errors collecting terms.

Uses trigonometric identities e.g. +1+tan’ 6 =*sec’ 6, tanf=
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Al*

2 i 2 2 2
Alternatively, e.g. j]—m HdHZlJ'cos 6—sin HdH:Jcos 6-sin’0 4

1+tan’ @ cos” §+sin’

They must have replaced dx with d the correct way round for this mark, so if % =2(6)
1

()

It is acceptable to replace e.g. tan fcos’ 6 with sin’ 6
Dependent on the previous method mark

then they must have dr =g(6){d6} and not dx {d6}

cso Arivesat [ cos 260 d6 with sufficient working shown and no incorrect work ignoring

limits. The final line must be fully correct, including the integral sign and dé (ignoring
limits). Note that this may be seen in part () and may score the mark

All trigonometric identities must be fully correct.

Condone one or two slips in a missing & but not frequent omissions.

Condone missing integral signs in their intermediate work, but it must be present on the final
line.

d must be replaced with d6 at some stage before the final line but does not need to be present
in every intermediate line of working.

Condone notational errors throughout e.g. sin 6 provided they are recovered.
This mark is independent from any work to do with limits, i.e, BOBIM1dM1A1* is possible.
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o M1 | LIb
dmi | Lib
Al 21
(O]
(13 marks)

Notes

©
M1

M1

Al

Mark parts (b) and (c) together.
Jeos26d6 »:%smzb’ o)

Substitutes their changed limits (not 1 and —1) into t%sm 26 and subtracts either way round
May be implied e.g. %% provided they have the correct limits
Dependent on the previous method mark

Area of 1 found following correct work. This mark requires clear substitution of the correct

limits into %smz& the correct way round. If they have the limits the wrong way round and

achieve an answer of 1 they cannot just make the answer posiive for this mark

They may use limits from 0 to % and multiply their result by 2.
%”may be used in place of 7% as the lower limit which is acceptable.
Condone any spurious integral symbol accompanying %sm 20
\
)

The substitution may be implied by e g %,, or

Nm

\
Z | but must follow
)

N\H

®
D

sight of %sm 20
Condone use of Limits —45 and 45 (degrees) the correct way round for full marks in part (c).
Note that use of a calculator on the original integral will give the correct answer. An answer of

1 scores no marks without evidence of scoring both method marks above including the
substitution.
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@ Either x<—1or 2<x<5 M1 | 222
Both {x'xeR x<-1fufr reR 2<x<5) o A1 25

@
® | States (y=) a(x+1) (x=5)" or (£(¥) =) o (x+1)’ (x=5) ML | L1b
Substitutes (0,~75)into y = o (x+1)’ (x—5)  and attempts o | s

to find the value for o

y=-3(x+1] x-5) oe A1 21

O]
© | Substitutes x =2into their y=-3(x+1)’ =—5) = y=(-243) | M1 | 21
0<k<243 Alft 1.1b

@

(7 marks)
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Notes:

(@
M1

Al

Either
e x<-loeeg -12x
e 2<x<Soe

but condone use of strict inequalities anywhere for this mark
eg 2<x<5 or2<x<5or 2<x<5 Mayalsowritee.g. x<5and x>2 which
scores M1 but not "x <5 or x>2"

Allow interval notation such as e.g. [2,5] or (—,~1] or condone e.g. (2.5)

Ignore incorrect inequality statements not related to the one which is valid
eg.“2< x<5 and x>~-1” which scores M1 for the first inequality.

Requires { } and U

frx<-tfofra<xss) { dJr<-tio

{ [2 <] either way round

but condone {x<-1}uf2<x<s) {xr<-1u22x<s)

Alloweg {x:x<-1}ufx2<xnxss)

Use of ~ to join the two separate regions is A0
It is acceptable (but not required) to mention &

Joufx:xeR,25x55}

eg {x xeRx<

Condone use of a lower limit written as e g {x %Sxﬁfl}u{x ZSXSS}
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(b)  Note a correct equation written down scores all 3 marks.
A correct expression but missing e.g. y=_.. or £(x)=... scores M1dM1A0

MI:  Forms the equation of the form (=) a(x+1)* (x—3)" . Condone o =1

Award for sight of a(x+1)’ (x—5) evenwith a =1 ie. (x+1) (x=3)"

dM1: Substitutes (0,~75)into the form y = a(x+1)’ (x—5)" and attempts to find the value for

o Itis dependent on the previous method mark.

AL y=-3(x+1) (x=5) oe (e y=-3x +24x ~18x* ~120x-75)

isw after a correct answer. Condone £(x)=-3(x+1)*(x—5)" but not
C=-3(x+1)(x-5)"

A correct equation scores all 3 marks. Allow if seen in ()

isw if they attempt to multiply out.

Alternative I part (b):
Using the form y=ax*+bx’ + cx’ + dx +e, then setting up and solving simultaneous
equations.

There are various versions of this but can be marked similarly.

ML:  Sets e equal to ~75 (may just be seen in their equation) and forms three correct different
equations in a, b, ¢ and d which may be unsimplified.

Note that the form y =ax* +bx* +cx” +dx +eis MO until e is set equal to 75

There are 5 equations that can be formed, only 3 are necessary for this mark.
Do not condone slips.

Using (-1,0) =0=a-b+c-d-75 oe
Using (5,0) =0=625q+125b+25¢ +5d 75 oe.
Usmg%:omx:l =0=32a+12b+4c+doe.

=0=-4a+3b-2c+d oe.

=0=500a+75b+10c+d o..

dM1: Forms four correct different equations and solves to find values for a, b, ¢ and d. You do
not need to be concerned by the process of solving. A calculator can be used to solve
the equations.
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dM1: Forms four correct different equations and solves to find values for a, b, ¢ and d. You do
not need to be concerned by the process of solving. A calculator can be used to solve
the equations.

Al y=-3x*+242° ~18x* ~120x-75 o.e. isw if they attempt to factorise but withhold this

mark if they e.g. divide all terms by 3
Condone f(x)=__ butnot  C

A correct equation scores all 3 marks. Allow if seen in ()
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Alternative II part (b): Uses the form y = (x +1)(x—5)(ax’ +bx +c)
M1 Substitutes x=0, y=-75 -75=-5¢=>c =15 multiplies out, differentiates

= %: (2x—4)(ax’ +bx +15) + (x* —4x—5)(2ax +b)
and forms a correct equation in @ and b which may be unsimplified.

=0=4a+b oe

=0=a-b+15 oe

Usmg%:onix:i =0=5a+b+3=0 oe
N

dM1: Forms two correct different equations and solves to find values for a and b. You do not
need to be concerned by the process of solving. A calculator can be used to solve the
equations.

Al y=(x+1)(x-5)(=3x" +12x+15) o.e. isw if they attempt to multiply out or factorise

Condone f(x] butnot C ‘but withhold this mark if they e.g_ divide all terms

by 3. A correct equation scores all 3 marks. Allow if seen in (c)

Alternative III part (b): Uses % =B(r+1)(x~2)(x~5) (B may be 1) and integrates.

M1 Integrates [:l:} Bx+D(x-2)(x=5) to (y=) 5(: 72;’%# +10x fk] and forms
v 7 )
one correct equation using either (0,-75): ~75=pk (allow ~75=F)
G ] 625 75
~1,0): 0=B|-+2+2-10+k| (50): 0= ——250+—+50+k]
€10: 0-p(fr2ed-04k] 60 ¢(4 2 so+k]

dM1: Forms a different equation using one of (0,~75), (~1,0), (5. 0) and solves to find values
for Band . You do not need to be concerned by the process of solving . A calculator can
be used to solve the equations.

Al y=-12| Lo 52022 116 22 ) e iswit they attempt to multiply out or factorise
1 2 4

Condone f(x)=... butnot  C=... but withhold this mark if they e.g. divide all terms
by 3. A correct equation scores all 3 marks. Allow if seen in (c)
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©
M1

Alft:

“3(x+1)" (x~5)" (must be a quartic in any form) and
proceeds to find a value for . Sight of their +y (or £243) scores M1

Substitutes x =2 into their )

You may need to check this on your calculator if only a value is seen.

0<k <243 o.e. ft on their negative y value at x =2
Allow use of set notation, interval notation and allow e.g. k <243, k>0 but do not
allow OR or U . Do not accept 0 <k <243 o.e

If there are multiple attempts at describing the region, mark what appears to be their final
answer.

This mark can only be scored if they have a negative quartic graph function

ot + by’ +ex +dv e

ie. o <0 for their y=a(x+1) (x=5) or a<0 for their y
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Notes

Note:

MI:

AlL:

AT

Throughout the question allow use of ox for /1 o any other letter c.g. & if used consistently.
If 3x is used then you can condone e.g. 3% for 5x” as well as condoning e g. poorly formed &'s

Begins the process by writing down the gradient of the chord and attempts to expand the
ol 2
correct squared bracket — you can condone “poor” squaring e.g. (X+/) =x’ +h” but the —x*

must be present.
Reaches a correct fraction o.e. with the x terms cancelled out and with no algebraic errors,

= A+ 2xh+ i -

h

2+ h is correct.
. dy
Completes the process by applying a limiting argument and deduces that > = 2x with no

dv

ervors seen. They must have = 2x and not just lim 2x to complete the proof.

d ;
Y _ oran equivalent e.g. £'(x)= or “Gradient =~ must be evident somewhere in

their working or final line. If f"(x) is used then there is no requirement fo see f (x) defined

first. Condone e.g. % —2x or f'(x) > 2x

A 2xh+ 1
Condone missing brackets to allow e.g. & = im— "~ lim2x + = 2x
Pl = T
Do not allow /= 0 if there is never a reference to /i >0
dy_ 2wl
e =tm P —im2c0=2x s accepiable
&y _ 2xht i
buteg H}:XTZZHOZZX is not unless 7 —>0 is seen.

The 1 —0 does not need to be present throughout the proof e.g. appear on every line but
must appear at least once.

2xh+ i’
They must each 2x- at the end and not =~ (without the 1's cancelled) to complete

the limiting argument.
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Question Scheme Marks | AOs
@ 2 2 M1 1.1b
f(x)=de” +(4x—k)x—2xe
®) +(@x—Fx-2ve a o
£ =4 +(@—k)x—2" =0 M1 21
Fl)=de 8 42k 0= —de +2ke =0k Al* L1b
@
® Turning points are where
)= { Bxl+4x+4} —4e” (x-1)(2x+1)=0
BI 21
And states that ¢ #0 so only ofher point is x,%
[¢9)
(© 1
Attempts £(1) or | — | with k=2 M1 21
I
B
One correct “end”, either p<2¢ or p>—de * Al L1b
=+ 1
—de *<p<2e’, p=0 Al 25
[©)

(8 marks)
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Notes:

@
Mi:

AL
Mi:
Adx:
®)

Bl:

Correct attempt to differentiate using the product rule (or quotient rule).

ae + fx(4x—k)e"

()

Award for £(x)=ae +fr(dx-Be " or £(x)=

Tf they expand first itis for xe© —> e + fxe

Correct differentiation which may be unsimplified.
Sets £/(1)=0 to obtain an equation in k (may just use the numerator for quotient rule)

Shows that k=2 with sufficient working shown.

Shows that x=

% is the only other turning point. This requires

A correct £'(x) = (4x—2)x~2xe " +4¢”" using k=2 (may just use the numerator for the
quotient rule)

Some statement alluding to the fact that e =0

A correct factorisation/solution of the quadratic factor
A minimal conclusion
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Attempts to just verify that f'(—%) =0 score BO

©
MI:  For the key step in finding one of the limits

Al: One correct end. Allow any equivalent expressions and allow decimals here.

:
NB —de ' =-3.1152.., 2¢" =

. 73575...

Condone use of non-strict inequalities for this mark
Al: For subtle use of inequalities in realising that p = 0 is not included due to the nature of the
curve.
= 5 i §
—4e *<p<2e”,p#0 orequivalent suchas —4e ' < p<0,0<p<2e
' '
< 2y . =
Allow ~4e ' <p<0 or 0<p<2e andcondone —de ' <p<0 and 0<p<2e
' '
= 5 = 2
Allow ~4e ' <p<0U0<p<2e butnot —de ' <p<0n0<p<2e
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‘Question Scheme Marks AOs
@ _ 2(x*+4)-2x(2x-3)
f(x)=2 iﬂf'lx;:#
¥4 (x*+4) Ml | Llb
o Al | 1w
£(x)=(2x-3)(* +4) = £ (x) =2(x* +4) " —2x(2x-3)(* +4)
f(x) Al L1b
@)
® BIR
2 +6x+8=0= 2(x+D(x-4)=0=x=-1 4 Mlon| Llb
EPEN)
Chiooses correct region for their numerator and their critical values | M1 | L1b
x<-lorx>4 Al | 22
[©)]

(6 marks)
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Notes

@
P(x*+4)-0x(2x-3)

M1:  Attempts the quotient rule to obtain an expression of the form. e P.0>0
(x*+4
condoning bracketing errors/omissions or minor slips (e.g. 2x+3 or x+4),
3 2(x*+4)-2x(2x-3)
Condone, e.g. {f'(x) =}~ provided an incorrect formula is not quoted.

(x*+4)
May also see the product rule applied to (2x~3)(x*+4)” to obtain an expression of the form

{f‘(x;:}P(x:+4\"—gx\2x—3»[x2+4»4 P.Q >0 condoning bracketing errors/omissions

or minor slips (e.g. 2¥+3 or x+4)
Al: Fully correct differentiation in any form with correct bracketing which may be implied by

subsequent working

s —2x7 +6x+8
Al: f(x)=———" or simplified equivalent, c.g. numerator terms in a different order.
(x*+4)
Allow recovery from “invisible” brackets earlier and apply isw once a correct answer is seen.
Note that the complete form of the answer is not given so allow candidates to go from e.g.
2(x*+4)-2x(2x-3) 6x+8
£/(x)=———————— """ for the final mark. The denominator
(x*+4) (x*+4)

may go “missing” on an intermediate line provided it is present in their initial derivative and

recovered in the final answer. Allow recovery from incorrect expansion of the denominator.
oo

dr

The £'(x) = must appear at some point but allow c.g.

: *-3x-4)
Note that juste.g. £'(x

without sight of a correct derivative in the correct

form scores AO.
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Blft:

Ml:

AL

Note: it is possible to score BOM1A1 in this question due to the demand to “use algebra™.
Note: if their numerator from () is not a 3 term quadsatic then no marks can be scored in (b).
Uses algebra to solve their ax® +bx +¢..0 with a,b,c # 0 where ___ is any equality or

inequality, finding the correct, real critical values for their 3TQ

The .... 0 may be implied by their method.

They must show their working for this mark, so expect to see factorisation, substitution into the
correct quadratic formula or completing the square.

Correct values for their quadratic do not imply this mark

Approaches via factorisation must have completely correct factorisation, e.g.

-2 +6x+8{=0} = 2(x +)(x~4){=0} = x=—1, 4 scores BIft

~2* +6x+8{=0} = (2x+2)(4~x){=0} = x=~-1 4 scores BIft
27 +6x+8{=0} = x* -3x—4{=0} = (x+ D(x-H{=0} = x
~2x% +6x+8{=0} = (2x+2)(x~4) {= 0} = x =1, 4 scores BOft

~2% +6x+8{=0} = (x+1)(x~4){=0} = x =1, 4 scores BOft

Selects the “correct” region for their critical values and their a from part (). Must be x not f(x)
CVs may have been found using a calculator and may be implied if they are correet for their
3TQ. CVs may be incorreet due to errors in their calculations (but not errors in their method),

o Fora<0 androots & < ff theyneed e.g. x<ar, x> f3 (oreg. x,, @ orx...})

1, 4 scores Blft

o Fora>0 androots &< ff theyneed e.g. < x < 3 (ore.g. Xty X, ff)

Do not be overly concerned about their use of =, > . < in reference to their —2x” +6x +8...0
for this mark or for the Al

Indicating the region on a sketch is not sufficient. Allow . / or /and / U / \ for the M1

If they have complex roots (or they use the discriminant to find there are no real roots) then
they can score this mark for concluding.

* ifa <0, “all values for x (have f decreasing)” or “f s always decreasing” or x&R
* ifa> 0, “no values for x (have f decreasing)” or “f is never decreasing™
Correct solution x < ~1 orx >4 (allow x,, ~10r x ....4) coming from the correct numerator.

Do not isw if they go on to select e.g. x > 4 or combine incorrectly to 4 < x < -1
Allow full marks to be scored in (b) from an incorrect denominator (but it must be positive for

27 +6x+8 2 +6x+8 . 227 +6x+8
7 3 or f(x)=—

(x+4) ax X416
Examples: Just “x < —1 or x > 4” stated scores BOMIAL
2% +6x+8{= 0} = —2(x+)(x—4) =0 = x <~1,x> 4 scores BIRMIA1
27 +6x+8{=0} = x’ ~3x—4{=0} = (x+)(x~49)=0=x,, —1, x.. 4 scores BIEMIA1
~2% +6x+8{=0} = (2x+2)(x—4)= x <1 x >4 scores BOFMIAL
2x7 +6x+8<0=>x"—3x-4<0=> (x+1)(x—4) <0=> x <1, x> 4 scores BIRMIAI (as

this has correct factorisation shown, the region follows from @ < 0 (M1) and we condone
reference to x° —3x—4 <0 as part of their working to find critical values (A1).)

allx), eg from £(x)= or f'(x)=
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Acceptable notation: allow a . “or” , “and” or “U " to link the two regions, which may
also be in set notation. e.g. x<~lorx>4 ; x, ~1,x..4 ; x<-land x>4

X, ~lux..4; {rx<-lux>4} ; frell ix, ~Jufrel x4 ;
xe(~0,-1)u(40) 5 (~0,-1]1U[4,%) etc

Do not aceept 4 <x < ~1 or use of the N symbol e.g. (~,~1]~[4,00) for the final mark, but
they may be condoned for the M1. Note also that [—0,—1] U[4,50] scores AO.
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Question. Scheme Marks AOs
@ & (4°+ EJ3e” -axe
)= ) =
a4k (4 M1 Llb
Al L1b
or
E 2 E3 2 - 3x 2
=" (48 +k) = £ =37 (47 +k) —sxe™ (437 4k)
(1207 -8r438)e™
)= Al 21
(45" +)
@
() If ¥ =£(x) has at least one stationary point then.
2 B1 22a
12x" —8x+3k =0 has at least one root
Applies b’ —4ac(>)0 with a=12.b=-8,c=3k M1 21
O0<k< g Al L1b
(©)]
(6 marks)

Notes:
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(@)
afa+ k]e" - pre”
M1: Attempts the quotient rule to obtain an expression of the form —

Lap0

(4 +k]

condoning bracketing errors/omissions as long as the intention is clear.
If the quotient rule formula is quoted it must be correct.

(4x + k)se” —gxe”

Condone c.g. £'(x)

provided an incorrect formula is not quoted.

[ax +k)

L o
T e o S (4x’ 2 k) R PPy S ST

o 2

ac” (4;3 + k) . pxe”(hf +k| @B0<0  condoning bracketing errors/omissions as

long as the intention is clear. If the product rule formula is quoted it must be correct.

AL Correct differentiation in any form with correct bracketing which may be implied by subsequent
work

AL Obtains £(1)=(12" 8Jr+3k)g(x) where g(x et

’ -
eg g(x) 14#%)
Allow recovery from “invisible” brackets earlier and apply isw here once a correct answer is seen
Note that the complete form of the answer is not given so allow candidates to go from e.&.
(42 + ) 3¢ ~xe™ 2 (120 -8we3E)e”
L S ) ol ) forthe final mark

or 3¢ (437 4 k) —sxe” (45" 4k K

(ax +k) (4x2+k)
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The "f'(x)=" must appear at some point but allow e.g " 5= =

(b) Note that BOM1AL is not possible in (b)
B1: Deduces that if y = f(x) has at least one stationary point then 12x —8x + 3% =0 has at least one

5
e
soot. There is no requirement to formally state ———— >0
(42+ k)

This may be implied by an attempt at 5° —4ac >0 or b —4ac > 0 condoning slips

MI: Attempts b —4ac...0 with a=12, b=—8, c =3k where _iseg * etc
Alternatively attempts to complete the square and sets ths .0
2 5,02 1y 1 i
Eg 12x -8x+3k=0=>x 73x+;k—0¢[x*g] = 7;1’ leading to gfzk

Al 0<kgg but condone k < = and condone 0 < £ <

Must be in terms of £ not x so do not allow e.g. 0<x < g but condone (0 g} or [0, 7}
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Question

Scheme Marks AOs
sin(0+h)—sin @ B | a1

h
sin #cos h +cos &sin h—sin & M1 1.1b
h Al 1.1b

. -1 inh

(As h—0), ma(“’sh ]+cos€(s‘.#]—>0xsin8+lxcos9 M1 | 21
5o P _coso A+ | 25

(5 marks)
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Question Scheme Marks | AOs
@ 265 thousand Bl 34
&3]
® ] Attempts 11e° M1 Lo
dar
Substitutes #=10 into their % ML 34
v, 21
k=t 18.1 which i approximately 18 thousand per year * | A1*
(0]
© S oot oost oot —oose M1 316
45+2208°™ =10+800e = 220" +35-800e™™ =0
Correct quadratic equation
0051\? , 35005t Al Lo
=220(e*™)"+35¢" ~800=0
. 21
% ~1.829,(~1.988) = 0.05% = In(1.829) Mt
T=1208 A1 Lo
@
(8 marks)

Notes:
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(a) May be seen 1n the question so watch out.

B1: Accept 265 thousand or 265 000 or equivalent such as 265 k but not just 265
©)

M1: Differentiates to a form ke"® k >0,k = 220 . Do not be too concerned about the Ihs.
M1: Substitutes =10 into a changed function that was formed from an attempt at differentiation.

dN, dN :
The left hand side must have implied differentiation. E.g. Rate = N'.2& Zo or even %
A1*: Full and complete proof that requises
dN, dN
*  some correct Ihs scen at some point. E.g. "Rate =_ " 2. Z__ but condone N'.

dr dr

00510
or awrt 18.1 before a minimal conclusion which

e an intermediate line/answer of either 11¢
st b rufuencing the 18 000:0r IR thousand
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()

M1: Attempts to set both equations equal to cach other and simplify the constant terms.
Look for 220e® +35=800e™"*" o.e but condone slips

Ttis also possible to set 5o =

-t fe“"”:] 300! i SR

Al: Correct quadratic form
Look for 220(e°® )" +35¢°* ~800= 0 or 220¢

1+ 35" ~800 =0 but allow with terms in

o1

different order such as 220e°" +35¢°* =800

FYI the equationin Nis N’ 55N ~175550=0
MI: Full attempt to find the value of f (or a constant multiple of 1)
This involves the key step of recognising and solving a 3TQ in e"* followed by the use of lns.
If the answers fo the quadratic just appear (from a caleulator) you will need to check.
Accuracy should be to 3sf.
You may see different variables used such as x
x=e¥ 0% +35°" =800 = 2201 +35x =800 = x =182 =1=20In1.82

Allow use of calculator for solving the quadratic and for *™ =182 = r=12.08
Via the N route it will involve substifuting the positive solution to their quadratic info cither
equation to find a value for #/T using same rules as above.
Al: AWRT 12.08

Answers with limited or no working in (b) and (c)
(b) A derivative in the correct form must be seen

(c) Candidates who state 45+220°™ =10+800e™"" followed by awrt 12.08 (presumably from using

num-solv on their calculators) can score SC 1100. Rubric on the front of the paper states that "Answers
without working may not gain full credif” so we demand a method in this part
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Question Scheme Marks AOs
@ |25 Bl 34
@
(b) A!:;:upts to dlﬁcrcnnalc(ll:)s:ng :I:; ‘product rule M1 316
3=l DX 04T Al 11b
dv___ (10-041) _
Sets their 7=0=> ) =0.41n(f+1) and then makes i i
progress towards making "7 " the subject (See notes for this)
25-In(r+1)
T+1In(r+1)
Int+D Al* 21
=264
T+inG+1)
(O]
© 26
() Attempts oE M1 11b
awrt 7.298 Al 1.1b
(i) awrt 7.33 seconds Al 32a
®
(8 marks)

Notes:
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@)

BI: 25 but condone 25 seconds. If another value is given (apart from 0) it is BO

(®)
MI: Attempts to use the product rule in an attempt to differentiate v =(10—0.47) In(r+1)

Look for (10— 0.47) x——=+kln(t +1), where k is a constant, condoning slips.

1
Ry
If you see direct evidence of an incorrect rule used e.g. vu'—uv" itis MO
You will see attempts from v=10 In(t +1)—0.4¢In(¢ + 1) which can be similarly marked.

In this case look for i+l+cl.u(1+l)
S st

&

Al: Corect differentiation. Condone a missing left hand or it seen as v' . < or even=0
av 10041 5 av)_10 o4
(dt} tn(r+1)x =04+ £ or equivalent such as | g7 |= 7oy ~ Gy ~ 041 +D)
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dM1: Score tor setting their dV/df =0 (which must be 1n an appropnate form) and proceeding to an
equation where the vasiable  occurs only once ~ ignoring In(f + 1)
See two examples of how this can be achieved below. It is dependent upon the previous M.
Look for the following steps

o Anallowable derivative set (or implied) =0 E.g. In(r+1)x0.4= w

Cross multiplication (or division) and rearrangement to form an equation where the
vaiable £ only occurs once.

Egl _(10-04n)
Ine+Dx04=""20
25-¢
= +D=—r
26
Shn@+h=-1+=
Eg2 _10-04n
In(r+Dx0.4= =220

= 0.47n(r +1)+ 0.41n(r +1) =10~ 0.4
= 04¢(1+1n(t+1)) =10-0.4In(r +1)

A1*: Correctly proceeds fo the given answer of = ﬁ ~1 showing all key steps

The key steps must include

v
o use of <L or v'which must be correct

25-In(+) 26
1ikie+D = pel

* acorrect line preceding the given answer, usually £ = =ln(r+1)
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© @
M1: Attempts to use the iteration formula at least once.
2%
Usually to find 1, = /o ~1 which may be implicd by awrt 7.44
A1 awrt 7.298. This alone will score both marks as iteration is implied. ISW afier sight of this

value. As 3 is the only value that rounds to 7.298 just score the rhs, it does not need to be labelled
B
(@)

AL Uses repeated iteration until value established as awrt 7.33 seconds. Allow awrt 733 s
Requires units. It also requires some evidence of iteration which will be usually be awarded from

R S
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Question Scheme Marks | AOs
2@ | f(x)=10e""sinx
M1 1o
=f'(x) =—2.5¢" sin x +10e>* cos x oe
Al Llb
£(x)=0= 2.5 sinx+106%* cosx =0 M1 21
sinx _10  tnx=a+ Ar* Lb
cosx 25
@
(®) [
“Correct" shape for 2 loops | M1 Llb
Fully comect with | Al Llb
decreasing heights
7
@
(© | Solves fanx =4 and substitutes answer into H (1) M1 31a
H(447)=[10e5447 sln4,47‘ M1 L1b
awrt 3.18 (metres) AT 32a
[©]
@ | The fimes befween cach bounce should not stay the same when the B 3o
heights of cach bounce is getting smaller -
o

Q0 marks)
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(@)

M1: For attempting to differentiate using the product rule condoning slips, for example the power of &
So for example score expressions of the form + e sinx+_e** cosx M1
Sight of vdu—udv however is MO

Al: f'(x) =—2.5¢ %" sinx+10e"** cos x which may be unsimplified
MI: For clear reasoning in setting their £'(x) =0, factorising/ cancelling out the e’

frigonometric equation in only Sinx and cosx
Do not allow candidates to substitute x =arctan4 into £'(x) to score this mark.

2% torm leading to a

sinx _ 10 sinx
A1*: Shows the st S or equivalent leading to => tanx=4%. ——— nust be seen.
ows the steps or equivalent nx —

25
(b)
M1: Draws at least two "loops”. The height of the second loop should be lower than the first loop.
Condone the sight of rounding where there should be cusps
Al: At least 4 loops with decreasing heights and no rounding at the cusps.
The intention should be that the graph should sit” on the x -axis bu be tolerant.
N s e s Wk 1 ot il B i Bl e
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(€)
M1: Understands that to solve the problem they are required to substitute an answer to tan7 =4 into H(r)
This can be awarded for an attempt to substitute 7 = awrt 1.3 or ¢ =awrt 4.47 into H (1)
H(1)=6.96 implies the use of 7 =1.33 Condone for this mark only, an attempt to subsitute
=awrt 76° orawrt 256° into H (1)

M1: Substitutes f = awrt 4.47 into H(7)

‘IOe Zf’smr‘ Implied by awrt 3.2

A1: Awrt 3.18 metres. Condone the lack of units. If two values are given the correct one must be seen to have
been chosen

tis possible for candidates to sketch this on their graphical calculators and gain this answer. If there is no
ncorrect working seen and 3.18 is given, then award 111 for such an attempt.
(d)
B1: Makes reference to the fact that the time between each bounce should not stay the same when the heights of
cach bounce is getting smaller.
Look for " time (or gap) between the bounces will change””

“bounces would not be equal times apart

“bounces would become more frequent
But do not accept ‘the fimes between cach bounce would be longer or slower
Do not accept explanations such as there are other factors that would affect this such as "wind resistance”.
e
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Notes:
Throughout the question allow the use of =86 if used consistently

Bl

M1

Al

Gives the correct fraction such as SN0+ =Sn0  sinf—sin@+h) .
0+h-0 h
sin@+h) —sin®-h) , O-M-SG onione invisible brackets
% 0-h-0
Mag be mplid by S2005h = )

Uses the compound angle formula for sin(6 h) to give sin@cosh+cos&sinh

Achieves w or equivalent (may be implied by further work)

Allow invisible brackets to be recovered.

It is dependent on both the B and the M marks being awarded.
Complete attempt to apply the given limits to the gradient of their chord. They must isolate

[“’sh” = )and replace with 0 and isolate ("':hj and replace with 1

eg smﬂ(“s:’l)nosa[#]:smexo+cossx1

cosh-1

Accept as a minimum sms[ J +cos 0{%} =cosf (implying the application of
the limits)

If they do not fully show (

oSt } and [#] being isolated but proceed from

sinf(cosh=1)+cosfsinh

eg i TP
h

implied and score dM1

sinf(cosh—1)+cosfsinh

h
Condone if limit notation remains within their expression after the limits have been applied.

e lim(sin6x0-+cos 0x1)

Alternatively, condone use of the small angle approximations such that

to 0xsinf+cosé (or e.g. 0+cosd) then this can be

=cos@ is dAMO
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Question Marks | AOs

* M1 21

Ak 20 Al L1b

i
St P i (4 ah)—axn Ar* 25
=
(€]

(3 marks)

Notes:
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Throughout the question allow the use of Ox for /i or any other letter e.g. a 1f used consistently.
If Sxis used then you can condone e.g. 8°x for 8x” as well as condoning e.g. poorly formed §'s

MI: Begins the process by writing down the gradient of the chord and attempts to expand
»

the correct bracket — you can condone “poor” squaring e.g. (x+h)’ =

2(x
Note that =..is also a possible approach,

AL: Reaches a correct fraction oe with the x* terms cancelled out.

e Axh+ 2 2+ Axh+ 201 - 2E

L 4x+2h
h h

A1*: Completes the process by applying a limiting argument and deduces that = =4x with no

o

" doesn’t have fo appear but there must be something equivalent c.g.

f'(x

" or “Gradient =" which can appear anywhere in their working. If f'(x) is used then

there is no requirement to see f (x) defined first. Condone e.g. %’ —4xor f'(x) > 4x.

:
S0, e e P e s SRR
g im

Do not allow /1 = 0 if there is never a refeence to h>0

Condone missing brackets so allow e.g

Ay _ o e 20

ee

tim4x+2(0) = 4x is acceptable

o=
buteg. ? “X"% x4 2} = 4x+2(0) = 4xis not if there is no h>0 seen.
N

The h=>0 does not need to be present throughout the proof e.g. on every line.

B
They must reach 4x+ 2 at the end and not % (without the Jr's cancelled) to complete

S e st
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Question Scheme Marks | AOs
@ 1 M1 Llb
£1(9=)dcos| 1x|-3
(09 =)acos| 3¢ Al | 1w
1
Sets f'(x):4cos[3x}73:0:>x: a1 | 3ia
x=140 Cao Al | 32a
“@
O] Explains that £(3)> 0 £(5) <0 o | 2e
and the function is continuous
o
© . _8sin25-1549
AREmPtS X = 057 55 ML | L1
(NB£(5)=-1212... and f(5)=-6204...)
¥, —awr 480 Al | 1w
@
7 marks)

Notes:
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1
M1: Differentiates to obtain £ ¢0s| 3 | £a where a is a constant which may be zero and
10 other terms. The brackets are not required.

9 1 9 1 1
Al Correct derivative £'(x)= 4ces(;x]—3 Allow unsimplified e.g. /()= 3 8cos(§x] -3

e
There is no need for £'(x)=... or E‘ = just look for the expression and the brackets are not
required.

dM1: For the complete strategy of proceeding to a value for x.

Look for

. f'(x):aces(%x]+b:0, ab=0

1
*  Correct method of finding a valid solution to acos[i r)+b -0

Allow for acos[%x)+b:0:>cos(%x]:tk:>x:2ms (k) where [k|<1

If this working is not shown then you may need to check their value(s).
1
For example 4605[5}5)73 =0=x=14.. or11.1... (or828... or 637.... or 803 in

degrees) would indicate this method.

AL Selects the correct turning point X =14.0and not just 14 or unrounded c.g. 14.011
Must be this value only and no other values unless they are clearly rejected or 14.0 elearly
selected. Tgnore any attempts fo find the y coordinate.
Correct answer with no working scores no marks.

BI: See scheme. Must be a full reason, (e.g. change of sign and continuous)
Accept equivalent statements for £(4)> 0. £(5) <Oe.g. £(4)xf(5)<0."there is a change of
sign”. “one negative one positive™. A minimum is “change of sign and continuous” but do nat

allow this mark if the comment about continuity is clearly incorrect e.g. “because x is
G T o el
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(c)

£(s
M1: Attempts X, =5— f’((Sl to obtain a value following through on their £'(x) as long as itis a

“changed” fanction.

Must be a correct N-R formula used ~ may need to check their values.

Allow if attempted in degrees. For reference in degrees £ (5) =~5.65... and £(5) = 0.996
and gives x, =10.67.

(5
There must be clear evidence that 5= = is being attempted.

6)
3sm(%x]—3x+9

41:05(%)(]73

BUT evidence may be provided by the accuracy of their answer. Note that the full N-R accuracy is
4.804624337 so e.g. 4.805 or 4.804 (truncated) with no evidence of incorrect work may imply the
method.

soeg. X,

il =480

2= x, =4.80 scores M0 as does e.g. X, =

AL x, = awrt 4.80 not awrt 4.8 but isw if awrt 4.80 is scen. Ignore any subsequent iterations.

Note that work for part (a) cannot be recovered in part (c)

Note also:
£(5)

5= i) =W 480 following a comect desvaiive scores MIAL

D<) NI RRTRETOILL L I
6) 6)
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Question Scheme Marks | AOs
@ o M1 11b
e Al 116
@) Bift L1b
®
) 1
Substitutes x =4 m!o!hexr:j‘ 2x4-2-12x47 = M1 L1b
&
Shows 2 = 0.and states "hence there i a stationary point” oe A 21
@
M1 L1b
©
Al 22
E)

(7 marks)
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@0

1

4 Lo
MI: Differentiates to %:AHZHC} T an d«; =2r-2-12x7 (Coefficients may be unsimplified)
v
(@)ii)
d & &
Bft: Achicves aconect S fortheir 2 (Thee - must e 3 negativ orfactonal ndex)

®
M1: Substitutes x =4 into their %m attempts to evaluate. There must be evidence %
x et

& 36

Altematively substitutes x = 4 into an equation resulting from e 0 Eg = =(x-1)* and equates
N =

AL: There must be a reason and a minimal conclusion. Allow ¥, QED for 2 minimal conclusion
&

Shows

= Oand sates hence thee is 2 satonary point” oc

Al Shows that x =4 is a root of the resulfing equation and states "hence there is a stationary point”
Al aspects of the proof must be correct including a conclusion
©

&y
M1: Substiutesx =4 intother 3 and calulats its value, or implies it sign by a statement such a5

when x=4=> =% > 0. This must be seen in (c) and not labelled (b). Altematively calculates the

dx’

‘gradient of C either side of x =4or calculates the value of y either side of x=4
Alft: For a correct calculation, a valid reason and a correct conclusion. Ignore additional work where

d d
candidate finds < leftand rght of x=4. Follow through on an incorrect d‘ but it is dependent upon
. b

having a negative or fractional index. Ignore any references to the word convex. The nafure of the fuming
‘point is "minimum'”

Using the gradient look for correct calculations. a valid reason. ... goes from negative to positive, anda
correct conclusion ...minimum.
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‘Question Scheme Marks | AOs
® M1 21
A1 11b
M1 21
Al* 11b

“@

®)

M1 22a
x and x* —2xy+3)7 =50 simultaneously M1 3la
=r=(H)3 or = y=(£)348 ar | o
daM1 11b
A1 22a

®
© | Explains that youneed to solve y = and x* —2xy+3y* =50 Bi s

simultaneously and choose the positive solution -
o

(10 marks)
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Notes:

@

MI: For selecting the appropriate method of differentiating either 3y°

It may be quite difficult awarding i for the product rule but condone

- -2x 42y ualess you

see evidence that they have used the incorrect law v

5
AL Fully correct derivative ZX*ZXE)* 2y +6y-

Allow attempts where candidates write 2xd—2xdy—2)dv+6ydy =0

‘but watch for students who write
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MI: For a valid attempt at making %me subject. with two terms in % coming from 3)* and 2:

2y-2x

s implied by % .
v

x

This cannot be scored from attempts such as . = 252, r% —2y+6y which only has one correct term.

3
& _y-x
5 x

‘with n0 errors or omissions.

The previous line 5 or equivalent must be scen.

dx
®)
MI: Deduces that 3y —x=0 oe
1
M1 Attempts to fnd either the  or y coordinates of P and Q by solving theiry = 3 x with

x*~2x+3y* =50 simultancously. Allow for finding a quadratic equation in x or y and solving
to find at least one value for x or .
This may be awarded when candidates make the numerator = 0 ie using 3

AL = x=(£)5{3 okay:u);ﬁ

@M1: Dependent upon the previous M. it is for finding the y coordinate from their x (or vice versa)
x

This may also be scored following the numerator being set to 0 ic using

B
Al: Deduces that P:L—s‘lz‘,—%ﬁ} OE. Allowtobex=_. y=.

©

d
BIft: Explains that thisis where -
simultaneously and choose the positive solution (or larger solution).

Allow a follow through for candidates who mix up parts (b) and (c)
Alternatively candidates could complete the square (x— )’ +2y* =50 and state that y would

and so you need to solve = and x

reach a maximum value when x =y and choose the positive solution from 2 = 50
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sin&cosh+cos@sinh—sind

2
77sm5+hc059

5 sin0+cos and replaces % with 0

W W
d(sing)
AL*:  Uses comect mathematial lsnguage of limiting arguments to show that = = cos
with no erors seen. (cs0)
We need to see s —> 0 at some point in their solution e.g
d(sin8 p
U +coss(ﬂ = cosd
a6 =3 i
d(sin
( (2‘2 i ]:hm[—%smﬂ+cosc9):0xsm5+cus¢9:cust? (using small angle
s
approximations)
d(sin6) sin6(coshi=1)+ cosOsin i
o | 6inx0+1xcos@=cos6 as h—>0
a6 7
d(sin6)
Condons £/@) or < in place of 462¢)
a0 a0
Give final A0 for no evidence of limiting arguments:
d(sing
eg whenh=0 %: mﬁ[ il j+cosﬂ(¥}:smﬂx0+cosﬂxl:cosg is AO

cosh—1

Do not allow the final A1 for just stating % ~1and 0 and attempting to apply

these (without seeing e.g. 4 —> 0 at some point in their solution)

If they work in another variable (e.g. x) then withhold the final mark_ If they have mixed
wvariables within some of their statements, then allow recovery but withhold the final mark

Withhold this mark if there has been incorrect bracketing or invisible brackets when isolating
sinfcosh—1+cosfsinl cosh-1

h
which do not require brackets. Condone a missing trailing bracket if the intention is clear.

sin6(cosh-1) eg ‘but accept terms written as e.g. sin 6
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Apeiton Scheme AOs
dv _(2sinf+2cos8)3cosf-3sinf(2cos6~2sin6) ]:\111 :::
a6 (25in6+2cos6)’

‘Expands and uses sin” 8+cos’ @ =1 at least once in the numerator or the
denominator . e | ol
oruses 2sinfcosf=sin2fin = Lo
a6 Csinfcos6
‘Expands and uses sin® +cos” =1 the numerator and the denominator
ANDuses 2sinfcos@=sin20in =L L ol
46 Q+Rsin28
4 3
-2 - Al L1b
46 2+2sin20

5 marks)
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Notes:
M1: For choosing cither the quotient, product rule or implicit differentiation and applying it fo the given

a &
function. Look for the comrect form of # (condone it being stated as d—t) but tolerate slips on the

d(sing d(cos 8!
coefficients and also condone (;“;) cosﬂand%f) +sin6

dy (25in6+2cos6)xE. cosf3sinf(%..cos O£ .sin6)
For quotient rule look for —&- -

o, (2sin6+2cos6)’

For product rule look for

%:(zsmmuoser‘xt cos6+3sin 6 (2sin 6+ 2cos6) " x (£...cos 6% .sin 6)
Implicit differentiation look for(...cos % sms)y+(25ma+zcosa)% cosf

AL: A correct expression involving %cmdﬂmﬂg it appearing as %

MI: Expands and uses sin® @+cos” @=1 at least once in the numerator or the denominator OR uses

2sinfcosf=sin26 in =-Z=— " ——
CsinBcos6

MI: Expands and uses sin’ 8+cos’ 6 =1 in the numerator and the denominator AND uses
P

46 Q+Rsin26

2sinfcos § =sin 26 in the denominator to reach an expression of the form.

3

AL Fully correct proof with A

fated but allow for example

2 T+5in26
Allow recovery from missing brackets. Condone notation slips. This is not a given answer
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‘Question Scheme Marks AOs
@ {f@=}x +.x+. = @) =}x+ M1 L1b
{f'(0)=}3x" +ax -8 = {f"(x) =}6x +4 Aleso L1b
@
®0 "6x+4"=0= Blfe L1b
Iy x Blit 22a
@

Notes

(@)

M1: For attempting to differentiate twice.
Tt can be scored for any of:
constants.

You can ignore the Ihs so do not be concerned what they call the first andor second derivative. just look
for their expressions.

The indices do not need to be processed for this mark so allow for e.g. ¥ —»..x™ —>..x*
Alcso: (£(x)=) 6x +4 Correct second derivative from fully correet work. The "f'(x)=" is not required.

Allow 6x' for 6x but not 4x° for 4 unless the 4x° becomes 4 later, e.g. in part (b).
Do not apply isw so mark their final answer. E.g. if 6x + 4 becomes 3x + 2 score AD

x or 2¢ >.x—k or ~8x—>k—>0 where ..are
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(b)

@
Blft: ax+b=0=(x= For « =2 which has come from solving an

equation of the form @x +5. a.b=0 where ax + b s their attempt to differentiate fwice in part (2)

2 This mark is for obtaining x
a

b or an exact decimal and isw.

Allow equivalent fractions e.g. ;- ,2 or equivalents for their x=
()
Blft: Deduces x., - ; ar follow through their single value of x from part (i) obtained from their attempt to

solve an equation of the form @x+5 = 0. a.b =0 where ax+ b was their attempt to differentiate
twice i part (2) . Do ot isw and mark their final answer.
1£2 inequalities are given e g x <'~2", x> ’% without indicating which is their answer score B0

Condone < for ., and allow equivalent inequalities c.g. %»

Allow equivalent fractions e.g. x = ,2 or equivalents for their x=—

Allow equivalent nofation so these are all acceptable:

sohe s 2ol w2 |
gutmmgen 2n [ e 2ul [ 2u) Lom
3 R 301
Ignore any reference to values of .
Allow ft decimal answers from (i) which may be inexact.
R A TR ™ oA - Ay o ™ Y
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Question Scheme Marks | AOs
@ 53 +10x
Correct method used in attempting to differentiate ¥ T M1 31a
x+
dy (x+1) x(10x+10)— (55 +10x)x2(x+1) Al 11b
« T "
Factorises/Cancels term in (x+1) and attempts to simplify
dy (x+1)x(10x+10)=(5x* +10x)x2 4 M1 21
o (x+1) T (a1
& __10
&y Al Llb
@
®) For x<-1
Follow through on their Bl | 22a
@

(5 marks)
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(a)
5x* +10x

MI: Attempts to use a correct rule to differentiate Eg: Use of quotient (& chain) rules on y e
x+1

Alternatively uses the product (and chain) rules on y = (5 +10x) (x+1)*

_ (r+1) (x4 B)~(52° +10x)(Cx+ D)

A,B,C,D>0
(1) ( U

Condone slips but expect (%"]

1)° x(Ax+B)—(5x* +10x)x(Cx+ D)
(%):w (A,B,C.D>0) using the quotient rule
(1)

& (%} = (1) x(Ax+ B)+(52* +10x)x C(x+1)” (4, B,C #0)using th prodiuct rul.

Condone missing brackets and slips for the M mark. For instance if they quote 1 =5x+10,, v=(x+1)*

and don't make the differentiation easier, they can be awarded this mark for applying the correct rule.
Also allow where they quote the corret formula, give values of u and v, but only have v rather than 12 the

denominator.

Al A correct (unsimplifiod) snawer
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or equivalent via the quotient rule.

w (2)- o

OR (%] = (1) x(10x+10)+(5x* +10x) x—2(x+1)" or equivalent via the product rule

MI: A valid attempt to proceed to the given form of the answer.
vdu—udv

Itis dependent upon having a quotient rule of + and proceeding to

(x+1)

vdu—udv :
It can also be scored on a quotient rule of *~——— and proceeding to

A
v ()]
You may see candidates expanding terms in the numerator. FYT 10x” +30x” +30x+10—10x* —~30x> - 20x
but under this method they must reach the same expression as required by the main method.

Using the product rule expect to see a common denominator being used correctly before the above

AL @10

d
There is no requirement to see Ey = and they can recover from missing brackets/slips.

T (xe1)

(b)
BIft: Score for deducing the correct answer of x <—1 This can be scored independent of their answer to part
4

(a). Alternatively score for a correct ft answer for their — where 4 <0 and n=1,3 award for

e (1)

L3> x<—1

x>-1. 8o for example if A>0 and 2
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Question Scheme Marks | AOs
Aevia o
vt | Writes y= 2 e yoax— B 40 Mt | 31a
(x+1) (x+1)
Waites y= X1 4 e form y=5— A | i
(x+1)° (x+1
&»__C
Uses the chain rule = 2 - (Maybescoredfrom 4=0) | g | 2y
T (x41)
D 10 pich cannot be awarded from incomect value of 4 | a1 | 110
d (x+1)
“@
®) | For x<—1 or correct follow through Bi& | 22a
@

G marks)
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‘Question Scheme Marks AOs
@@ Ml | Llb
Al |
(@)
Alft | L1b
[©)]
®) M1 | L1b
Al |1
@

(5 marks)
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Notes

@@
MI1:

AL

@
Alft:

®)
MI1:

AL

T+ ¢ is included with cither derivative penalise it only once on the first occurrence.
Award for ¥’ > x” or ¥’ >xor 5x—=5 or ~1030

Indices may be unprocessed e.g. x’ > x™" or x* > or 5x—>5x°

Correct simplified expression with indices processed 12x* —14x + 5.

Do not allow x' for x or 5x° for 5.

Apply isw if necessary once a correct answer is seen.

d
The “< = is not required.
ax

Correct simplified second derivative 24x ~14 or follow through their first derivative.

Must be simplified so do not allow e.g. x* for x or x° for 1 as above.

Apply isw if necessary once a correct answer is seen.

. d?
=)

The is not required

Sets their second derivative of the form ax+b. a.b=0 equal to 0 and proceeds to a

value for x. Condone slips in rearranging as long as a value for x is obtained.
This may be implied by their value of x or may be implied by their working c.g.

24x-14>24x=14=x=

Condone one slip in copying their second derivative.

&
Also condone if they “cancel” e.g. ;‘: 24x-14>12x-7=0=x=

Correct value from correct work and a correct second derivative but allow recovery if they
“cancel” their second derivative to obtain e.g. 12x—7.

14
Allow exact equivalents e.g. - but not rounded decimals ¢ g 0.583

Allow recurring decimal if clearly indicated e.g. 0.583

Correct answer only from a correct second derivative (or correctly cancelled second
derivative) scores both marks

T il o e A B e
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@ Po o ¥ Yo ¥ xoraxoa M1 L1b
(£'(x)=) 4 +x*-16x+a Al L1b
1 1 1) 1
£l--|=| 4| +| 25| -16| - |+a=

((4)](4)+( 4) [4]”0 aMi | 3a

=a=..
a=—4% Alx | 21

@

® RS Bl | LIb

768

(1)
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Notes

(@)  The first two marks are the same for all approaches.
M1:  Reduces the power by one for any term in f(x). Look for x" — x" and allow for ax —a

including ax' — ax® or —4x ——4

Al: Correct differentiation (f'(x)=) 4x*+x*~16x+a or 4x* +x*~16x—4

Tgnore the absence of the LHS. May be in terms of a or have —4 substituted at this point as
above.

Main Scheme:

dM1: Substifutes x

7% into their £'(x), sets =0 (= 0 may be implied) and solves for a.

Condone 4+a=0 as evidence of substitution for the dM1 only.
‘This mark is not available if their f'(x) does ot have a term with a i it using this approach.

Al* cso Requires:
 acorrect derivative

*  correct substitution of x

—% into f'(x) and set =0 (now the = 0 must be seen

somewhere for this mark). Each term does not need to be evaluated.
* achievesa=—4

11
For the AL*, evidence of correct substifution might be —7=+—=+4+a =0 butnot 4+a=0

Condone invisible brackets around 7% provided this is recovered before the given answer e.g.

1 1
—— recovered to +76

Alt 1: Verification

% and a =4 into their £'(x). and finds a value

dM1: Substitutes x

The a =4 may already have been substituted into £ (x) as above.

Al*: cso Requires:
o acorrect derivative
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Alt2;

*  correct substitution of x

intof’(x) and use of a =4 (at some stage) to achieve

s

f'( %J —..=0. The substitution must be embedded in £'(x) or evaluated in an

intermediate step e.g. —i+i+4—4 before the =0

 aminimal conclusion e.g. “hence proven” or “: a=—4" or e.g. atick.

but not e.g. “max = %” or just 0 =0"

AMI1: Aftempts to divide their £'(x) by (4x+1) [ & (x %]), schieves o lineir reainderin e
only, sets =0 and achieves a value for a. Condone slips i their calculations.
As a minimum, expect fo see x*+Ax+x (or 4x*+Ax+ ) as their quotient (with 4 =0)
leading to a linear remainder in a only set =0 leading to a value for a
Al*: cso Requires:
 acorrect derivative
* correct quotient x* ~4 (or (4x* ~16)) and correct remainder a+4 set=0
o achievesa=—4
®)
B 473

> cao Allow exact eqivalents e e% or the recurring decimal 6.165364583

There is no need to see a calculation. Decimal approximations e.g. 6.1653645833... score BO.





image28.jpeg
© (£'(x)=) 48 +x*—16x—4=(4x+1)(x*+..) Ml | 3la
N 4c+x°-16x-4
=(4x+1)(x* -4 —_— Al L1b
(4x+1)(x*-4) oreg et
£(—2")=_(-5)
M1 | 21
N k<ﬂ4735
768
{ke'{ —s<k<r B3, Alft | 25
768 |
@
(9 marks)
Notes

©

M1

Note: Candidates who do not score the first M mark may score maximum MOAOM1A1ft
via the special case at the end of the mark scheme for part (c).

e

For the key step in using the factor theorem to take (4x-+1) or | x % ; out as a factor of their
\

£(x). not £(x). Look for (4x-+1)(x* + Ax—4) or (4x +1)(x* £4) ex(l+%](‘4x31y)

{
or { x+l ] (45

4)
If they attempt division in (a) then they must use their quotient in (¢) to score the marks
They may “spot” that one of £'(+2) = 0 and factor out (x£2)(4x* + Ax£2) without evidence
that £':2) =0

‘There must be some factorisation or algebraic division present — not just roots stated from a
calculator.

Ax—16) (where the 4 or s is a constant) either by inspection or division.
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Al

M1

Correct factorisation of the cubic to a linear and quadratic product, so

(4x+1)(x*=4) or (x+ )(4: ~16) or (x=2)(4x* +9x+2) or (x+2)(4x* - 7x-2)

or for the correct quadratic seen e.g. x* —4 or 4x>~16 (which may be the quotient in their
algebraic division and may come from their work in (a) provided it is used in (c)).

There is no need to complete the long division if the appropriate quotient is found

Note that proceeding directly to (4x+1)(x—2)(x+2) does not score either mark without

sight of the e.g. (4x-+1)(x* ~4) but they can score the final 2 marks via the special case.

Similarly, proceeding directly to (x+ )(2: 4)(2x+4) or 4(” ](r 2)(x+2) does not

score either mark without sight of (x+%)(4x: ~16) but they can score marks via the SC

Solves their quadratic factor = 0, substifutes one of these solutions (not x = %) into £(x)

to find a value and selects the inside region between this and their answer to (b).

If their quadratic is of the form_4x* B then they can write down their solution for x but if it
is a 3TQ then they must find their value of x using the usual non-calculator rules.
Condone “incorrect” factorisation following the correct quadratic leading to.x =+2

eg( 4)(4v—16)a[m+ )(x 2)(x+2)=0>x=%2

y(erk)=-5 (or 7g) with nothing else can imply substitution of x=~2 (or 2)

Note that if they “spot” that £'(2) = 0 earlier then they can go straight to substitution.

Condone the use of y but not x in their region. Condone e.g. k >-5,k <" 4776385 " for this mark

Condone the use of < in place of < for this mark Note that ( l] i the ofher minimum





image30.jpeg
Alft: {k =igkak:

sC:

“7385 } Requires correct use of set notation but condone absence of €R

Follow through on their upper limit from (b) which may be a decimal but must be positive.
Mast be srict inequaites .. not nclude the end points and mustnovwbe in terms of .

[ 5“4735 ) (k> S%{k k(,,4735}

Other acceptable notation includes: k = ke

Condone | k>75mk<“—4735“} { s<k<n i35 }
l 768 68

4735,

Do not allow e.g. {k k>—5}u{k ki35, JLGIJUS( —S<k<"——"
768 768

Candidates that have not scored the first M1 may go on to score the final two marks by finding

an acceptable range between -5 and “7763;

" or 7§ . coming from x =2, (or -5 or 7"377 directly from a calculator)

with 3733 will score M1 if the inside region is selected. A correct { ko5 <k <35
768 768

will score Alft

There is no need to see any working to achieve the =5 (or 7§)

All the relevant guidance regarding the region in the M1 and A1ft notes above continues to
apply. e.g. for the M1 we will condone the use of y but not x in their region while for the A1ft
we require use of k.

For example:

4135 } without scoring the first M scores MOAOMIA1ft

o (kiS<k<"——
768
4735
o "-S"<k<'— =" without scoring the first M scores MOAGMIAOR

. {k =S ke 4776385 } without scoring the first M scores MOAOM1AOft
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1., 1
37 9+E

10 M1 34
1. Al L1b

dam1 34
Al 21
@

® M1 11b
dam1 21
Al 11b
()

©
M1 11b
Al 11b
@

(© marks)
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Notes:

@

M1

Al

Al*:

Note that just finding a correct equation for the area and/or a correct equation for
the perimeter (before any substitution) is insufficient to score any marks.

Uses area formulae to form an equation of the form ar”6+Br" =240 oe. (a,B=0)and

rearranges to make 19, 8 or r6+§r the subject. Look for

M=

ré

o.e. where M, N =0

B
eav o or 0220

e

<L ose vy EEe
v

or ré+

A correct rearrangement for © or 76 or 79 +§r which may be unsimplified (may be in

degrees)

&
into an
7 55

expression of the fom (P=) r0-+ Or. 0= (typically P=r0+r) which may be
unsimplified or in degrees_ Tt is dependent on the previous method mark Tt s acceptable
for their valid expression for 8, 19 or 0 %y to be substituted into the perimeter
exptession ditectly (without first seeing them in the perimeter expression)

480
P=2r+= following a correct method (condone slips to be recovered) and all previous

marks scored. Condone invisible brackets to be recovered.
P =, Perimeter = must be seen at least once in their solution in the correct place.
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®)

M1

Al

©

M1

Al

ar
Mark (b) and (¢) together. There is no requirement o see the notation -_-in part

(b). It may even be called %. Allowuse of eg. P’ oreg. '

(% ) p=-L where p and g are non-zero constants
: 7

Sets or implies that their dﬁ —0 and proceeds to mr
r

the previous method mark. Do not be concerned by the mechanics of the rearrangement.

This mark may be implied by a correct answer to their p—-% = 0. You may need to
7

. mxn>0.Itis dependent on

check this on your calculator
7=awrt15.5 or v240 (= 4JI5) Do not accept + (ignore any units if given)

Condone other letters used instead of P and r for — e.g.

for M1 only.
dr g

Just using %and considering a sign change is MOAO

Differentiates and finds [‘:b—P 7] ii (do not be concerned about the sign)

Note if they score A0 in (b) then this mark cannot be scored.
Requires

a correct a correct expression for ——
o

- = awrt 0.26 using awrt 15.5 (but allow 0.23(43..) if

&P ] 960
7

a correct value for [

using 16)
a correct comparison with 0 and a conclusion e.g. minimum

The expression for the second derivative does not need to be labelled but if it s then
&P &

it must be o.e. or accept e.g. P" BUT =

used in their conclusion is A0
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1@ | Attempts o differentiate x=4sin2y and inverts
dx _ dy _ ML |1
TR o o

&
1 Al |1
At(00) Go=¢
@
() | @ Uses sin2y~2y whenyis small to obtain x ~ 8y Bl |1
(i) The value found in (a) i the gradient of the line found in (6)(i) Bl | 24
@
© Uses their g:snﬁmmmofyanimgbmh sin? 2y+cos*2y =1
dx
. dy  dv
and x=4sin2y in an attempt to write = or — as a function of x M | 21
& dy
dy 1 1
Allow for k=
@~ “coszy ]717(71)2
Acomectanswer oL
ES Al |1
8 17
and in the correct form dy* ! Al |
in Y
& WI6-x
(0]

(7 marks)
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(a)
M1: Attempts to differentiate X =4sin 2y and inverts

&_ 1
Z orizkeoszyP 1

dx  kcos2y dc  drx  kcos2y

Allow for - =kcos 2y ==

idx
d

x
Alternatively, changes the subject and differentiates * = #5112y =¥ =...arcsin| ;]* i fi'

d 5 g
Ttis possible to approach this from x =8sin ycos y = — = 8sin’ y £8cos’ y before inverting
dy

d 1
al: X =2 Allow both masks for sight of this answer as long as no incorvect working is seen (See below)

dx

& A
‘Watch for candidates who reach this answer via — =8cos2x = L4 This 1s MO A0
o & BoosZE
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(b))
B1: Uses sin2y ~ 2y when y is small to obtain x =8y oe suchasx = 4(2y)
Do not allow sin2y ~ 26 to get x=86but allow recovery in (b)(i) or (b)(ii)

Double angle formula is B as it does not satisfy the demands of the question.
(b)(i)
B1: Explains the relationship between the answers to (a) and (b) (i)

For this to be scored the first three marks. in almost all cases. must have been awarded and the statement
st refer to both answers

1
Allow for example "The gradients are the same [: §] " “both have m

1
Do not aceept the statement that § and - ase reciprocals of cach other ualess further correct work explais

e o S i
& de
(©
dy s )
ML: Uses their as a function of y and, using both sin® 2y +cos? 2y =1 and x =45in 2y . attempts to
dx
- ad
L
& dy &
dy  dx ;
A R G, DS adh

g iy

The < must be seen at least once in part (c) of this solution

dx
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Question Scheme Marks | AOs
@ 2<x<6 Bl | LIb
o
®) States either k>8 or k<0 M1 3la
Statese.g. {k:k>8}ufk:k<0} Al 25
@
© Please see notes for alfernatives
States y=ax(x—6)" or £(x)=ax(x—6)" M | L1
Substitutes (2.8) into y = ax(x—6) and attempts to find dM1 | 31a
x(x=6) or f(x) = %x(x— 6) oe Al 21
[©]
(6 marks)

Notes: Watch for answ

the answe

space, the one in the answer space takes precedence

written by the question. If they are beside the question and in
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Alt to (c) using arcsin

()
M1: Altemnatively, changes the subject and differentiates ¥ =4sin2y -y =_..arcsin| =
la)

Condone a lack of bracketing on the % L e XT
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‘Question Scheme ‘Marks AOs
Bl . o
@6 (f'(x)=)8xe*" 7 oreg LA Bl | Llb
<
@ (£(x)=)% oreg 8 oe B1 12
x

@

®) sxet i 8 M1 | L1
=
A -1-lnl =4 1= 2mhx
I A | 21
=4’ +2lnx-1-0*

@
©0 X =063, =, |1 Z:"O‘s Ml | L1b
(x,-)0.7109 Al | 1

Bl

G (a1

-)0.6706
(a=) W | 1w
<PEN)
(O]

(7 marks)
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@@

Bl:  Corect derivative in any form. "f"(x) =

is not required. Apply isw if necessary.

(@)

Bl:  Comect derivative in any form. "g'(x) =" is not required. Apply isw if necessary.
® .

MI1: Eliminates e by setting theirf'(x) = theirg'(x) where £'(x)= Axe* ! oe and

B

or equivalent work (see

oe with AxB>0 and proceeds via ¢* !

g(x)

&

o 1
oc eg lnx+4r’~l=In~
x

below) to obtain 4x* —1=In-

Allow if they use @ forx
Note that there are various alternatives for this mark but the derivatives must be of the
form defined above and the processing must be correct with coefficient/sign slips only.

Examples of equivalent work:

=izl +ne” T = 0= me* D
8.0 1 ’

S s= e =S o ne sS4’

x e x° x° x°

Al*: Obtains the printed answer with sufficient working and no errors.
Sufficient work would require the “¢” eliminated before the given answer.
Must follow correct derivatives in part (a)
Condone 4x* +21n[x|~1=0 and condone 4 +2lna -

=0 or 4’ +21In|q]
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Note that 1f both derrvatives i (a) are correct we will allow fully correct work usmng the
equation in (b) to work backwards to verify that pf”(x) = gg'(x) for M1 then obtains

f'(x)=¢'(x) witha minimal conclusion for A1

If cither derivative in (a) is incorrect or missing, candidates who work backwards score
0 marks in (b).
(/i)

MI1:  Attempts to use the iterative formula with x; = 0.6

Award this mark for e.g. (x; or may be implied by awst 0.71 provided no

incorreet working is seen
Candidates sometimes find ¥, (or possibly subsequent terms) rather than ¥, in which
case the M1 can be implied. (See table below for first few iterations)

AL (x, =) awrt 0.7109
Sight of (x, =) awrt 0.7109 scores MIAL

BI(A1 on ePEN): (a =) 0.6706 (4dp)
Must be this value and not awst 0.6706

For reference:

x1 0.6

x | 07109239143
x3 | 06485320086
x4 | 06830236199
x5 | 0.6637868021

x6 | 0.6744606223

o | 06706416243
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@

T or

0=157-T =™ =15 M1 34
(r=)awrt135 Al 11b
@
O] ‘Attempts to differentiate using the product rule
d/ ox o ox M1 116
[E(n ),]ozrc +e
o (dv o ox
vetst—re | Gm|15- (02 1) Al 11b
dv 02 02 15
Sets their & _ N -
ets their T2 —0= " (0.2 1) - 152 ™ - 2 i i
75
—st[ |+ t
>t sln(Hs) Al 21
@
© 75
Attempts £, = 5in| <
@ empts 7, 5m{8+5] M1 1.1b
awrt 8478 Al 1o
[@) awrt 8.5 seconds (including units) Al 32a
[©)

(© marks)
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Notes:

@

Al

May use £ or another variable which is acceptable.

o
Uses the model with v=0 and proceeds to e =15 Do not be concerned by the use of an
inequality sign instead of an equals

May be implied by awrt 13.5

(7 =) awrt 13 5 units are not required but if given they must be seconds (or e.g. secs ors)
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®)
M1

Al

M1

Al*

If no attempt is seen for (b) then allow differentiation seen in (a) to score in (b)
o

ox
Attempts to use the product rule to differentiate re” achieving the form Ae  +Bfe

(4 and B both non zero but may be 1) which may be unsimplified. It is likely to be part of
an expression.

dv
15
()
bracket)
Do not allow recovery of signs to score this mark if they initially write

o.e. which may be unsimplified. (Condone a missing trailing

eg 15-02re™" +e" =0 and on a later line correct this. e g. 15-02te" " —e"~ =0

02 021 021

Sets 15 4" £ Be’" =0 (the =0 may be implied), attempts to make ¢ (or Ce )

the subject and proceeds to the form

o D <y E+Ft
TERR T "D

Itis dependent on the previous method mark

o 15

2+l

Ce (where Ccanbeland 4. B.C,D,E,F #0)

May see 15-"02re" 0e

‘which scores dM1

They must take out a factor of € (or Ce” ') and divide by their bracket. Condone
sign slips in their rearrangement, however, if they take logs of both sides first, the
reartangement must be correct (with 1o sign slips)

Allow nvisible brackets to be implied by further work which is not the given answer

Achieves the given answer with no errors seen including use of invisible brackets (but
condone a missing trailing bracket) All previous marks in (b) must have been scored. The
= 0 must have been seen somewhere in their solution. Do not allow this mark to be scored
for proceeding directly from

50N
¥5 )

(02r+1|,15¢z,5h{ which is AO*

We must sce cither & ——15
e must see either ¢ =gy

o.e. or an unsimplified expression for

15
eg i= SIn( oot 1) ‘before achieving the given answer. Condone 7 =51n-

t+5
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©®

M1

Al

(©)(i)

Al

Check by the question. If there is a contradiction between answers, the answer in the
main body of the script takes precedence.

Aftempts to use the iteration formula at least once. 7, = smf % | May be implied by

awrt 8.76 or awrt 8.48 or awrt 8.58. It is not implied by awrt 8.55
awrt 8.478 (on ifs own can score M1A1)

This mark can only be scored provided in (c)i) M1 has been scored so MOAOAL is
not a possible mark profile.

awrt 8.5 seconds (e.g. s or secs) Requires units.

If the candidate lists their iterations but does not select an answer then take the final value,
which still requires units to be stated (which in many cases is likely to be omitted)

Note that awrt 8.55 does not imply M1.
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@ | Uses 1=0,7 =20000=> 20 000 =1500+ Ae” M1 34
A4=18500 A1 11b
1257 =12000= 12000 =1500+18 500
M1 3.1b
ras 21
=10500=18500e " = k=.. =-In3z = awrt0.227
7 =1500+18500 " Al 33
(O]
b, -
® Achieves [%V:] —kde™ or "-0227"%"18500"e 027" Bl L1b
Substitutes 4™ =7 ~1500into [ 3L | e
ar M1 34
o227 ozt
or "18500" ' =7 ~1500 info "~0.227"%"18500"¢
Rate of change in value of car is
« 21
(‘:Tf — k(¥ ~1500) or "-0.227"(F" ~1500) * Al
®
© Suggests a suitable limitation of the model (see notes) Bl 3.50
@

(8 marks)
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Notes:

Mark (a) and (b) together

@
M1

Al
M1

Al

Uses the equation of the model with 7 =0, = 20 000 = 20000 =1500+ e’ o.e.

May be implied by 18500
A=18500 (18500 with no working seen scores M1A1) Ignore £ if present

Attempts to use the equation of the model r=2.5,7 =12 000

* —D (where CxD >0 and allow

C=1) before proceeding to find a value for k. Allow them to have a non-numerical C for
this mark.
Note it cannot be implied by their awrt+0.227 so

=12000=1500+"18500" " and proceeds to Ce

12000=1500+"18500"e  => k = 0.227 scores dMOAO as we need to see the

=D (typically look for 18 500e ™ =10500=> k= .. or

condone to be implied by a correct expression involving logarithms for their )
It is dependent on the previous method mark

m[V*lSOO]

0
intermediate stage Ce

18500
awrt—0.227

022

7 =1500+18500e oeeg t= Allow F to be exact.
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(a)
BI: Deduces 2<x<6 o.e.suchas x>2x<6 x>2andx<6 {x:x>2}n{x:x<6} xe(26)
Condone attempts in which set notation is incorrectly attempted but correct values can be seen

or implied Eg. {x>2}{x <6} {r>2,x<6} Allow just the open interval (2,6)

Do not allow for incorrect inequalities such as e.g. x> 20r ¥ <6, {x:x>2}ufx:x <6} x=[2,6]

(b)

M1: Establishes a correct method by finding one of the (correct) inequalities
States cither k>8 (condone k>8) or k <0 (condone k<0)

Condone for this mark y <k or £(x) ¢k and 8 <k <0

Al: Fully correct solution in the form {k & >8} U {k:k <0} or {K[k >8} L {k|k <0} cither way around
but condone  {k<0}u{k>8} . {k:k<0Uk>8}. {k<OUKk>8}. Itis not necessary to
mention R.eg. {k:keR k>8}u{k:keRk<0} Lok for { Jand

Do not allow solutions not in set nofation such as k<0 or &>8
©
M: Realises that the equation of C'is of the form y =ax(x—6)’ . Condone with @ =1 for this mark

So award for sight of ax(x—6)" even with a=1

dM1: Substitutes (2.8) into the form = @x(x—6) and attempts to find the value for a

=.) may be implied. of the correct form
1

Itis dependent upon having an equation, which the (

A1: Uses all of the information to form a correct equation for C y =+ x(x—6)" o.e

7

ISW after a correct answer. Condone £(x) = % *(x—6) but not C :%x(r 6

7\ | PR T T PR S SO 1 S T
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()
B1

M1

Al*

Differentiates to a form [‘:T’t/ } —ke™ where k and 4 may be their values from (a)

0BT
e

e.g. "-0.227"x"18500"e ™" May just see e.g. (using an exact k) "-4191.3
e.g. (using kto 3sf) "-4199.5"e**"* but do not be too concerned by over rounding

provided the intention is clear that it is their —k4
Do not be too concerned by the left hand side / poor labelling of the derivative.

Substitutes Ae™ =¥ ~1500iato their [ddl =) k46 to form an expression for %V in
)

terms of 7. May see e.g. "—0.227"%"18500"e 27" ="-0.227"(V ~1500)
Condone recovery of a sign slip on the index on e™* — e* provided it is before they
substitute Ae™ =¥ —1500 for this mark.

Using the given answer: substitutes 77 —1500 = Ae " and shows that

k(7 ~1500) = —kAe™ (may be in terms of their 4 and F)

av
Full and complete proof Wit sight of - oe seen somerwhere i their solution and no errors

seen. Must see —kde™ (or using their values) before proceeding to the given answer which
may be written using their numerical value for k

Using the given answer they must conclude that ‘:TV — k(7 ~1500) which may be written
i3

using their numerical value for k
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Alt (b) Separating the variables — may be in terms of their numerical value for &

BIft Separates the variables correctly and integrates to In( ~1500) =kt with or without +c

v =

[m —kdt = In(V —1500) ==kt (+c) oe

MI:  Proceeds from __In( ~1500) =kt +c 0.e. and rearranges to make ¥ the subject. Condone
slips.
e.g. In(V —1500) = —kt +¢ =¥ ~1500 = Ae™ = ¥ =1500+ A4e™ or ¥ =1500+e™"*

(just look for proceeding to ¥=.... for this mark though.) May be in terms of their numerical
values for k and 4

Al*: Achieves 7 =1500+.4e”" with no errors seen and concludes that Z—V —k(7 -1500)
1t

May be in terms of their numerical values for k and 4
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Alt (b) Rearranging to make 7 the subject

BIft: Fora correct rearrangement to ¢

1m(V—1500

) ft on their &
18500

k

MI:  Differentiates __In(F ~1500) to —=— and then finding S
v -1500 dr

Typically look for £ = lm(m}ﬂ .

k (18500 ) ar  k\7-1500
have an unsimplified version of this e.g.

] o.e. 50 they may

1 (¥ -1500
V-1500) _ dr 18500 a 18500
In . S0 |,
[ 18500 ) 4V v -1500 dr 1
18500 ) 18500

May be in terms of their numerical k. Condone slips.

(4
Al*: Achieves the given answer with no errors and s seen somewhere in their solution
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©

Bl

Note the question asks for a limitation of the model. If there is ambiguity over
whether the response is referring to the model then try putting “the model suggests”
or “the model” in front of their comment to see if this is a valid limitation.

Ignore comments which do not contradict a valid limitation.

If values are given then they must be correct and if it is the value of the car then it
must have units (£ or pounds)

Suitable limitations in context referring to the limitation of the model which score B1
e.g. (the model suggests) the value/price of the car will never go below £1500

e.g. (the model suggests) the rate of decrease of the value of the car is proportionally the
same each year

e.g. (the model suggests) after a certain period of time the car will no longer lose value
(condone this property of the model that it will tend to a limif)

e.g. (the model) only takes account of age

e.g. (the model) does not take into account damage / alteration to the car/ mileage

e.g. (the model) predicts that the car’s value will always go down

e.g. after many years the car may become worthless whereas the model does not allow for
this (valid limitation comparing the car to the model)

e.g. the value of the car may go up where as it only decreases according to the model

Do not accept vague/incorrect/irrelevant or non-contextual comments which score B0
e.g. after many years the car may become worthless

e.g. the value of the car may increase

e.g. damage or alterations to the car may impact the value

e.g. the car will still have value when it is very old (should refer to £1500)

e.g. (the model suggests) the minimum value is 1500 (no units for money)

e.g. (the model suggests) the (value of the) car cannot be negative

e.g. car value will fluctuate which the model will not show (a model s not for this purpose)
e.g_ the rate of decrease is proportionally the same each year (no context)
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Question Scheme Marks | AOs
@ (forkorammerical H) | M1 | 33
(forkorammerical ) | M1 | 2.1
Al | 1
M | 3la
s e,
El 360 3
where r,in mm, is the radius where 7. in . is the radius
{of the mint} and 7. in minutes,is | {ofthe mint} and . inseconds.is | a1 | 1
the time from when it {the mint} | the time from when it {the mint}
was placed in the mouth was placed in the mouth
O]
® 0¢0:7%r7$¢0 ~49+250 1= Ml | 34
fime = 5 minutes 6 scconds Al | 1
@
@ | Sugessts a suitable limitation of the model. E¢.
+ Model does not consider how the mint is sucked
 Model does nof consider whether the mint is biften
 Model is limited for times up fo 5 minutes 6 seconds, 0.
« Not valid for fimes greater than 5 minuies 6 seconds, o.c.
« Mint may not refain the shape of a sphere (or have uniform 5 | 55
sadius) as it is being sucked
* The model indicates that the radius of the mint s negative after
it dissolves
Model does not consider the temperature in the mouth
Model does not consider rate of saliva production
Mint could be swallowed before i dissolves in the mouth
@

8 marks)
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Notes for Question

@
'MI: | Translates the description of the model into mathematics._See scheme
MI: | Separates the variables of their differential equation which isin the form % £ and some
attempt at ntegration. (e.g. attempts to integsate at least one side)
ce | £kd and some attempt at integration.
Condone the lack of ntegl sigas
Note: | You can imply the M1 mark for rdr = —kdf = ér’ -k
Note: | A numerical value of F(e.g_ ==1) 1 allowed for the firs two M maarks
Al Correct integration to give ; # = £kt with or without a constant of integration, ¢
MI: | Fora complete process of using the bouadary conditions to ind both thei uakiown constants
and finds an eqation linking r and £
So applies either
o t=0,r=5amdt=4,r=3 or
o 1=0,r=5and =240
on their integrated equation to find their constants £ and ¢ and obtaiss an equation linking r and
AT: | Comect equation, with variables 7 and f flly defined including corvect reference to unts.
. ; % . {or an equivalent equation.} where r. in mm, is the radius {of the mint}
and £, in miutes, i the time from when i {the mint) was placed in the mouth
>
5 %ﬁ %r + % o s cxpeval oot oxpration iwhereiinom e thc radits bt
ot} and t. in seconds, s the time from when it {the miat} was placed in the mouth
Note: | Allow correct equations such as

50407
2

o inseconds, = 3200049 5 __
120 2

—¥ns o
2

Note:

7 defined as “the time from the start” is not sufficient for the final A1
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Sets =0 in their part (a) cquation which inks 7 with 7 and rearranges to ke

5 minutes 6 seconds cao (Note: 306 seconds with no reference to 5 minutes 6 seconds is A0)

‘Give MO if their cquation would solve to give a negafive fime or a negative time is found

You can mark part (3) and part (b) together

See scheme

Do not accept by itself
« mint may not dissolve at a constant rate
« rate of decrease of mint must be constant
250
QEPE ¥
49

o reference to a mint having r>5

0: without any writien explanation
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Question Scheme Marks | AOs
dN _ N(300-N)
=9003+7e™ ) teR, 120; —= 2
900(3+7e ) teR, 120 o 1200
@ e BL 34
@
S)7e M | 21
®) 576y (7025)e>) | 2000290
Wl 900( 7 (7025)%) G 7Ty NIRRT
900
900(0. —-3
]
e am1 | 21
()
ummalgrllendmgm% % . Al* | LIb
[O)
® 347650 (702560 {:%o(ozsxm‘”} M| 21
W2 900( 7 (7025)%) G 7Ty NERIEETS
900 900
NGOW-N) [zne*“*][m’:n:m) avt | 21
1200 1200
1575
=Gy o
RES— 9003003 +7e°*)-900) _ 1575¢7"* e Al* 1Lib
N 12003+ 765y (B+7e°5y
s e 22Oy«
© Deduces V=150 (can be implied) Bl | 22a
so 150:% - er 3 M1 34
<7
T 74|u[2]mT:uw|I3.4(nnihs) aM1 | Lib
7 Al | L1b
(O]
@ cither one of 299 or 300 BL 34
(0]
(10 marks)
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Notes for Question

()

Ml: | Attemps to differentiate using

« the chain rule to give %‘ oe.

e i AV (+7e5)0) 4
. t —
e quotient rle to give —_- e
« implicit differentiation to give N(3+ 7€) =900 = 3.+ 7™
where 4=0
Note: | Condone a slip in copying (3+7¢™"*) for the M mark
AT: | A correct differentiation statement
v =
Note: | Implicit differentiation gives (3+7¢” iz ~1.75Ne™
v
AMI: | Way 1: Complete attempt. by liminating 1. to form an eqation linking —~and N only
dV  N(300-N)
dr 1200

Now T e o

, a
Al*: | Wayl: Corectalgebraleadingto —-=——"_~2 *

dr 1200
Way 2: See scheme
©
7
Bl: | Deduces or shows that - is maximised when V=150
MI:
dMI:_| Correct method of using logarithums to find a value for 7._Condone =T
Al: | see scheme
: &N _dV(300 2N ;
5 IR0 0= N =150 is acceptable for B1
Mote: ar | 12001200 =z
Note: | Ignore uaits for
- 900
Nate: | Applying 30 e = t=... isM0dMO A0
<7

Note: | M1 dMI can only be gained in (c) by using an N value i the range 90 < N < 300
(@
Bl: | 300 (or accept 299)
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Question Scheme Marks | AOs
2 9003+ 7Yt eR. 120; . VO Ny
3+7€ dr 1200
(b) 1 1
Way 3 NE00-N) 1200 M1 21
B L dave Y g
300\ N 300-N) 1200
1 1 1 Al | Ly
—InN-—1In(300-N)=——1t
300 3001“( - 1200 i
1 1 1
0= —In(90) ~—n(210) = c =
) ZDUM ) 00( = 300
Ly Lieoo-m-—treti(2
300 300 1200 300 17
; = am1 | 21
lnN-In(300-N)=—t+In| =
(300-N) =t af = |
n| ,11.1..]3 = =zt
300-A 4 \7. 300-N 7
TN =3¢¥(300-N) = 7N +3Ne¥ =900
i Al | LIb
N(7+3e¥)=900¢H = N =20,y 00
T23F 317
@
() i o oxs _ 1900 o2 _900-3N
Way 4 NG+TE) =900 = ¢ = o T—z\ﬁ: e M1 g
= 1=-4(In(900-3N) ~In(7N))
iﬁz,‘.‘ =3 R Al 11b
dv 900-3N TN
dt L0 )
& > am1 | 21
v (300-N N v N(aoofm‘l
1200 dv _NG0O-N) ,
) N
v | NEoo-N) dr 1200 i 118
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Examples of alternative methods

Alternative I part (¢):

Using the form y = ax

bx? +cx and setting up then solving simultaneous equations.
ons of this but can be marked similarly

There are various ve

M1: Realises that the equation of C'is of the form y = ax’ +bx + cx and forms two equations in a. b
and c. Condone with a =1 for this mark
Note that the form y = ax® +bx +cx+d is MO until d is set equal to 0.
There are four equations that could be formed. only two are necessary for this mark

Condone slips
Using (6.0) = 216a+36b+6c =0
Using (2.8) = Ba+db+2e=8

Using

atx=2 =12a+4b+c

Using atx=6=108a+12b+c=0

dM1: Forms and solves three different equations, one of which must be using (2. 8) to find values for
a.band c. A caleulator can be used to solve the equations

327 +9x oe

AL: Uses all of the information to form a correct equation for C y :%

ISW after a correct answer. Condone £(x) = i J
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Notes for Question _ Continued

(b)
Way3
MI: | Separates the variables. a aeapt to form and apply partial Factions and iategrates to give
i terms = & {-c}. & = 0. with or without a constant of integration ¢
AL | L uv-_Lueo-m £ {+c} or equivalent with or without a constant of integration ¢
300 300 1200
AN | Uses 70, N =90 to fad their constant of itegration and obtaias an expression of the form
Je¥ = £(N); 220 or AV —f(N): 120
900
A1 | Comectnanipulrion leading to N =220+
e
(b)
Way4
MI: | Valid attempt to make rthe subject. ollowed by an attempt o fiad two In derivatives.
condoning sign ervors and constant emors.
dr =3 g4
AL | e - o equivalent
@M | Forms a common denominator to combine ther factions
Al*: | Correctalgebra leading to &Y. VG0=M)

ar 1200
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Question Scheme Marks | AOs
xlnx; /is anormal to Cat Ple, €)
Letx, be the x-coordinate of where [ cuts the x-axis

M1 | 21

Al | 11b

M | 3la

Al | 1

M1 | 21

M1 | 21

aMi | 1ib

D

M | 3la

Area(R)=de’+1 Al 1L1b

(10)
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Notes for Question

Mi: Differentiates by using the product rule to give Inx + x(their g'(x)). where g(x)=Inx
Al: | Cosect differentiation of  =Inx, which can be un-simplified or simplificd
MI: | Complete strategy to find the x coordinate where theis nomal fo C at P(€, €) meets the x-axis

i Sets y=0in y—e=my(r—e)to find x=
Note: | y is found by using calculus and 71y = 71y
AL: | Tmects x-axis at x = 3e. allowing un-simplified values for x such as x=Je~clne
Note: | Allow x=awrt 8.15
MI: | Scored for either

+ veaundercurve = [ xhuxdx = [ .. ]} = .. with limis o e aad 1 and some atepr 10
3
substifute these and subtract
« or Area under line %((rhnr x,) —ee. with a valid aftempt to find ¥,
MI: | Integration by parts the correct way around to give Ax’ hn—js X @} 4=0.850
x

dMI: | dependent on the previous M mark

Integrates the second term to give +4x*: 220
Al | lemx-

2 4
MI:__| Complete strategy of finding the arca of X by finding the sum of two key areas. Sce scheme.
AL [§€+1
Note: | Area(®,) can also be found by integrating the line / befween limits of e and their X,

-

ie Arez(K:):I ]:’“‘A =

Note: Calculator approach with no algebra, differentiation or integration seen:

« Finding ] cuts through the x-axis at awrt 8.15 is 2 M1 2% A1

«  Finding area between curve and the x-axis between x 1 and x=e
to give awrt 2.10is 3% M1

« Using the above information (aust be seen) to apply
Area(R) = 2.0072...+ 7.3890... = 9.4862... is final M1

Therefore, 2 maximmm of 4 marks out of the 10 available.
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—10x+1f

(1-29)+C(x-3)

Question Marks | AOs
w29 - ey T

@ 1411x-67 = A0~ 20)x~3) + B1-29) + C(x~3) = B= M| 21
Way1l 4-3 Bl | LIb
Uses substifution or compares terms to find either B—... o C = Ml | Llb

B =4 and C=—2 which have been found using a correct identity | Al | L1b

[O)
“,(:3 5 {long division gives} % =3 ——

~10x+10= BI-20+C(x-3) = B M| 21

4=3 Bl | LIb

Uses substifution or compares terms to find either B—... o C = Ml | Llb
B—4 and C=—2 which have been found using A | i

®) 1-20)7): x>3
y 5 o 4 4 M1 21
£(0) = ~4(r-3) ~40-207 1= -
(=T oy Al | L1b
Correct f'(x) and as (x—3)* >0 and (1-2x)* >0, Al 24
then £'(x) = —(+ ve) - (+ V&) <0_so f(x) is a decreasing function
(©)]

(7 marks)
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Notes for Question

(@)

MI: + Uses a comrect ideatity 1+11r—6x° = A~ 2x)(x ~3)+ B0~ 2x)+ C(x~3) na
complete method to find values for B and C. Note: Allow one slip in copying 1+11x—6x>

Uses a correct ideatity —10x+10= B(1-2x)+C(x—3) (which has been found from

long division) in 2 complete method to find values for Band C

BL: | 4-3

ML: | Attempts to find the value of cither B or C from their identity
This can be achieved by eifler substifuting values info their identity or by comparing coefficients
and solving the resulting equations simultancously

AL: [ Seescheme

9 Way 1: Comparing terms:
Dot —24; x: 11=74-2B+C: constant: 1=-34+B-3C
: Substituting: x=3: —20
Note: Comparing terms: X: —10=-2B+C; constant: 10=B-3C
1

Way 2: Substituting: x=3: —20

Note: = 4, C=-2 from no working scores MIBIMIA1

Note:

“The final A1 mark i e isctively dependeat upoa both M marks
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Notes for Question  Continued

Writing 1+11x—6x° = B(1-20)+C(x—3) = B=

C=-2will get 1* M0, 2% M1, 1% A0

Way

You can imply a correct identity 1+11x—6;

A(-20)(x-3)+B1-2+C(x-3)
T+-67 _ AQ-29(=3)+B(-20+C(x=3)

from seeing =20 = x-3)1-2%)
Note: | Way 2: You can imply a correct identity ~10x+10= B(1-2x)+C(x~3)
from seeing _~10¥+10__ B-20+C(=3)
(A—2x 3
®) _
MI: | Differentiates to give {f(x)=) £AG=3)" (=20 4, 4=0
Alft: | f(3) = -4(x-3) 1-2x)  which can be simplified or un-simplified
Note: | Allow Alfi for £'(x) = —(their B)(x—3)™ +(2)(their C)(1-2x); (their B), (their C) # 0
AL | f®) = -4-37-40-297 or £(x)= (\ j3), - jle and a correct explanation
eg £'(x) = —(+ ve) - (+ ve) < 0_so f(x) is a decreasing {function}
The final A mark can be scored in part (b) from an incorrect 4=-.. or from 4=0 or o value of

A found in part (a)
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Notes for Question _ Continued - Alternatives

@

Note: | Be aware of the following alternative solutions. by initially dividing by "(x—3)"or "(1-2x)"
I+llx-67 _ —6x-7 20 _ 002
G-)'-29 | (-2 (-3)-29) -2 G-3-29)

X L 20=D(1-2x)+E(x-3) = D=-4,E=-8
-3-2%) )
3o 10 [ =4, B )5 4 2 43B-40-22
-2 \(x-3) @-20 (x-3) (-2%)
I+lx-6r _ 3x—4 5 e gt 10 s

. + + +
G302 G-3) G G-3)  G-3-29)
5

G2

1-20)+ E(x-3) =

3t 2 4-3,B-4,c-
G 0-29

‘Alternative Method 1:

)= el 68 o o £y It 6 [u=t+1lx-62  v=-20'+7x-3|
(x-3)1-2%) -2x" +7x | =11-12x -4x+7 |

24 Tx= 3120 - (L x—68)—4x+ T Ve atenole
L CLE HER AL 10 (1 6r ) A HT) tofind ) | M

2 +7x-3)

Conect differentiation | A1

- and a correct explanation,
A1

0. so f(x) is a decreasing {function}

Alternative Method 2:
Allow M1A1A1 for the following solution:
L. 2
(x-3) @-2x) -3 @x-D
4 decreases when x>3 and 2 _ decreases when x>3
x-3) 2x-1)
then f(x) is a decreasing {function}

Given f(x) =3+

as
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Notes

@
M1

Al*

Marks for part (a) may not be scored in part (b)

Either 7 —045 0r ¥ 20370 eg W2 o IV
ar ar a 20" w

,liV seen or implied by

eg dit/ =045 —I—V (but not implied by just stating the given answer). Condone use of 7

It may be seen as part of their % eg %V, 0.45+7 +0.37 scores MIAO*

Condone e.g. change in volume = (inflow — outflow =) 0.45 — 0.3 for this mark.

Achieves 2087 —9_ 67 with no errors, following 3L =045- > o.e. (including the 3L
ar a 10 a

or ¥ but note that it must be ddit/ in the final line and not 7).

change in volume = 0.45 —03V~>202—V:9—6V scores M1AO*
1

Ignore any units used in their working for both marks

®)
Bl

M1

Al

M1

1
Separates the variables comectly, e.g, | 5——-dV = J’idV [t oe

The integral symbol and/or d7and/or dr may be lmphed lfﬂ.\ey £0 0n to integrate both sides
to the correct form ...In|@(9—6¥)|= ..+ (+c) with or without the modulus brackets.

3

Attempts to integrate the reciprocal term - — 1n[o-67] or —..In|ar (67 ~9)| for

some constant § (and a if used). Condone e.g %» 0967 or >...ln67 -9

Correct integration for both sides. They do not need the + ¢ for this mark.
Note scoring this mark implies the earlier B1 (unless it is a verification attempt — see SC)

Note thateg. ~2af3-27] =L (sc) or ~2tnfov—3|=¢ (vc) arealso comect

1 t
—=In(9-6V)=— (+ als t.
<in(9-67) =5 (+c) isalso comec

Condone log being used in place of In
Requires constant of integration now. Substitutes (or states) 7= 0 and ’=0.25 and finds a
value for ¢, which may be “4” = ¢ if they rearrange first to eliminate In terms.

Dependent on the previous method mark

Do not be concerned about their processing to find ¢ or “4” = e and does not need to be exact
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AL Achieves the required form e.g =~ with no erors and clear working
.
Allow equivalent fractions or decimals e.g. V' =1.5-1.25¢
SC:  Attempts by verification may score maximum BOM141dM1A0 - see below.
Alt: _ Use of an integrating factor — see below.
()  Special Case: Aftempts by verification may score maximum BOMIALAMIAO
BO:  This mark may not be scored via this approach
MI:  Differentiates 7 = P~ 0e™* to the form 3. — re* where ais a constant (note it should be
a e - ar
=) and subsitutes both this and ¥ = P~Qe™* info 207 =9~ 67 and deduces
1
avalue for P or k by comparing coefficients.
Al: Correct values for both P and k.
dM1: Substitutes (or states) =0 and 7= 0.25 and finds a value for Q.
Requires a value for P to have been found using the above approach.
A0 This mark may not be scored via this approach.
Alternative: Using Integrating Factor (Further Maths)
Bl:  Deduces the correct integrating factor for the equation, e
‘This should come from ‘;lfo =045 1F =
1
a(re)
May be implied by sight of ———
M1:  Fully multiplies through by their integrating factor and integrates both sides.
Score for V" = [.e"dr =" Condone missing dr
Al: Correct integration Ve** = [0.45¢°*dr = %e" *(+c)
dM1: As main scheme.

Al

'As main scheme.
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Alternative 11 part (c)

Using the gradient and integrating

M1: Realises that the gradient of C is zero at 2 and 6 so sets £'(x) = k(x~2)(x~6) oe and attempts to
integrate. Condone with k=1

8 into £(x)

dM1: Substitutes x =2,

(S )and finds a value for k

A1: Uses all of the information to form a correct equation for €' y

L% 2
354 +12x] oe

ISW after a correct answer. Condone £(x) Le
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©

Examples:

) %:O:H/:(l 5) (or e.g. max Vis 1.5)

@) As1—®, &0 (or V' —“1.5”)
(3) Flow in = flow out at max V's0 0.3V =045=V =1.5
(@) As e >0, ¥ <"15"

v

(5) When ¥ >15, ——<0

dr

(8) "1.5"-"125" 2= In(-0.4) is undefined (condone e.¢

ives a maths error)

M1

32a

o The (upper) limit for 7is 1.5 (m’) so no (the container will
not become full) (first 4 bullets)

o If7=2(or 7> 1.5), it would be emptying s no (it can never
be full) (bullets 5, 6)

 No, as the equation cannot be solved (or is not true/doesn’t
work) when ¥/=2 (bullets 7. 8)

Alft

@

(9 marks)
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Notes

©
M1

Alft

See main scheme. If using the answer to part (b) it must be of the form ¥ = P—Qe™ but there
s no limitation on the values of their P, Q or k.

Substitution of a large value for 7 may score this mark but it is unlikely to be recovered to
score the A1 unless they reference e.g. Vau being “1.5”.

Reference to an (upper) limit of “1.5” or their P can imply the method mark

If setting 7=2 in their equation they must reach either In(~ve) or solve the equation to reach
avalue for 7 to score this mark

Must conclude “no” or equivalent e.g. “the container will not become full”

Makes a correct mterpretation for their method (see bullets 1-8) with a clear conclusion e.g.
s

To score this mark through ft, their ¥ must be of the form ¥ = P—Qe™ with k>0, 0> 0

and 0.< P <2 if used (but note that they can still use the answer to part (a) to score both marks
via bullets 1, 3, 5 or 6). Allow “it” in place of the “container”/“tank”.

Just stating “the equation cannot be solved when 7= 2" without any evidence is MOAO.

There must be no incorrect working if solving their equation or contradictory statements such
5 75 cambh be nepative® bubicondonc nolatipnal sirors wrovaded thodntcntii is cloas.
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uestion cheme ard s
i Sch Marks | AO:
(@ States or uses 6:71-3h+§m-3 Bl Lla
s ) M1 31
A=2m +2m| L =
3 AL L1b
=32 - Al 21
B
[O]
[ M1 34
® AL Lo
M1 21
7 =1.04647736.. =7 = 1.05 (m) G sF) or awrt 105 (@) Al Lo
Note: Give final Al for correct exact values for @
25 s
+2701.046..)°
© A Tt 37¢ ) M1 34
(A =1720.. =} 4=17 (m’) or A=awtt 17 (m’) Alft 11b
@

(10 marks)
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Notes for Question

@

BI: | Scescheme

MI: | Complete process of substituting their i = or 7= or A7h=_. or rh= .. where " =1()

into an expression for the surface area which is of the form 4 24 worh; A =0

Al Obtains correct simplified or un-simplified {4=} 277" + 27

Al*: | Proceeds. using rigorous and careful reasoning. to A=

Note: | Condone the lack of A= _or 5 = _for any one of the A marks or for both of the A marks

®) _

MI: Uses the model (or their model) and differentiates = + (" to give ar™ +fr: 1 u o, f=0
=

ad .. 10
AL 1==={ 122+ 77 oe.
i - ,
a =5 "
MI: | Setstheir T~ =0 and reamanges o give r** =k, k=0 (Note: k can be positive o negative)
Note: | This mark can be implicd
Give M1 (and Al) for —36+107°

AL 7= awrt 1.05_(ignoring units) or 7 = awat 105 cm

Note: | Give MO AD MO AD where 7= 1.05 (m) 3 sb) or awrt 1.05 (m)is found from no working.

Note: | Give final Al for correct exact values for». Eg 7
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10

Note: T >0 o104

y 12_10

Note: | Give final M1 Al for — ar >0 =r>1.0464.. = r=10464.

(©

ML: | Substitutes their 7 =1.046.... found from solving 2= 0 in part (b). into the model

&4
e

@4
Give MO for substituting thir r which has been found from solving -—-=0 or from using

{4=}17 or {d=)awrt17 (ignoring units)

You can only follow through on values of 7 for 0.6 < their 7 =13 (and where their 7 has been

found from solving 40 in part (b))
1

4 A (mearest integer)
08 188455 awrt 22
07 19.70849... awrt 20
08 1835103 awrt 18
09 17.57448... awr 15
10 17.23595... awrt 17
11 17.24463... awr 17
12 1753982, - awrt 18
13 15.07958... awr 18
103 1720004, awrt 17
04644 | 170105 awr 17

Give M1 Al for A=17 (m®) or A=awrt17 (m’) from no working
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@ 5000-5000e™ = M1 34
1007 Al | 11b
@
®) 5000-5000¢"" =3000 - 5000e”*7 = 2000 M1 11b
12000
T= n=— dM1 | Lib
—0.075__ 5000
=>T=1222 Al | 11b
(O]
© -
© (%:) —5000x—0.075e™7 = M1 34
299 (car sales per month) Al | 11b
@
(@ Change the constant 5000 to 6500. Bl 3.5¢
@

(8 marks)
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Notes

@
MI1:  Substitutes =3 into the given model and proceeds to a value.
Implied by awrt 1007, 1008 or 1010
Condone copying slips e.g. ~0.75 or ~0.0075 in place of ~0.075 or 500 in place of 5000 — in
such cases you may need to check their calculation if the substitution isn’t shown.
Al: 1007 but allow 1008 or 1010 (3sf). Must be a whole number.
Correct answer only scores both marks. A0 for e.g. 1007.4
Do not ISW if they go on to sum their values of N from r=1to 3
®)
ML:  Sets 5000—5000e™ """ equal to 3000 and proceeds to either A4e™”*” =B or e =k
where 4, B, k are constants with no restrictions for this mark.
May use  instead of 7. Condone slips.
Condone copying slips e.g. ~0.75 or~0.0075 in place of ~0.075 or 500 in place of 5000.
dM1: Uses the correct order of operations and correct log work from an equation of the form
Ae™T = B with AB> 0 or €7 =k with k> 0 to proceed to a value for T or  which may
e a numerical expression.
eg 49T =B = InA-0075T =lnB = 7=24-BE o
0075 0075
Condone log being used in place of In unless there is clear evidence that they have used an
inconsistent base.
May not be scored if “recovered” from e.g. e —%
Condone copying slips e.g. ~0.75 or~0.0075 in place of ~0.075 or 500 in place of 5000.
Al: 1222 cao but must see a comrect equation following use of logs, e.g., ~0.075T = m% or

1

~0.075
‘This mark is available following the occasional slip in writing —0.075 as ~0.75 or —0.0075
provided it is not consistently used.

=

x~0.916 which may have intermediate rounding. Ignore any units given
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©
M1

Al

~oorst

Differentiates once to the form 2e™”™*, A a constant (even +5000), and substitutes in =3

Award for an expression of the form ke” with constant k if no incorrect working is seen.
The substitution of 7= 3 may be implied by a correct value for their derivative of the required
form, provided the derivative is seen. Do not be concerned with what they call their derrvative.
awrt 299 (car sales per month). Answer only scores no marks. Condone 300 following 299.4

Requires a correct derivative to be seen, e.g., 375" o.e., with or without the substitution
of =3 present

Units may be omitted, but score A0 if an incorrect time frame s given e.g. cars per week

@

Acceptable refinement. Some examples:
+ Change the 5000 to 6500 (condone ambiguity about which 5000)
+ Change the first 5000 to 6500
« Change both 5000s to 65005

65 13
« Multiply the model by 1.3 Zor—
ply the model by 13 (or e - or 1)

Add 1500 to the model
Change the constant to 6500
‘The statement of an acceptable refined model e.g. (V=) 65006500
oreg. (N=) 6500—5000e™"
Tgnore any extra unnecessary refinements such as increase/decrease the 0.075

scores B1.

The following score BO:
Change 5000 in the model (not specific enough — they haven’t said to 6500)
Change the second 5000 to 6500 (incorrect)
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_dy_6x-3r' -6y
dr 33X +6xy+3)7+3

ceeg XX 20 }
& X2y +yi 4l

Question Scheme Marks | AOs
(@ . Ml | 3la
3|1+ Al | 11
Al |1
(3|x+yf+3)ﬂ:6x—3|x+yf¢ﬂ Ml | 21
ar ar
dy_6x-3(x+y)° 2x~(x+y)"
v _ ; cceg > Al |1
dc 3(x+y) 43 (x+y)'+1 )
Alternative - expands (x+)’ before differentiating
(x+y)
Ml | 31a
=330 Loy renPantaap Yoz Al |1
& & & & Al |1
(3x3+5x_v+3y3+3)%:5:—3x3—6;r_v—3y3:ﬂ M1 21
: Y s S
(32 + 6y +3y” +3) = =6x-3x" —6x3-3)"
Al |1
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(a) Notes

@

M1

AL

AL

Some candidates have a spurious "5 — " appearing as their intention to differentiate ¢.g.
{i J3(x+27| LAY
a ax ax

This can be condoned for the first 3 marks in both versions
Allow equivalent notation for the % eg y

Award this mark for one of:

dy

(x+y) o k(x+y) A+ | where 2 s 1.x or O but condone missing brackets ¢ ¢

25 x+. Y but condone 3 ~3y-2->_x+. L2
ax @

5 4
Either 3(x+y)’ 6v-3 e
ar

May be implied if e.g. they collect terms to one side iniially
Do not condone missing brackets unless they are implied by subsequent work.

& &
3(x+3)’[ 1+ | and 6x-3Z (seen separately or equated)
a ar

If they collect terms to one side initially then the signs must be correct.
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‘Question Scheme Marks AOs
@ 2
8(4)-47 =32-32=0 Bl Lib
@
S 3
® 824 B1 LIb
2
x= 4:{ }s——xs— 12
M1 LIb
= p{-0)="-12"(x-4)
12x+y=48 * Arx L1b
@
© ‘Attempts to find one of the coordinates of the point of ersection | o
=81, 12x+y=48=y =192 (orx=24)
Triangle area is %x4><"19 27| =38 40:%
a1 | 3la
BI LIb
ddM1 | 3la
AL LIb
)
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MI:

A valid attempt to make % the subject with exactly 2 different terms in d?: one coming

from the differentiation of (x+ )’ and the other coming from the differentiation of
She
2 dy

Note that here, 2 different terms means terms such as 3%“‘1 3(x+y)
v

and not

ep AV gD
& ax

Look for (.. =2 _ which may be implied by their working.

ax
Condone slips provided the intention is clear.

d
For those candidates who had a spurious E‘ —..at the start, they may incorporate this in

dy

their rearrangement in which case they will have 3 terms in > and so score MO.

dx
If they ignore it. then this mark is available for the condition as described above.

dy

Note that from 3(x+y f;‘ 1+ x— 3‘:; . candidates may expand the brackets before

dx

searranging, in which case they would need 4 different <Y terms coming from the
v

appropriate places.

3
Note that the different T‘zems do not have to be correct as long as the above conditions
N

are satisfied
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Al

(a) alfernative by expandin;

MI:

AL

AL

M1

Fully correct expression for & Allow any equivalent correct forms.
dx

Apply isw as soon as a correct expression is seen.

Award this mark for one of:

-

ey we Db condone 32 —3y-2- . x+.—=2
ar dax
Expanding (x+)’ to obtain either an x°y term or an x)” term and then uses the product

: s dy
rule to obtain _.x%y — x‘;‘+ 2y or

&

: 5. 25l 55055
Either 3\'—3x‘d"x—5xy+5n +3743* 2

ax
May be implied if e.g. they collect terms to one side initially.

o sy & 2y dy
327 +3%° =+ 6ap + 63y - +3y° +3° — and 6x—3-2 oe. (seen separately or
PR as e e = ¢ P y
equated) If they collect terms to one side initially then the signs must be correct

A valid attempt to make % the subject with exactly 4 different terms in & 3 coming
dr

from the differentiation of (x+ )’ and the other coming from the differentiation of

gy

d

” 2 dv
Note that here, 4 different terms means terms such as x*_ "and 6" and not e
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AL

their rearmangement in which case they will have 5 terms in Y and so score MO
B

If they ignore it. then this mark is available for the condition as described above.

dy
Note that the different -~ termns do not have to be correct as long as the above conditions

are satisfied. E.g. if they have an incorrect term such as 6x ? . this mark is still available.
x

Fully correct expression for & Allow any equivalent correct forms.
dx

Condone c.g. 3x2y for 6xy.
Apply isw as soon as a correct expression is seen.

Alternative making v the subject in (a):
(x+y) =323y

1 :
x+y=(3x2-3y-2f = y=(3-3y-2) -x

2

6x-33
dr

-1





image80.jpeg
Score as follows:

MI:

AL

AL
MI:

AL

Cube roots both sides and makes x + y or y the subject then award for
5 ;

(3x-3y-2 > (3 -3y-2) or

3 -3y

255 x+ 2 but condone 33 -
ax

For the 1(3)6—3\‘—
= )

Fully correct

A valid attempt to make % the subject with exactly 2 different terms in %

Correct expression

Using partial derivatives in (a):
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(x+y) =32 -3y-25f(x.y)=(x+y) —3x2 +3y+2

3(x+y) —6x

Score as follows:
MI1:  Correct structure for either partial derivative:

o 2
Doesn'texpand:  —=..(x+y) +.x or
ax
or
2 2 [2 S 2
Expands 24ty hx or Pyt
&
Where *..." are non-zero constants
o of
Al: Correct - or correct —
ox o

Al §Goerect: P autiioomecti O

ML Attempts &
@

AN Ciebed S
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®)

& _6(1)-3(0+1)° 1
d 30041743 2
dv_6(1)-3(1) -6(1)(0)-3(0) _1
oreg el T T
dx 3(17 +6(1)(0)+3(0] +3 M| 21
=y-0=-2(x-1)
or
Sy=2xtcm0=2+coc=
A | 1w
@

(b) Nates

®)

MIl:

Al*:

L 2 1 2
Note that the gradient of — could have been deduced from the given equation so you

will need to check their solution carefully.

Substitutes x = 1 and y = 0 into their % 1o obtain the tangent gradient and then uses the

negative reciprocal and x =1 and y = 0 in a correct straight line method to obtain the
‘normal equation with x =1 and y = 0 correctly placed.

Note that when finding the normal gradient, they may find the negative reciprocal of their
expression from part (a) and then substitute x = 1 and y = 0 which is fine

Ifusing y = mx + ¢ they must proceed as far as finding a value for .

If no substitution of x=1andy=0 into their % is seen you will need to check their

value. If they just state a value for i then it must follow their % withx=landy=0

Correct equation with no errors following a correct %’ from part (a) (unless they start

again which is ualikely)
Be aware that some incorrect expressions for %‘ from part (a) may fortuitously give
dr 1
da 2
Lo icncrl AT stist follos b Saal AT MG ol tonen it tation s

and would generally score AQ
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©

y=-2x+2= (x—2x+2) =3 —3(2x+2)-2

M1 | LIb
x-3x* +18x-16=0
or Al | L1b
1 +60y=0
= (x-1)(x*-2x+16)=0
(x=11is known)
or am1 | 21
= y(»* +60)=0
(=0 is known)
For ¥’ —2x+16=0, b*-dac=4-4x1x16
or dam1 | 21
For y* +60=0, »* =60
As b7 —dac<Ooras y* - 60 there are no other real roots andso |\ [

the normal does not meet C again.
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(c) Notes

©
MI1:

AL

Uses the equation from part (a) and substifutes y =22 o x= to obtain an

2
equation in one variable (usually x) (not necessarily a cubic equation). Allow slips in
rearranging to obtain x in terms of y (or y in terms of x) as long as the intention is clear.
Correct cubic equation with terms collected and "= 0 seen or implied.

Note that both —x* +3x> —18x+16 =0 and —)* —60y

0 are correct equations

To access any of the following marks, candidates must attempt to use either the factor of

dM1:

1) with their cubic in x or the factor of

in their cubic in y o obtain a quadratic
expression in x or y.
Attempts that just use a calculator to solve the cubic equation
score no more marks in this part.

Uses the fact that (x — 1) or y is a factor in an aftempt to establish the quadratic factor.
For the cubic in x, it must be of the form ax® +bx* +cx+d =0 a,b.c,d =0

For the cubic in y, it must be of the form @ +by =0 a,b=0

For the cubic in x. the attempt at the quadsatic factor using (x — 1) may be via inspection
or e.g. long division fo obtain a 3 ferm quadratic expression. There may or may not be a
remainder but they must obtain 3 ferms.

For the cubic in y. they would need to take out a factor of y (or divide through by ) fo

obtain a factor of the form k(3 +a)
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ddMI: This mark requires:
o a correct cubic equation inx or

o the correct quadratic factor or a multiple of it e g k(x* ~2x+16) or k(3" +60)

* an attempt to show that the quadratic factor has no real roots

For the quadratic in x this could be:

Attempts discriminant: e.g. 5~ 4ac =4~ 4x1x16 (may be embedded in the quadsatic formula)
Attempts to complete the square: e.g. x* —2x+16=(x—1)' ~1+16

d(x*-2x+16)

Uses calculus to find the mrning point: ¢ . ——————=2¥-2=0=¥=1=y =

2:/4-4x16
2

Attempts to solve: e.g. x* —2x+16=0=> x= or from a calculator x = 14151

For the quadratic in v this is likelv to be!
Attempts to solve:e.g. 3’ +60=0=> )’ =—60=

Al:  Fully correct argument that requires
* fully correct work

* ajustification depending on their strategy
* aconclusion depending on their strategy
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Via discriminant: 4—4x1x16 <0 so no real roots so they do not meet again

Via completing the square: —(x~1)° +15 which has a minimum value of 15 so no real

£o0ts so they do not meet again.
Via caleulus: x=1=>y =15 is the minimum so 1o real roots so they do not meet again.

Via solving: x = 14+/15i ore.g x=1£38Tiore.g x=1%+/~15 so math error so they
do not meet again
Fory itis likely fo be more straightforward e.g. )

they do not meet again
Allow cquivalent statements for “they do not meet again” e.g. so they only meet onee.

=60 which cannot be solved so

(But do not condone incorrect statements such as “therefore P does not meet C again”)

A minimum justification could be:

dac=(-2)

4-4x1x16 <0 so no more roots s 10 more intersections Al

o —2x+16=

—4x1x16  ddM1

Do not allow e.g.
“x? —2x+16 =0 gives a math error so they do not meet again”

as there has been 1o attempt to show why the “math error” occurs — this scores MOAO
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Notes

@
BI:

®)
BI:

MI1:

Substitutes x = 4 into the equation of the curve and verifies thaty = 0. Accept “8(4)-47

0 and solves with correct processing fo achieve x = 4.
s 3

Alternatively, sets 8x—

As a minimum accept c.g. 87-x2 =0 = x? =8 = {x=} 4 which may follow factorisation.
dy
Corect differentation. The « " = need not be present
N
Correct method for finding the equation of the tangent at A(4. 0)

d

Requires substitution of x = 4 into their - and an attempt at the equation of the line using this

dv

gradient. Ifusing y—3; =m(x—x,) then condone the omission of the — 0.

¥y

mx+c s used they must proceed as far as ¢ =

dy

wln

Accept ~= =~12 or m =~12 without explicit substitution of x = 4 provided 8-
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Alternative to (c) by showing the cubic is strictly increasing (or decreasing):

MIAL:  As in the main scheme then

£(x)=2"=3x" +18x—16 = f'(x) =3x" —6x +18

3 —6x+18=

(x*—2x+6)=

3(x—1)° +15 >0 so £(x) is an increasing function

Hence there can only be one intersection (at x = 1) so the normal and curve do not intersect again.

dM1: Differentiates their cubic of the form ax’ +bx’ +cx+d =0 a,b,c,d =0 to obtaina 3

term quadratic expression with only coefficient errors on the non-constant terms.
AdM1: This mark requises
* acorrect cubic equation in x
o the correct derivative or a multiple of it
* an attempt to show that the quadratic expression is always posifive (or negative)
Al:  Fully comeet concluding argument c.g. that as the derivative is always positive (or
always negative) the function is strictly inereasing (or decreasing) and therefore there can
only be one intersection (at x = 1) so the normal and curve do not meet again.

B k)
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‘Question Scheme Marks. AOs
® 2 ad 37 M Lb
dy

202y + 22 Bl L1b
&
= ML 21
2 Al L1b
& 2ciby
(O
®) @ 2(5)+3(-2)
A 2(-2)+6(5)
oree ML L1b
FENNSEN: FEPE IR J. S
@ & & 3
y-s="Brwe) a1 L1b
13x 11y +81=0 Al 22
[©]

7 marks)
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() Allow equivalent notation for the % eg v

dy

MI: Attempts to differentiate * — ..x° and 3)* = where ___ are constants

Y&
BI: Correct application of the product rule on 23y 2xy — z;% 2
Notethat some candidtes have a spurious & . at th stas us theiritention to ifferentiate) and this
can be ignored for the first 2 marks
M1: For a valid attempt to make % the subject, with exactly 2 different terms in ‘f;‘ coming from 3y? and
s

2. Lok for (% % 2y % which may be implied by their working.
Condone slips provided the intention is clear

For those candidates who had a spurious ‘:T'” —_at the start, they may incorporate this in their
0

rearrangement in which case they will have 3 terms in % and so score MO.

If they ignore it. then this mark is available for the condition as described above.
g 3¢ 2y+3x

@ dx+6y
Note that it is sometimes unclear if the minus sign(s) is/are correctly placed and you may have o use

‘your judgement. Evidence may be available in part (b) to help you decide if they have the correct
expression.

Isw once a correct expression is seen.

-6y
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(b)

4 2y+37
MI: Substitutes x=-2 andy =5 into 2 ="~ 223
& 2wiby

d
They must have x's and y's in their d—” but condone slips in substitution provided the intention is clear.
N

As a minimun look for at least one x and at least one y substituted correctly.

Note that this mark may be implied by their value for :—’ and may be implied if, for example. they find
N

3

the negative reciprocal or the reciprocal of " * and then substitute x=-2 and y =5

2t 6y
5 into their attempt fo differentiate and then rearranges fo find a

Alternatively, substifutes x=-2 and )

R

dMI: Attempts to find the equation of the normal using their gradient of the tangent and x=-2 and y =

correctly placed. Score for an expression of the form (y—3|

ﬁ“m:) or if they use y

mrec
they must proceed as far as ¢ = recipracal of the tangent gradient.
Note that y—5 =25+

7529, (x+2) is not a correct method unless the gradient is evaluated first before
Ty

Maust be using the negati

expanding.

Al 13x—11y+81-0 or any integer ulfiple of this equation including the “= 0", not just a. b, ¢ given
e.g.26x—22y+162 =0 is likely if they don’t cancel down their gradient.
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Question ‘Scheme Marks AOs
@ {f(}s):}36+|an|%(36)] <0
and ML | 1w
{£(67)} 37+tm( 36 -0
Change of sien and function is continuous in the interval R
> conclusion e.g. “there is a root in [3.6. 3.7 *
@
® useonan[; |- secﬂ%xk ML | 1w
. [
{F'(x)=} 145 sec? Al L1b
@
© 37+|an[1(37)\
Attemprs 37-—— 2~
1edec(Lon) ML | 1w
22
(NB. £(3.7)=0211... and £(3.7)=7.58...)
a=awn3672 AL [ i
@

(6 marks)
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Notes

@
M1

AT

Attempts both £3.6) and £(3.7) or a narrower interval that contains the oot 3.672.
(which may be implied by sight of £3.6) = ... and 3.7) = ... with at least one correct)
and obtains at least one correet fo 1 significant figure (rounded or truncated) for their interval
and considers their signs. Use of degrees is M.
Some examples for consideration of sign (which are also sufficient for the change of sign part
of reasoning for the Al)

o f3.6)=-06<0and f(3.7)=02>0

o £(3.6)x£(3.7)<0

© £(3.6)=-0.7.£(3.7) =022 “change in sign”
For reference f(3.6) = ~0.68626... and f(3.7)=0.21194.
This mark requires

* both £(3.6) and £(3.7) correct fo 1 significant figure (rounded or truncated) (or their

values correct to 1 significant figure if using a narrower interval)

o areference fo sign change

* areference to continuity {of f)}

*  a(minimal) conclusion, e.g. “hence root”, “proved”, v # QED. 3.6 <& <3.7
Accept as a minimum, “change of sign, continuous, root".
Do not condone “change in sign therefore continuous™ o other incorrect statements such as
“x is continuous™, “the interval is continuous” ~ these score A0
Condone “the graph is continuous™
Condone reference to x in place of a in their conclusion, e.g. “hence x lies in the interval”
R A P TR St R A SR TR N R N W
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(®)

MI:

AL

©

MI:

Note: Their answer to (b) may be seen i part (c) provided that they have not clearly
attempted part (b) incorrectly. e.g.. an attempt at £ (x) in (b)

% | o.e. The brackets are not required. You may sce attempts at the

1
2

keos|1x
2

Jeos

ksin| %x]sm‘

where kisa

cos| cos”
\2

positive constant scores M1. If the formula is seen it must be correct.

i 1 i
{f'(x)=} 1+ 5|5 | 0. which may be unsimplified and apply isw.
The brackets are not required. There is no need for f'(x) = just look for the expression.

Note that {£'(x)=} 2+

s correct and appears occasionally.

{£(x)=} p%ml

1 40
is condoned for M1AQ only but 1+ sec-x | scores MIAL

£(3.7)

£'(3.7)

“changed” function in terms of x.
£(37

Just stating 37— 725 = .. without evidence of use of 3.7 in fx) (ote tht this evidence

might come from part (a)) and in their £(x) is MO unless implied by a correct value for both

£x) and £'(x) or by their final answer.

Maust be a corect N-R formula used — you may need to check their values — accuracy of at

Least 3s.£. rounded or truncated required.

Allow if attempted in degrees. For reference in degrees £ (3.7) =3.73.... and £(3.7) = 1.50.

and givesa =121

Note that the full N-R accuracy is 3.672051617.

For reference, the value of a is approximately 3.673194406.... and scores MOAO without

other valid work

Attempts 37— and obtains a value following through on their £ (x) as long as it is a

For awrt 3.672 Ignore any subsequent iterations.
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Question Scheme Marks | AOs
@ (=2 =} ly=xlnx Bl Lla
Way1 ;
ay T M1 1o
yax Al 21
L X iinr=0 or 1+lnx=0 > Invokmx= M1 Llb
x
x=c or awrt 0368 Al L1b
Note: k=0 6]
(a) {y=x"=} y=e™ Bl Lla
Way 2 & (% \ame M1 Llb

(b) Attempts both 1.5° =18 and 1.6'® =21 and at least one result is M1 11b
Way1
¥ correct to awrt 1 dp
1.8..<2 and 2.1..>2 andas Cis continuous then 15<a <16 AL 21
@
© Attempts x,; =2x,* at least once with 3 =1.5
Can be implied by 2(1.5)* or awrt 1.63 M Lo
{(x,=167313..=} x,=1.673(G dp) cao Al L1b
@
@ Give 1" BI for any of Give BI BI for any of
* oscillates o periodic {sequence} withperiod2 |  BI 25
« periodic * oscillates befween 1 and 2
* non-convergent Condone B1 B for any of
* divergent * flucmates befween 1 and 2
* fluctuates o keep getting 1.2 B1 s
* goes up and down o alternates between 1 and 2
© 121212 * goes up and down between 1 and 2
* alternates (condonc) ©1.2.1.2.1.2,
@

(11 marks)
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A common solution
A maximum of 3 marks (i.e. B 1% M1 and 2% M1) can be given for the solution
1

logy=xlogx =

&1t logx
o log.

0:'} 1+logx=0 = x=10"

© 1Bl for logy=xlogx
ldy

220 or xlogx —1+logx or ~+logx
x

© 2% M1 can be given for 1+logx =0 = logx=k = x=_. k=0

o 1Ml for logy =
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Question Scheme Marks | AOs
(b) For x*—2, attempts both 1.5 ~2=-016_. and 16'°-2=0.12. M1 Lib
Way 2
¥ and at least one result is correct to awrt 1 dp
—0.16..<0 and 0.12, 0 and as C'is continuous then 1.5 <o <1.6 Al 21

() | For In,

[6)

as Cis continuous then 1.5 <& <1.6

xInx, attempts both 1.5In1.5=0.608... and
M1 L1b
Way 3 1.61n1.6=0.752... and at least one result is correct to awrt 1 dp
0.608. 0.69... and 0.752. 0.69... and Al 21

(b) | For logy=xlogx. attempts both 15logl.5=0264_ and
Way 4 16log1 6=0.326... and at least one result is correct to awrt 2 dp

2

M1

L1b

0264..<0.301.. and 0.326...>0.301... and
as Cis continuous then 1.5 < & <1.6

Al

21

Notes for Question

2

@

Bl: Condone log, y = xlog, x or log,

M | Foreitheriny > 12 or vnx > 1tlnx or Zt+lnx
yax =

AL: | Correct differentiated equation.

or awrt 0.368 only (with no other solutions for x)

Give no marks for no working leading o 0.368,

Give MO A0 MO A0 for Iny
Way 2

Inx —x=0.368 with no intermediate working

e

MI: £lnx)e™ or xlnx—1+lnx or ~+lnx
x
AL: | Correct differentiated equation.
a ;
e P Zinrlem or Pogimoe™ or Lolrmy
x dr ar
MI: | Sets 1=Inx—0 and rearranges o make Inx =k =x=_.: kis a constant and ¥ =0

x

or awrt 0.368 only (with no other solutions for x)
Note: | Give Bl M1 A0 Ml Al for the following solution:

{y=x'=} my

xlnx ﬂ%:li»lnx =1+lnx=0 =x=

or awrt 0.368





