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Question Scheme Marks AOs
(a) 2<x<6 Bl 1.1b
@
(b) States either kK >8 or k<0 M1 3.1a
Statese.g. {k:k>8}u{k:k<0} Al 25
)
(c) Please see notes for alternatives
States y =ax(x— 6)2 or f(x)=ax(x— 6)2 M1 L1b
Substitutes (2,8) into y =ax(x— 6)2 and attempts to find a dM1 3.1a
y= %x(x —6)° or £(x) = %x(x —6) 0e Al 21
3
(6 marks)
Notes: Watch for answers written by the question. If they are beside the question and in
the answer space, the one in the answer space takes precedence

(@
Bl: Deduces 2<x<6 oe.suchas x>2x<6 x>2andx<6 {x:x>2}n{x:x<6} xe(z,é)
Condone attempts in which set notation 1s incorrectly attempted but correct values can be seen

or implied E.g. {x>2}n{x <6} {x>2 x<6}. Allow just the open interval (2,6)

Do not allow for incorrect imnequalities suchase.g x>2o0orx <6, {x o 2 Z}U{x X 6} Xe [2$6:|

(b)
M1: Establishes a correct method by finding one of the (correct) inequalities
States either k > 8 (condone k£ >8) or k<0 (condone k<0)

Condone for this mark y <>k or £(x) <>k and 8<k <0

Al: Fully correct solution in the form {k :k >8}U{k :k <0} or {k|k >8}{k|k < 0} either way around

but condone  {k<0}u{k>8} . {k:k<0Uk>8}. {k<O0Uk>8}. Itisnotnecessary to
mention R.eg. {k:keR k>8ufk:keR k<0} Lookfor { Jand

Do not allow solutions not in set notation suchas k<0 or k>8.
(c)

M1: Realises that the equation of C 1s of the form y = (Lr(x—6)2. Condone with a =1 for this mark.
So award for sight of ax(x— 6)2 even with a=1

dM1: Substitutes (2,8)into the form y =ax(x—6) and attempts to find the value for a.
It 15 dependent upon having an equation, which the ( v =..) may be mmplied. of the correct form.

Al: Uses all of the information to form a correct equation for C y = % x(x— 6)2 o.e.

ISW after a correct answer. Condone f(x)= %x(x - 6)2 butnot C' = % x(x— 6): :

Allow this to be written down for all 3 marks



Examples of alternative methods

Alternative I part (c):
Using the form y = ax’ +bx" +cx and setting up then solving simultaneous equations.
There are various versions of this but can be marked similarly

M1: Realises that the equation of C 1s of the form y = ax’ +bx" +cx and forms two equations in a. b
and ¢. Condone with a =1 for this mark.
Note that the form y = ax’ +bx" +cx+d is MO until d is set equal to 0.

There are four equations that could be formed, only two are necessary for this mark.

Condone slips
Using (6. 0) = 216a+36b+6¢ =0

Using (2.8) = 8at+4b+2c=8

d 7
Using $1=0 atx=2 =12a+4b+c=0

Using %=0 atx=6=108a+12b+c=0

dM1: Forms and solves three different equations, one of which must be using (2. 8) to find values for
a.b and c. A calculator can be used to solve the equations

Al: Uses all of the information to form a correct equation for C y =;11-x3 —3x"+9x oe.

ISW after a correct answer. Condone f(x) = %:"3 —3x" +9x

Alternative II part (c)
Using the gradient and integrating

M1: Realises that the gradient of C is zero at 2 and 6 so sets £'(x) =k(x—2)(x—6) oe and attempts to

integrate. Condone with k=1

dM1: Substitutes x=2_y =28 into f(x)= k(...xs +.x+ ) and finds a value for k&

3(1 2
Al: Uses all of the information to form a correct equation for C y = Z( §x3 —4x +12x] o.e.

ISW after a correct answer. Condone f(x) = %(%xs —4y° +12x]

(Q06 9MAO0/01, June 2022)
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Question Scheme Marks AOs
(a) 3
8(4)-42=32-32=0 Bl 1.1b
1)
b 3
& 8- E.\'“ Bl 1.1b
2
[(dy |, 5
r=a=1P g 3.8- 1
'\_dr ]2 Ml 1.1b
= y{-0}="-12"(x-4)
12x+y=48 * Al* 1.1b
(3)
(c) Attempts to find one of the coordinates of the point of intersection M1 116
y=8x,12x+y=48=y =192 (orx=24) z
1 ‘ 192 )
Triangle area 1s ~ 4 "19.2"1 =384 orT
24" 4 dM1 3.1a
or j 8x dx+I "(48—-12x)" dx
0 14
' 32) IS
H 8x—x? d’c=4x'—§x2 Bl 1.1b
g 8 LT 256
A=384- '4x‘—7x-" =38.4—64+—7- ddM1 3.1a
0
384
= Al 1.1b
35
()
(9 marks)
Notes
(@)
3
Bl:  Substitutes x = 4 into the equation of the curve and verifies that y = 0. Accept “8(4)—-42=0"
5
Alternatively. sets 8x—x* =0 and solves with correct processing to achieve x = 4.
As a minimum accepte.g. 8x—x2=0 = x2=8 = {x =} 4 which may follow factorisation.
(®)
dv
Bl:  Correct differentiation. The 4 need not be present.
"
MI1: Correct method for finding the equation of the tangent at A(4. 0).

. L . . dy : . . .
Requires substitution of x = 4 into their I and an attempt at the equation of the line using this
¥

gradient. Ifusing y—y, =m(x—x;) then condone the omission of the — 0.

If y=mx+c 1s used they must proceed as faras c=...

| s

dy : 5 5o , o
Accept d_ =—12 or m =-12 without explicit substitution of x = 4 provided 8— - X 1s seen.
X




Al*: Correct work leading to the given equation having scored BIM1.
Condone y+12x =48 and apply 1sw once seen.

Do not condone 12x+ y—48 =0 (unless a correct equation = 48 is seen).

(©) Nate: Condone poor notation such as missing dx or spurious | symbols throughout.
M1: Attempts to find either the x or y coordinate of the intersection of line /; and line />
You may need to check the diagram or limits to their integrals.

1 ( 192 )
dM1: Correct method for the area of the triangle. e.g. Triangle area 1s 5 x4x"19.2 ": =384 or T

If integration 1s attempted then condone slips in their rearrangement of 12x+ y =48 to
y =48 —12x and note that their integrals do need not to be evaluated. so for example

e

"4 4 ; :
576 384
look for J. 8x dx+j "(48—12x)" dx J=—+—=23.04-+—15.3’»6L
X - " 25 25 ]
g 2 3 ¢ iy s 2.2 g™ x?l
Bl: Correct integration of curve ignoring limits. 1.e. 4x° — 7.\'- but condone e.g. ——

ddM]1: Fully correct strategy including substitution which would lead to an exact area.
Does not need to reach a value. Dependent on both previous M marks.

384

Implied by 38.4 - % or a correct final answer ——

Note that the decimal approximation that might be seen 1s 10.97142857 and mmplies ddMO
unless there 1s evidence of substitution (which need not be evaluated).

384 34

Al: Correct exact value. Either —— or 10°—
35 35

Alternative using lines — curve:

M1: Attempts to find either the x or y coordinate of the intersection of line /; and line />
You may need to check the diagram or limits to their integrals.

dM]1: Correct method for at least one part (0 to “2.47 or “2.47 to 4) of the area of R including limits.
Condone slips in their rearrangement of 12x+ y =48 to y =48—12x and note that their
integrals do need not to be evaluated, so for example

J dx (or a sum of both)

24 / 57 4 5
look for-[ 8x—| 8x—x? Idx or j "(48—12x)"—| 8x—x2
0 \ / - \

24"

Bl: Correct integration of both regions ignoning limits. May be completed as a sum or separately.

3t 7
Condone e g. ‘~ in place of %.\'3 Note that each integral may have been simplified.

x2 dx and {+} J. 48-20x+x? dx — [73-2} and {+} [48x—10x3+7x3}

ddM]1: Fully correct strategy including substitution which would lead to an exact area.
Does not need to reach a value. Dependent on both previous M marks.
This approach requires:

¢ substitution of 0. their 2.4 and 4 1n the correct places
7 7
o the %( 24) - 7( 2.4)2 to be cancelled (may be implied by a correct final answer %)

Note that the decimal approximation that might be seen 1s 10.97142857 and implies ddMO
2 Z 2 z
unless there is evidence that the 7( 24) - 7( 2.4)7 has been cancelled e.g. 6.H8 . — 6. 18

Al: Correct exact value. Either g or 10ﬁ

35

(Q10 9MAO0/01, June 2024)



Q3.

Question Scheme Marks | AOs
sin(x+/A)—sinx B1 21
h
sinxcosh+cosxsmh—sinx M1 1.1b
h Al 1.1b
; h—1 in /
(As h—0) smx[cosh7 ]+cosx[%]—~>O><sinx+lxcosx dM1 | 21
so l=c0sx x Al* 2:5
dx

(5 marks)

Notes

Throughout the question allow the use of / = Ox if used consistently

There 1s no requirement to see "gradient of chord" written down.

sin(x+h)—sinx op X sin(x + k) s sin(x+ A)—sin(x—h) 2o
x+h—x —h 2h

sin(x—h)—si o v G in xcosh+ csin ) —sinx
_—sm(x ;) S . Condone mnvisible brackets. May be implied by sl co:z et ic
x—h-x

Bl:  Gives the correct fraction such as

MIl1: Uses the compound angle formula for sin(x =+ A) to give sinxcosh*cosxsinh

sinxcosh+cosxsinh—sinx

Al:  Achieves or equivalent (may be implied by further work).

h

Allow mvisible brackets to be recovered.

dM1: Itis dependent on both the B and the M marks being awarded.

Complete attempt to apply the given limits to the gradient of their chord. They must isolate

( 30—\:-——] )and replace with 0 and 1solate (ﬂ:ﬁ } and replace with 1.

: cosh—1 sinh) .
e.g. sinx - +cosx ; =sinxx0+cosxxl
) 2

__ . _[cosh-1 sinh g gy o e
Accept as a minimum S X ; +Cosx ]— =C0SX (1mplying the application of the limits)
1 7

If they do not fully show (coslh = J and {512 h) being 1solated but proceed from
i

sinx(cosh—1)+cosxsinh

eg. ; to Oxsinx+cosx (ore.g. 0+ cosx) then this can be implied and
h
score dM1
sinx(cosh—1)+cosxsink )
: =cosx 1s dM0
1

Condone 1if limit notation remains within their expression after the limits have been applied.
e.g. ljna(sin xx0+cosxx1)
N—

Alternatively. condone use of the small angle approximations such that

2

——smx+hcosx

sinxcosh+cosxsmnh—sinx ) ; h .
; —-—= ; =—sinx+cosx and replaces = with 0
7 7 2




; 5 dy 2
Al#*: Uses correct mathematical language of limiting arguments to show that d—‘ =¢os x with no
X

errors seen. (cso)

We need to see # — 0 at some point in their solution and linking d—‘ with cosx eg

X
dy , [ ; (cosh—l\ (sinh
e —=_=lm sinx J+cosxk =cosXx
dx =0 h i )
dy : h . . . o
. d—:...:l_m% —-?—smx+cosx =0xsmx+cosx=cosx (using small angle approximations)
x B 2
dy sinx(cosh—1)+cosxsinh
o —=_.= =sinxx0+1xcosx=cosx as 1 —0

a7 h
, ;i dy
Condone f'(x) or ¥ in place of :L—
%

Give final AO for no evidence of limiting arguments:

dy : cosh—1 (sinh) . .
eg when h=0 —=_.=smx +cosx| —— [=smxx0+cosxxl=cosx is AQ
dx h h
: . sinh cosh—1 2
Do not allow the final A1l for just stating = =1 and 2 =0 and attempting to apply
) h

these (without seeing e.g. 7 —> 0 at some point in their solution)

If they work in another variable (e.g. ) then withhold the final mark. If they have mixed variables
within some of their statements. then allow recovery but withhold the final mark.

Withhold this mark if there has been incorrect bracketing or invisible brackets when isolating
p sinxcosh—1+cosxsmnh ’ . cosh-1
sinx(cosh—1) e.g : but accept terms written as e.g. sinx ;

1 1

do not require brackets. Condone a missing trailing bracket 1f the intention is clear.

which

(QI129MA0/01, June 2023)

Q4.
Question Scheme Marks AOs
(x+h)2 —x? =x2+2xh+h:—x2 Mi 21
h h
_2xh+h Al 1.1b
h
) 2 2
Y im 2 im(2x+h) =254 Al* 25
dx m0 } h—0
3)
(3 marks)




Notes

Note:

M1:

Al:

Al*:

Throughout the question allow use of &x for /i or any other letter e.g. a 1f used consistently.
If 5x is used then you can condone e.g. 3%x for 3x” as well as condoning e.g. poorly formed &'s

Begins the process by writing down the gradient of the chord and attempts to expand the
correct squared bracket — you can condone “poor” squaring e.g. (x+/ ) = x* +h but the -

must be present.
Reaches a correct fraction o.e. with the x° terms cancelled out and with no algebraic errors,

e v 2xh+ B2 T
1

/

+h 1s correct.

. o dy .
Completes the process by applying a limiting argument and deduces that Y _ 2y with no
»

errors seen. They must have = 2x and not just lhmg 2X to complete the proof.
—

dy : ' - - : .

211’ = or an equivalent e.g. f'( x)= or “Gradient =" must be evident somewhere in

their working or final line. If {'(x) is used then there is no requirement to see f (x) defined

first. Condone e.g. %}— —2x or f'(x) > 2x.

X
.. 2xh+h*
Condone missing brackets to allow e.g. i}- =lm——— =lm2x+h=2x
dx h—0 h h—=0
Do not allow # = 0 if there 1s never a reference to /7 > ().
dy .. 2xh+h’ .
— = - —) 2x — (18
g o Eﬂ} p 1)11_1)134 +0=2Xx 1s acceptable
dy 2xh+h’
bute.g. d—} — x}_ =2x+0=2x is not unless 7 —0 1s seen.
X 7

The 7 — 0 does not need to be present throughout the proof e.g. appear on every line but
must appear at least once.

2xh+h
They must reach 2x+/ at the end and not % (without the /s cancelled) to complete

the limiting argument.

QS.

(Q04 9MA0/01, June 2024)




Question Scheme Marks AOs

sin(@+h)—sin @
B1 21

h
sinfcosh+cos@sinh—smn M1 1.1b
h Al 1.1b
8 h-1 in h
(As h—0), sme(cosh J+cose(—51: )—)Oxsin9+lxcos¢9 M1 2:1
S0 gl’—=<>ost9 * Al* 2.5
dég
(5 marks)
Notes:

B1:

M1:

Al:

Throughout the question allow the use of 4 = 66 if used consistently

Gives the correct fraction such as sm(zil;’) —;me or i 512(0 A:8) or

S0 E I =sn(o =) or oo e . Condone invisible brackets.

2h 0-h-6
May be implied by sm0cosh+cc;:05mh—sm9

Uses the compound angle formula for sin(@+ &) to give sin@cosh*cos@sinh

Achieves 2= Geosh+ CO: Osinh—smd or equivalent (may be implied by further work).

Allow invisible brackets to be recovered.

It is dependent on both the B and the M marks being awarded.
Complete attempt to apply the given limits to the gradient of their chord. They must isolate
(COS}’: i )and replace with 0 and 1solate (?] and replace with 1.

e.g. sin G(COSh _1)+c059(#) =sinf@x0+cosfx1

Accept as a mmimum sin 9( Sl 1] +cos 0(-51—:&) =cos@ (implymng the application of
the limits) _

If they do not fully show (COS: _1) and (#J being isolated but proceed from

sin@(cosh—1)+cos@sinh

eg.
h
implied and score dM1
sin@(cosh—1)+cos@sinh
h

Condone 1f limit notation remains within their expression after the limits have been applied.
e.g.{ifg(sinex 0+cosfx1)

to Oxsmné&+cosé (ore.g. 0+cos@) then this can be

=cos& 1s dMO

Alternatively, condone use of the small angle approximations such that




2

sin 8 cosh+cosB@sin h—sin @ —?Sin0+hcos49

h h

= sin@+cos & and replaces g with 0

d(sin@) —cogd

Al#*: Uses correct mathematical language of limiting arguments to show that

with no errors seen. (cso)

We need to see i — () at some point in their solution e.g.

d(sin8 ‘ ' e inh)
. (sm )= =lm sinH(COSh 1J+cos¢9(ﬂ) =cos @
dé ) =0l s s h )
d(sing) :
. (:; )= =Eing(—ésin&+cos@}=Oxsinl9+cost9=cosﬁ (using small angle
approximations)
d(sin@) sin@(cosh—1)+cosfsinh
. —o | = =sinfx0+1xcos@=cos@ as h—0
dé h
dy d(sino)

Condone f'(#) or — in place of
de

Give final A0 for no evidence of limiting arguments:

d(siné ' - : :
eg whenh=0 %=sm6(%hl)+cos€(%hJ=s1n0x0+cos€xl=cost9 15 AO

sinh cosh—1

Do not allow the final A1 for just stating s 1 and =0 and attempting to apply

these (without seeing e.g. & — ( at some point in their solution)

If they work 1n another variable (e.g. x) then withhold the final mark. If they have mixed
variables within some of their statements, then allow recovery but withhold the final mark.

Withhold this mark 1f there has been mcorrect bracketing or invisible brackets when 1solating

sinf(cosh-1) e.g. sm0cosh—2+cos€smh but accept terms written as e.g. sinBCOSh_1

which do not require brackets. Condone a missing trailing bracket 1f the intention 1s clear.

(QIl1 9MAO0/02/M, June 2025)
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Question Scheme Marks AOs
@ '@ =} +.x+..={"@®=}.x+.. M1 1.1b
{f'(x)=}3x" +4x -8 = {f"(x) =} 6x + 4 Alcso 1.1b

2
@ 6 +4" =0 x =" 2" Blft L1b

" 2 n n 2 " Blf ‘, )

(u) b —-_— or x< —E t 22a

(2)

(4 marks)
Notes
(a)

MI1: For attempting to differentiate twice.
It can be scored forany of: »* ».x" »..x or 2x' ».x—>k or -8x>k->0 where ... are

constants.
You can ignore the lhs so do not be concerned what they call the first and/or second denvative, just look

for their expressions.
The indices do not need to be processed for this mark so allow fore.g. ¥ - .7 - .
Alcso: (f"(x)=) 6x+4 Correct second derivative from fully correct work. The "f"(x)=" is not required.

Allow 6x' for 6x but not 4x° for 4 unless the 4x° becomes 4 later. e.g. in part (b).
Do not apply 1sw so mark their final answer. E g if 6x + 4 becomes 3x + 2 score A0

(b)

@®

Blft: ax+b=0={x= D-%. This mark 1s for obtaining x =—-§ or x= —g which has come from solving an
equation of the form ax + 5. a.b =0 where ax + b 1s their attempt to differentiate twice 1n part (a)
Allow equivalent fractions e.g. y = ~% or equivalents for their y = —’; or an exact decimal and 1sw.

(i)

B1ft: Deduces x ., —-i- aor follow through their single value of x from part (1) obtained from their attempt to

solve an equation of the form ax+5b=0. a.b =0 where ax + b was their attempt to differentiate

twice in part (a) . Do not 1sw and mark their final answer.
. g . 2 2. o . .
If 2 inequalities are givene.g. x <"-§“_ x> "-;" without indicating which 1s their answer score B0

2
Condone < for ., and allow equivalent inequalities e.g. _§ >Xx

Allow equivalent fractionse.g. x = _i; or equivalents for their x=- 2

Allow equivalent notation so these are all acceptable:

" 2 n " 2 " ] " 2 " | " 2 " ‘h { " 2 ‘l.' I“ " 2 "

X T SRR N [ oo S I—x. o dxix,, "— oML X< -
3 31 3 \ 30| 371 3

Ignore any reference to values of y.

Allow ft decimal answers from (1) which may be inexact.

Correct answers in part (b) with no working 1n (a) can score 0011

(QO01 9MA0/02, June 2023)
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Question Scheme Marks AOs
@) . . . _ 5x? +10x
Correct method used in attempting to differentiate y =——— M1 3.1a
(x+1)
dy  (x+1)"x(10x+10)—(5x* +10x)x2(x+1) Al i
== : - oe ’
dx (x+1)
Factorises/Cancels term 1n (x + l) and attempts to sumplify
dy (X+1)x(10x+10)—(5x* +10x)x2 4 M1 2.1
dr (x+1)3 —(x+1)3
dy 10
T 3 Al 1.1b
d (x+1)
4)
(b) For x<-1
_dy A Blft 22a
Follow through on their — = —,n=13
dx  (x+1)
1)
(5 marks)
(a)
5x° +10x

M1: Attempts to use a correct rule to differentiate Eg: Use of quotient (& chain) rules on y =

(x+l)"

Alternatively uses the product (and chain) rules on y = (sz + IOx)(x + 1)_2

dy)_ (.\'+l)2x(Ax+B)—(5.vc2 +le)x(Cx+D) (4,B,C,D>0) or

Condone slips but expect (-—
dx (x+1)’

(_‘1}_)= (x+l)2 x(./l_ﬂr+B)—(5x2 j—le)x(Cx+ D)
((x+1)2)-

dx
or (%J=(x+l)—2><(Ax+B)+(5.‘t‘2+10.7c)><(.1()c‘+1)—3 (A, B,C #0)using the product rule.

( AB,C,D> O) using the quotient rule

Condone missing brackets and slips for the M mark. For instance if they quote u=5x"+10, v=(x+ 1)’
and don't make the differentiation easier, they can be awarded this mark for applying the correct rule.
Also allow where they quote the correct formula, give values of « and v, but only have v rather than v* the
denominator.

Al: A correct (unsimplified) answer



N (x41) x(10x+10) = (5x* +10x)x 2 (x +1
Eg. (%)z( ) ( ) ( ) ( )orequivalent via the quotient rule.

(.1‘+l)4

OR (%J =(x+ l)_2 x(10x+ ]0)+(5x2 - le)x —2(x+ l)_3 or equivalent via the product rule

M1: A valid attempt to proceed to the given form of the answer.

vdu —udv A

- and proceeding to 5
v (x+1)

It is dependent upon having a quotient rule of *

: vdu —udv : A
It can also be scored on a quotient rule of *————— and proceeding to

v (x+1)
You may see candidates expanding terms in the numerator. FYI 10x” +30x” +30x+10—10x" —30x" — 20x
but under this method they must reach the same expression as required by the main method.

Using the product rule expect to see a common denominator being used correctly before the above

Ly 10 dy

3 = 7 There is no requirement to see —— = and they can recover from missing brackets/slips.
dx (x+1) dx

(b)

B1ft: Score for deducing the correct answer of x <—1 This can be scored independent of their answer to part

dv
(a). Alternatively score for a correct ft answer for their Q- where 4 <0 and n=1,3 award for

dr (x+1y"

x>—1.So forexampleif 4>0 and n=13=>x<-1

Question Scheme Marks | AOs
Alt via 5y +10 )
division | Writes y = x—,x mform y=A4% — A B=0 M1 31a
(x+1) (x+1)
5x* +10: . 5
Writes y = g m the form y=5- 5 Al 1.1b
(x+1) (x+1)
. dy
Uses the chamn rule= —= - (May be scored from 4=0) M1 21
dr  (x+1)
dy 10
Y — which cannot be awarded from incorrect value of 4 Al 1.1b
dr(x+1) '
4)
(b) For x < —1 or correct follow through Blft 22a
@
(5 marks)

(Q03 9MA0/01, June 2019)



Qs.

Question Scheme Marks AOs
@) y=ax-7x 153102 L o 1247 ~14x =5 MY |
\dx Al 1.1b
(ll) { d2 g
| 2 = [24x-14 Alft | 1.1b
\ dx” )
(3)
(h) 24x-14=0=>x=... Ml 1.1b
7 14
X=— 08€.8 xy—=— 3
2 >4 Al 1.1b
2)
(5 marks)
Notes
(a)(1) If "+ ¢” 1s included with either derivative penalise it only once on the first occurrence.
MIl: Awardfor ¥ > x° or x’ > xor 5x—5o0r -1030
Indices may be unprocessede.g. x’ > x" ' or x° —»x" ' or 5x -»>5x"
Al:  Correct simplified expression with indices processed 12x° —14x + 5.
Do not allow x! for x or 5x° for 5.
Apply 1sw if necessary once a correct answer 1s seen.
The e 1s not required.
X
(1)
Alft: Correct simplified second derivative 24x —14 or follow through their first derivative.
Must be simplified so do not allow e.g. x! for x or x° for 1 as above.
Apply 1sw if necessary once a correct answer 1s seen.
The d; =" 1s not required.
dx..
(b)
MI1: Sets their second derivative of the form ax+b. a,5=0 equal to 0 and proceeds to a
value for x. Condone slips in rearranging as long as a value for x 1s obtained.
This may be implied by their value of x or may be implied by their working e.g.
4 d‘_’ 3 \
| <2 = par-14524x=14= 1=
Condone one slip in copying their second derivative.
; (d’y )
Also condone if they “cancel” e.g. d—‘, = ‘24.76—14 —=>12x-7=0=x=_.
s
Al: Correct value from correct work and a correct second derivative but allow recovery if they

“cancel” their second derivative to obtamne.g. 12x—7.

’ 14 .
Allow exact equivalents e.g. -'E but not rounded decimals e.g. 0.583

.
Allow recurring decimal if clearly indicated e.g. 0.583
Correct answer only from a correct second derivative (or correctly cancelled second
derivative) scores both marks.
Isw after a correct answer 1s seen.

(QO01 9MA0/02, June 2024)




Q9.

(a) o Yo, . xX¥—>. . xXor. x> _ xorax—a M1 1.1b
(f'(x)=) 4 +x*-16x+a Al 1.1b
f'l—=1|=| 4| — +—| —-16| —— =0
[_ ( 4) ) ( 4J +( 4,] ( 4}“’ dM1 | 3.1a
=a=...
a=—4% Al* 2.1
“
®) —4735 B1 1.1b
768
(1)
Notes

(a)
Mi1:

Al:

The first two marks are the same for all approaches.
Reduces the power by one for any term in f(x). Look for x" — x" and allow for ax —a

including ax' — ax’ or —4x - —4

Correct differentiation (f'(x)=) 4x*+x*—16x+a or 4x° +x* —16x—4

Ignore the absence of the LHS. May be 1n terms of a or have —4 substituted at this point as
above.

Main Scheme:

dM1:

Al*:

Substitutes x = —-i mto their f'(x). sets = 0 (= 0 may be implied) and solves for a.

Condone 4+a =0 as evidence of substitution for the dM1 only.
This mark 1s not available if their £'(x) does not have a term with a in it using this approach.

cso Requires:
e a correct derivative

e ;
e correct substitution of x = 3 mto f'(x) and set = 0 (now the = 0 must be seen

somewhere for this mark). Each term does not need to be evaluated.
e achievesa=—4

¢ - ; 1.1
For the A1*, evidence of correct substitution might be e +§ +4+a=0 butnot 4+a=0

Condone 1mvisible brackets around 3 provided this is recovered before the given answere.g.

-

1
—— recovered to +—
4 16

Alt 1: Verification

dM1:

Al*:

Substitutes x = —% and @ =—4 mto their f'(x), and finds a value.

The @ =—4 may already have been substituted mnto f (x) as above.

cso Requires:
e 3 correct derivative




e correct substitution of x = ——:11- intof’(x) and use of @ =—4 (at some stage) to achieve
f ’( —%] =...=0. The substitution must be embedded in f'(x) or evaluated in an

: ; E A
intermediate step e.g. —+—+4—4 before the=0

e aminimal conclusion e.g. “hence proven” or “.a=—4"ore.g. a tick.

but not e.g. “max = —%" or just “0=0"

Alt 2: Algebraic division

dM1: Attempts to divide their f'(x) by (4x+1) {or [ X +%)) , achieves a linear remainder in a

only, sets = 0 and achieves a value for a. Condone slips i their calculations.
As a minimum, expect to see x*+Ax+u (or 4x*+Ax+ u) as their quotient (with x=0)

leading to a linear remainder 1 a only set = 0 leading to a value for a.

Al*: cso Requires:
e acorrect derivative
e correct quotient x* —4 (or (4x* - 16)) and correct remainder g +4 set=0
e achievesa=—4
(b)
4735 ) . 127 . : :
B1: = cao Allow exact equivalents e g. 67_68 or the recurring decimal 6.165364583

There 1s no need to see a calculation. Decimal approximations e.g. 6.1653645833... score BO.




(© (f'(x)=) 4 +x° —16x—-4=(4x+1)(x+..) M1 3.1a
5 47 +x* —-16x-4
=(4x+1)(x'-4) oreg. i i A Al 1.1b
i 4x+1
f(n_ zn) - (_5)
M1 2.1
=>"_5ll<k<"4735 "
768
4735
{keR:—5<k<"—"} Alft 2.5
768
)
(9 marks)
Notes
(©) Note: Candidates who do not score the first M mark may score maximum MOAOMIAI1ft
via the special case at the end of the mark scheme for part (c).
Mi1:

For the key step in using the factor theorem to take (4x+1) or (x+%] out as a factor of their
£'(x), not f(x). Look for (4x+1)(x* +Ax—4) or (4x+1)(x* £ u) or (Jc+%)(4x2 *u)

or ( X+ %](4.\?2 T Ax —16) (where the A or u is a constant) either by inspection or division.

If they attempt division in (a) then they must use their quotient 1n (c) to score the marks.
They may “spot” that one of f'(+2) = 0 and factor out (x=2)(4x* + Ax% 2) without evidence
that f'(=2) =0

There must be some factorisation or algebraic division present — not just roots stated from a
calculator.




Al:

M1:

Correct factorisation of the cubic to a linear and quadratic product, so

(4x+1)(x* —4) or (x+%}(4x2 ~16) or (x—2)(4x +9x+2) or (x+2)(4x* - 7x-2)

or for the correct quadratic seen e.g. x> —4 or 4x* —16 (which may be the quotient in their
algebraic division and may come from their work in (a) provided it 1s used m (c)).

There 1s no need to complete the long division 1if the appropriate quotient 1s found.

Note that proceeding directly to (4x+1)(x—2)(x+2) does not score either mark without

sight of thee g (4x+ 1)(x2 — 4) but they can score the final 2 marks via the special case.

Simularly, proceeding directly to (x+%)(2x—4)(2x+4) or 4(x+:11-J(.\'—2)(x+ 2) does not

_ . . 1)/, 4
score either mark without sight of (x +Z )(41" —16) but they can score marks via the SC.

. . . . ] I
Solves their quadratic factor = 0, substitutes one of these solutions (not x = _Z) into f(x)

to find a value and selects the inside region between this and their answer to (b).

If their quadratic is of the form Ax” — B then they can write down their solution for x but if it
1s a 3TQ then they must find their value of x using the usual non-calculator rules.
Condone “incorrect” factorisation following the correct quadratic leading to x = +2

eg. (-"+%](4x2 —16)—>[.\‘+%)(.\?—2)(x+2)=0—>x=i2

y (or k) =-5 (or —g) with nothing else can imply substitution of x =-2 (or 2)

Note that 1f they “spot™ that f'(x2) = 0 earlier then they can go straight to substitution.

s . : 4735 g
Condone the use of y but not x in their region. Condonee.g. k >-5k < "7_68" for this mark.

Condone the use of < in place of < for this mark. Note that [2,—4?7) 1s the other minimum.




Alft: {k —S<k<" 4776385 "} Requires correct use of set notation but condone absence of eR

Follow through on their upper linut from (b) which may be a decimal but must be positive.
Must be strict inequalities 1.e. not include the end points and must now be in terms of £.

Other acceptable notation includes: k ( -5," 477:,85 ) {k k> S}m{k k<"—— 4776385 }

d 7
Condone k:k>—5mk<"4—35" 5<k<"4 G2t
768 768

4735
768

4735 ,

Do not allow e g. {k:k>—5}u{k:k<" —eR

} orjust S<k<"——

SC: Candidates that have not scored the first M1 may go on to score the final two marks by finding

4735
an acceptable range between —5 and "—— ==

3 47 : 47 .
Use of their “—5” or —? coming from x = =2, (or -5 or “F directly from a calculator)

with w3735, will score M1 if the inside region 1s selected. A correct {k:-5<k<"—— 4733,
768 768
will score Alft
: : : 47
There 1s no need to see any working to achieve the —5 (or 5 3 8

All the relevant guidance regarding the region m the M1 and A1ft notes above continues to
apply. e.g. for the M1 we will condone the use of y but not x in their region while for the A1ft
we require use of k.

For example:
4735 ; '
. {k —S<k<" ER "} without scoring the first M scores MOAOMI1A1ft

-+ ; y
o "-5"<k< "%" without scoring the first M scores MOAOM1AOft

. {k . 37 "<k< "477—6385"} without scoring the first M scores MOAOM1AOft

(Q08 9MA0/02, June 2025)
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(a) 1 2 1 2
240——r 240——r
1., 1 > 10 10 M1 34
= g+—=r =20=3r=———""— 0t 0=—"—-7"""—
ST 4 o 1, Al | 11b
'5)' ;?'
Substitutes into the expression for P
1 »
240 ——r" 1
1‘0:1—10 ito (P =) ro+2r+zr L 34
57
240——
P=—10+Zr+lr=ﬂ—lr+2r+lr=2r+ﬂ * Al* 2.8 |
e 5 ris 5 r
37
)
dpP 480
®) [—=]2——, M1 1.1b
d’. re
Sets % =0=>7r"=240 dM1 2.1
r=awrt15.5 2 Ldb
(&)
© | (¢ _) %0
drl o ’,3 M1 1.1b
d’P , , -
7 = | awrt 0.26 > 0 proving a minimum value of P Al 1.1b
r
(2)

(9 marks)




Notes:

(a)

MI1:

Al:

Al*:

Note that just finding a correct equation for the area and/or a correct equation for
the perimeter (before any substitution) is insufficient to score any marks.

Uses area formulae to form an equation of the form or’6+ [31'2 =240 oe. (o,Bp=0)and

rearranges to make 78, 6 or 76 +§r the subject. Look for:

_MiN’
”

M+ N
0 et

M M
(:TiNr] oe. or 8= [:—‘iN] o.e. where M N=0

r

r

1. L )
or ro+ gr =— L+#0 oe May work in degrees.
=

1 : g :
A correct rearrangement for 6 or 76 or 76+ % r which may be unsimplified (may be n

degrees)
1 ,
T 2400 7" 480-0.2r"
ro=—10  5e eg. o Rt A s
1 S5r r
—7
80
or rtO+—r=——o0
7
240 - r :
240-—= 24007 480 1 -2
or =—10 4o e.g. 0=—,’ or 8=————or §=480r -02
1 2 sr o3
_"
2
: ; M +NY +Nr’ ;
Substitutes their 1'6:% 0.e.or 0=uo.e. or r9+%r=£ into an
P r

expression of the form (P =) r6+0r. 0=0 (typically P=r6 +1—51r) which may be
unsimplified or in degrees. It 1s dependent on the previous method mark. It is acceptable
for their valid expression for 6., 76 or 76 +%r to be substituted into the perimeter
expression directly (without first seeing them in the perimeter expression).

P=2r +@ following a correct method (condone slips to be recovered) and all previous

marks scored. Condone invisible brackets to be recovered.
P =, Perimeter = must be seen at least once 1 their solution in the correct place.




(b)

Mi1:

Al:

(©

MI1:

Al:

dpP
Mark (b) and (c) together. There is no requirement to see the notation Ein part

(b). It may even be called i—l Allow use of e.g. P’ oreg. y'
s
dr . q
e pt 5 where p and ¢ are non-zero constants

o 1 ._dP = .
Sets or implies that their o 0 and proceeds to mr— =n, mxn>0_Itis dependent on
=
the previous method mark. Do not be concerned by the mechanics of the rearrangement.

This mark may be implied by a correct answer to their p —i, =0. You may need to
2

check this on your calculator.
r=awrt15.5 or v/240 (= 415 ) Do not accept * (ignore any units 1f given)

2

d’p d*y

Condone other letters used instead of P and r for e.g. v

- for M1 only.
2

Just using az and considering a sign change is M0AO
dr

Differentiates and finds [ :JP =) + L (do not be concerned about the sign)
2 =

Note if they score A0 in (b) then this mark cannot be scored.
Requires

d’P

dr’l

a correct a correct expression for

d’P ) 960 : :
a correct value for ( e =J ——=awrt0.26 using awrt 15.5 (but allow 0.23(43.) 1f
' r

using 16)
a correct comparison with 0 and a conclusion e.g. minimum

The expression for the second derivative does not need to be labelled but if it is then

-

v ) e o
0.e. or accept e.g. P” BUT dx used in their conclusion is A0

it must be

2

QlIl.

(QI59MA0/01, June 2025)




14 (a) Attempts to differentiate x =452y and inverts

dx S dy 1 M1 1.1b
—=8cos2y=>—
dy 2y dx  8cosy
dy 1
At(0.0) =—= Al 1.1b
e
(03]
(b) (1) Uses sm 2y =~ 2y when y is small to obtain x =~ 8y Bl 1.1b
(11) The value found 1n (a) 1s the gradient of the line found in (b)(1) Bl 24
@
dy . )
(©) Uses their —-as a function of y and. using both sin’ 2y+cos 2y=1
dx
d )
and x =4sin2y in an attempt to write — or —as a function of x
Ml 2.1
dx dy
Allow for d—y = -

dx  cos2y ="\/1—

A correct answer —
d Al 1.1b
8, [1—

and 1in the correct form —=— Al 1.1b
dx  2416—x7
3
(7 marks)
(@)
MI1: Attempts to differentiate X =452y and inverts.
Allow for £=kcos-y=>£l}—’—;7 or 1=kc052yd—y=>d—y=;
dy dr  kecos2y dx dx kcos2y

; (x) @
=4sm2y—>y =...arcsm(£] —)-A=
4

3 dx - 2 . .
It is possible to approach this from x = 8sin ycos y = — = +8sin’ y +8cos’ y before inverting

Alternatively. changes the subject and differentiates %

dy
dy 1 : . ; 25 co
Al: oo = 3 Allow both marks for sight of this answer as long as no incorrect working is seen (See below)
) Y o dx dv 1 i .
Watch for candidates who reach this answer via — =8co0s2x = —=———— This1s M0 A0

dy dx 8cos2x



()@
Bl: Uses sin2y ~ 2y when y is small to obtain x =8y oe suchasx = 4(2)-’) :

Do not allow sin 2y = 26 to get X = 86 but allow recovery in (b)(1) or (b)(11)
Double angle formula 1s BO as 1t does not satisfy the demands of the question.
(b)(i1)
B1: Explains the relationship between the answers to (a) and (b) (1).

For this to be scored the first three marks. 1n almost all cases. must have been awarded and the statement
must refer to both answers

1 1
Allow for example "The gradients are the same [= §] " “both have m= 3 :

1
Do not accept the statement that 8 and §- are reciprocals of each other unless further correct work explains
) . dx dy
the relationship in terms of — and il

dy dx
(©)

M1: Uses their las a function of y and. using both sm~2y+cos 2y =1 and x =4sm 2y . attempts to

dx

» dx
write d—or —as a function of x. The gRmay not be seen and may be implied by their calculation.
dx dy dx
e dy dx dy 1
Al: A correct (un-simplified) answer for —or — Eg. T
T8 T

dy 1 dy

Al: —=———— The imust be seen at least once in part (¢) of this solution

2J16—x7 dx
Alt to (c) using arcsin

. . . ) - o dy
M1: Alternatively. changes the subject and differentiates x=4sm2y—>y= ...arcsm[ —} =

X
Condone a lack of bracketing on the Z which may appear as xT




Ql2.

(Q149MA0/01, June 2019)

Question Scheme Marks AOs
(a)(®) v : e
(f'(x)=)8xe™ " oreg. L BI1 1.1b
@) (g'(x)=)—8— oreg. 8x7' oe Bl 1.2
=
(2)
(b) gre* 18 e Ly goml M1 | LIb
x x° x>
43 “I=hi L =54 ~ 1= —2In¥ ,
X Al* 2.1
= 4x’ +2lnx—1=0*
()

(©)(@) ., fl—ZinO-ﬁ Ml | Llb

(x,=)0.7109 Al 1.1b
Bl
(ii) (Al
=)0.6706
(=) In L.1b
ePEN)
3)
(7 marks)
(@)
Bl: Correct derivative in any form. "{'(x) =" is not required. Apply isw if necessary.
(1)
Bl: Correct derivative in any form. "g'( x} =" is not required. Apply isw if necessary.
() ’
MI1: Eliminates e by setting theirf'( x) = theirg’( x) where f'(x)= Axe*™ 7 oe and
g'(x)= E oe with Ax B > () and proceeds via e —— or equivalent work (see
X X

. 3 1
below) to obtain 4x” —1=In— oe eg Inx+4x —1=In—
x x

Allow if they use @ for x.
Note that there are various alternatives for this mark but the denivatives must be of the

form defined above and the processing must be correct with coefficient/sign slips only.

Examples of equivalent work:

2_ 8 2 2_] 2 2 - L 2 2
8xe =" e Il + e T =02 e T=—lnx* =2 4x*-1=-2Inx
=

8xe™™

e

8 .1 a2 4 P - i e ) e
=t e e =— o he  =h—=4x'=ln—=1-2Inx
x - x X x

e x
Al*: Obtains the printed answer with sufficient working and no errors.

Sufficient work would require the “e” eliminated before the given answer.

Must follow correct derivatives in part (a).

Condone 4x” + 2111|xl—1 =0 and condone 4’ +2Ina—1=0 or 4a” + 21n|a| -1=0




Note that if both derivatives 1n (a) are correct we will allow fully correct work using the
equation in (b) to work backwards to verify that pf’(x)=¢g'(x)for M1 then obtains

f'(x)=g'(x) witha minimal conclusion for Al

If esther derivative in (a) 1s incorrect or missing, candidates who work backwards score
no marks in (b).

(©)(@)/(u1)

MI1: Attempts to use the iterative formula with x, = 0.6

-2
Award this mark fore.g. (x, =) A *% or may be mmplied by awrt 0.71 provided no

incorrect working is seen.
Candidates sometimes find x; (or possibly subsequent terms) rather than x, i which
case the M1 can be implied. (See table below for first few iterations)
Al:  (x, =)awrt 0.7109
Sight of (x, =) awrt 0.7109 scores M1A1
B1(Al on ePEN): (a=) 0.6706 (4dp)
Must be this value and not awrt 0.6706

For reference:

X1 0.6

x2 0.7109239143
X3 0.6485329086
X4 0.6830236199
Xs 0.6637868021

X6 0.6744606223

a 0.6706416243

(Q06 9MAO0/02, June 2024)
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@ 0=15T~Te  =>e =15 M1 3.4
(T=)awrt13.5 Al 1.1b
2
(b) Attempts to differentiate using the product rule
'd 0.2 02 02t Ml 1.1b
it =119
{dt(re ) ) 02te +e
02 (dv 02t 02
v=l5t—te =|—-= 15-(0.2re te ) Al 1.1b
Sets their & _ 0= " (021 +1) =15 " =1
dr - 02r+1 dM1 3.1b
75
=>r=51n(—} * Al* 2:1
t+5
()
(©) . " 75
Att t = —_—
(1) empts ¢, 51”(84—5] M1 1.1b
awrt 8 478 Al 1.1b
(11) awrt 8.55 seconds (including units) Al 3.2a
(3)
(9 marks)
Notes:

(a)  May use 7 or another variable which is acceptable.

~

027

M1: Uses the model with v= 0 and proceedsto € =15 Do not be concerned by the use of an
mequality sign instead of an equals.
May be implied by awrt 13.5

Al: (T =) awrt 13.5 units are not required but if given they must be seconds (or e.g. secs or s)




(b)
Mi1:

Al:

dM1:

Al*:

If no attempt is seen for (b) then allow differentiation seen in (a) to score in (b)

2 : 02 a0y 0.2: 0.2t
Attempts to use the product rule to differentiate 7 e ’ achieving the form Ae + Bfe

(4 and B both non zero but may be 1) which may be unsimplified. It 1s likely to be part of
an expression.

dv ( 02 02
(d_]t =] 15— (O.Zt i ) o.e. which may be unsimplified. (Condone a missing trailing
bracket)

Do not allow recovery of signs to score this mark if they mitially write
0.2 02 . 2 0.2 02
eg. 15-02te ‘+e =0 and on a later line correct this. eg. 15-02te e =0

02 02 02 02
Sets 15+ 4e  +Bfe =0 (the =0 may be implied), attempts to make € ' (or Ce )
the subject and proceeds to the form

021_ D —0421_E+Ff h b d F=0
= E+Fr or Ce = D (where Ccanbeland 4. B.C. D . E F #0)

It 1s dependent on the previous method mark.

Ce

15-"0.2 02: o,zz"_o 02 15 hich 4
May see 15-"0.2tre -e "=0=e =027 +1 which scores dM1

They must take out a factor of e:o.zr (or Cemr) and divide by their bracket. Condone
sign slips in their rearrangement, however, if they take logs of both sides first, the
rearrangement must be correct (with no sign slips).

Allow 1nvisible brackets to be implied by further work which 1s not the given answer.

Achieves the given answer with no errors seen including use of invisible brackets (but
condone a mussing trailing bracket) All previous marks in (b) must have been scored. The
= 0 must have been seen somewhere in their solution. Do not allow this mark to be scored
for proceeding directly from

75

0.2z
2 = = 2
e (02t+1)=15=1¢ Sln(H_5

) which 1s AQ*

02 15
We must see either e = 0274 O oran unsimplified expression for ¢
eg t= SM(m) before achieving the given answer. Condone 7 =51n : +<

(c) () Check by the question. If there is a contradiction between answers, the answer in the

main body of the script takes precedence.

M1: Attempts to use the iteration formula at least once. £ 51,1{ 8155

awrt 8.76 or awrt 8.48 or awrt 8.58. It 1s not implied by awrt 8.55

J . May be implied by

Al: awrt 8478 (on its own can score M1A1)

(c)(ii) This mark can only be scored provided in (c)(i) M1 has been scored so M0AOAL is

not a possible mark profile.
Al:  awrt 8.55 seconds (e.g. s or secs) Requires units.

If the candidate lists their iterations but does not select an answer then take the final value,

which still requires units to be stated (which in many cases 1s likely to be omitted)
Note that awrt 8.55 does not imply M1.




(Q09 9IMA0/01, June 2025)

Ql4.
@ | Uses t= 0.7 =20000= 20000 =1500+ de Ml 34
A=18500 Al 1.1b
t=2.57=12000=>12000=1500+18 500
dM1 3.1b
25 2. 21
=10500=18500e  =k= [: —<ln - =awrt 0.227]
7 =1500+18500e Al 33
C))
b " B A
®) Achieves (%V =} —kAe™ or "-0.227"x"18500" 027 Bl 11b
Substitutes 4 e_kz =¥ —15001nto [d—V =) —kde™®
de M1 3.4
"-0.227" . "-0.227"t
or "18500"e =¥ —1500 into "—0.227"x"18500"e
Rate of change in value of car 1s
av & 2.1
(? =J — k(7 —1500) or "—0.227"(V —1500) * Al
3)
© Suggests a suitable limitation of the model (see notes) B1 3.50
1
(8 marks)




Notes:

Mark (a) and (b) together

(a)
M1:

Al:
dM1:

Al:

Uses the equation of the model with ¢ = 0,7 = 20 000 = 20000 =1500+ 4e’ oe.
May be mmplied by 18500

A=18500 (18500 with no working seen scores M1A1) Ignore £ if present.
Attempts to use the equation of the model r=2.57 =12 000

=12000=1500+"18500"  and proceeds to ce =D (where CxD >0 and allow
C =1) before proceeding to find a value for k. Allow them to have a non-numerical C for
this mark.

Note it cannot be implied by their awrt £0.227 so

2.5,

12000 =1500+"18500"e " = k = 0.227 scores dMOAO as we need to see the

x2

intermediate stage ce " =D. (typically look for 18 5008 =10500= k= .. or

condone to be implied by a correct expression mvolving logarithms for their 4)
It 1s dependent on the previous method mark.

¥ -1500
n ( 18500 J

m Allow k to be exact.

awnt-0227z
V' =1500+18500e oe.eg =

(b)
: : dv i :
B1l: Differentiates to a form e kde™ where k and 4 may be their values from (a)
eg "-0227"x"18500"e **"" May just see e.g. (using an exact k) "-4191.3._"e """ or

e.g. (using k to 3sf) "—4199.5"e°*"" but do not be too concerned by over rounding

provided the intention is clear that it is their —k4
Do not be too concerned by the left hand side / poor labelling of the derivative.

: - : o (i ; av .
M1: Substitutes Ae =¥ —1500into their (? =)i kA4e™ to form an expression for ) n

terms of . May see e.g. "—0.227"x"18500"e " = "-0.227"(V —1500).
Condone recovery of a sign slip on the index on e™ — e provided it is before they

substitute 4e " = —1500 for this mark.
Using the given answer: substitutes 7 —1500 = 4 e " and shows that
—k(V —1500) = —k4e™ (may be in terms of their 4 and k)

- av . . .
Al*: Full and complete proof with sight of — oe seen somewhere in their solution and no errors

seen. Must see —k4e™ (or using their values) before proceeding to the given answer which
may be written using their numerical value for &
: . dv 3 ;
Using the given answer they must conclude that P —k(¥ —1500) which may be written
r
using their numerical value for k&




Alt (b) Separating the variables — may be in terms of their numerical value for &

Blft: Separates the variables correctly and integrates to In(V —1500) = —kf with or without +c

1
——dV = | -kdf = In(V —1500) =—kt (+c) oe
-[ (7 -1500) -[ ¢ ) o
M1: Proceeds from __In(/ —1500) =._kr+c¢ o.e. and rearranges to make 7 the subject. Condone
slips.

eg In(F—1500)=—kt +c =V -1500= 4™ = ¥ =1500+ 4e™ or ¥ =1500+e7""

(Just look for proceeding to V=... for this mark though.) May be in terms of their numerical
values for k and A4

: : dv
Al*:  Achieves ¥ =1500+ 4e™™ with no errors seen and concludes that e —k(V -1500)
f

May be 1 terms of their numerical values for £ and 4

Alt (b) Rearranging to make 7 the subject

Blft: For a correct rearrangement to 7 = —lln(w) ft on their k&
k 18500
) : . . dV 1
M1: Daifferentiates _ In(¥ —1500) to ———— and then finding — =——
¥V —1500 dr [ dr ]
ar.

Typically look for t=—lm(M)=} dr _ 1( 1

\] o.e. so they may

E \ 18500 ) dv  klw-1500
have an unsimplified version of this e g.
1 V' —1500
=_lm(MJz£=_l 18500 |_ 9V _ | 18500
k 18500 dv k| V1500 dr . B
18500 18500

May be m terms of their numerical k. Condone slips.

. . : dv ' ' .
Al*: Achieves the given answer with no errors and & seen somewhere 1n their solution




(© Note the question asks for a limitation of the model. If there is ambiguity over
whether the response is referring to the model then try putting “the model suggests”
or “the model” in front of their comment to see if this is a valid limitation.

Ignore comments which do not contradict a valid limitation.
If values are given then they must be correct and if it is the value of the car then it
must have units (£ or pounds)

B1l:  Suitable limitations in context referring to the limitation of the model which score Bl
e.g. (the model suggests) the value/price of the car will never go below £1500
e.g. (the model suggests) the rate of decrease of the value of the car 1s proportionally the
same each year
e.g. (the model suggests) after a certain period of time the car will no longer lose value
(condone this property of the model that it will tend to a limit)

e.g. (the model) only takes account of age

e.g. (the model) does not take into account damage / alteration to the car/ mileage

e.g. (the model) predicts that the car’s value will always go down

e.g. after many years the car may become worthless whereas the model does not allow for
this (valid limitation comparing the car to the model)

e.g. the value of the car may go up where as 1t only decreases according to the model

Do not accept vague/incorrect/irrelevant or non-contextual comments which score B0
e.g. after many years the car may become worthless

e.g. the value of the car may increase

e.g. damage or alterations to the car may impact the value

e.g. the car will still have value when it 1s very old (should refer to £1500)

e.g. (the model suggests) the minimum value 1s 1500 (no units for money)

e.g. (the model suggests) the (value of the) car cannot be negative

e.g. car value will fluctuate which the model will not show (a model 1s not for this purpose)
e.g. the rate of decrease 1s proportionally the same each year (no context)

(Ql1 9MAO0/01, June 2025)
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Question Scheme Marks | AOs
(a) s = :-1—1 or i=i—k,— (for k or a numerical k) Ml 33
dr r dr r
[r’d: = jikdr = (for k or a numerical &) | Ml 2
1 .
§r°=tkl {+¢} Al 1.1b
t=0,r=5and t=4,r=3 t=0,7=5 and t=240,r=3
.1 49 125 - 49 125 Ml 3.1a
gives —7° =——t+—, gives —7° =———t +——,
3 6 3 3 360 3
where 7. in mm. 1s the radius where 7. in mm_ 1s the radius
{of the nunt} and 7. in minutes. 1s | {of the mint} and £, in seconds. 15 Al 1.1b
the time from when it {the mint} | the time from when 1t {the mint} ’
was placed in the mouth was placed in the mouth
(8]
#.
(b) r=0=>0=—4—69:—%=> 0=—49r+250 =t=.. Ml 34
time = 5 nunutes 6 seconds Al 1.1b
)
(c) Suggests a suitable limitation of the model. E.g.
¢ Model does not consider how the mint 1s sucked
e Model does not consider whether the mint is bitten
e Model 1s limited for times up to 5 minutes 6 seconds. o.e.
¢ Not valid for times greater than 5 minutes 6 seconds. o.e.
* Mint may not retain the shape of a sphere (or have uniform Bl 3 5b
radius) as 1t 1s being sucked J
¢ The model indicates that the radius of the nunt is negative after
1t dissolves
e Model does not consider the temperature in the mouth
e Model does not consider rate of saliva production
¢ Mint could be swallowed before it dissolves in the mouth
(89}

(8 marks)




Notes for Question

(a)

MI: Translates the description of the model into mathematics. See scheme.

MI1: Separates the variables of their differential equation which i1s in the form i f(7) and some
attempt at integration. (e.g. attempts to integrate at least one side).
eg. j7'2 dr= [ik d? and some attempt at integration.

Condone the lack of integral signs

Note: | You can imply the M1 mark for 7*dr = —kdr = %r’ =—kt

Note: | A numerical value of k(e.g. £ ==1) 1s allowed for the first two M marks

Al: Correct integration to give §r3 = =kt with or without a constant of integration, ¢

Mi1: For a complete process of using the boundary conditions to find both their unknown constants
and finds an equation linking » and ¢
So applies either

e t=0,r=5andt=4.7=3, 0or
o =0,r=5and t=240,r=3,
on their integrated equation to find their constants & and ¢ and obtains an equation linking » and ¢

Al: Correct equation. with variables 7 and 7 fully defined including correct reference to units.
. %rs =- 4—691 + % {or an equivalent equation.} where 7. in mm_1s the radius {of the mint}
and 7, in minutes, 1s the time from when it {the nunt} was placed in the mouth
. %7‘3 =— 34_690t % {or an equivalent equation,} where . in mm_ 1s the radius {of the

munt} and 7. in seconds. 1s the time from when it {the mint} was placed in the mouth
Note: | Allow correct equations such as

250 —-49¢ 250-2
B 5B s g e D2
2 2 49

5 5 —49¢ - 5 —120:°
e 1in seconds. r=s’M i ,.3=_£,+125 o r=l>000 1207
120 120 49

Note: | 7 defined as “the time from the start™ 1s not sufficient for the final A1

e inminutes. =

(b)
MI1: Sets =0 in their part (a) equation which links 7 with 7 and rearranges to make 7=_..
Al: 5 minutes 6 seconds cao (Note: 306 seconds with no reference to 5 minutes 6 seconds 1s A0)

Note: | Give MO if their equation would solve to give a negative time or a negative time 1s found
Note: | You can mark part (a) and part (b) together

(©)
Bl: See scheme

Note: | Do not accept by itself

e mint may not dissolve at a constant rate
¢ rate of decrease of mint must be constant

250 : . .
e 0=5t< T T = 0: without any written explanation

e reference to a munt having » >35

(Q10 9MA0/02, June 2018)
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Question Scheme Marks | AOs
N=—%% =9003+7e¥) tck.120; av_Na-N)
3+7¢2 dt 1200
(a) 90 Bl1 3.4
@)
A 25¢\=2 15 .2, -025t M1 2.1
w(b)- L A 900G+ 76031y (7(~0.25)e) [ 200 N7)e” %
ay dt | (B+7e™) Al 1.1b
900(0.25)( i % -3| [
=>—-= — dM1 2.1
it (20
\ N )
N N(300-
e sl kg Y NE 10, Al* | LIb
dt 1200
)
o s zon 2 -025t ) Ml 2.1
\\Sb). 2 & 9003+ 765y (7(-0.25) ) {2000 5).(32): 3 %
ay dt | G+7e™) Al 1.1b
200 200
NG0O-N) _ I 3+7e " ," 3005 2= t dM1 2.1
1200 1200
_ 1575 oe
il (3+7e—0;'5r)3 ez
RHS = 2006006+ 7e™"5) —0900) J 1575¢° ~5 e Al* L1b
12003 + 77y} B+7e7%)
and states hence ﬂ =M (or LHS=RHS) *
dt 1200
4)
(o) Deduces N =150 (can be implied) Bl 22a
so 150 ='3—30?Dﬁ- = e-o'xr =i Ml 34
+. /e =
T=—41n(2 | or T=awrt 3.4 (months) ol
\7) Al 1.1b
4)
(d) either one of 299 or 300 Bl 34
€]

(10 marks)




Notes for Question

(b)
MIl: Attempts to differentiate using
-0.25¢
: . dv -025¢ ~025ry-2 tde
thechammruleto give — ==t de” " (3+7¢ )" of —— — =5 ©oe
e thec e to give — e (3+T7e ) or G+ 705y oe
: b g dN  (3+7e"P)0) £ 40
e t t: | 53
e quotient rule to give — G+ 7e5)
TSI - - a7 —0.25¢ —o25ry AV 7 —025¢
o implicit differentiation to give N(3+7e7~") =900 = (3 +7¢ )? + ANe =0.o0.e.
where 4=0
Note: | Condone a slip in copying (3+ 7e™"*")for the M mark
Al: A correct differentiation statement
2 S S o3 25, AV 025
Note: | Implicit differentiation gives (3 + 7e'°"5')Fr— —1.75Ne™ " =0
oS = s Gl
dM1: | Way 1: Complete attempt. by eliminating 7. to form an equation linking T and N only
o 900 : dV N(300-N)
Way 2: Complete substitution of N =———== mto —=———"7"—7—
ki : T dr 1200
900 3
Vote: : , 900 _os: 900 3 hes g Rl
Note: Way 1: e.g substitutes 3+7¢"" =_— and ™% = or substitutes e =NV into
N N 7
their dd = .. to form an equation linking —and N
I
. . N N@OO-N
Al=: Way 1: Correct algebra leading to L = i
dt 1200
Way 2: See scheme
(©
dv . o
Bl: Deduces or shows that — 1s maximised when N =150
_ 900 : . 0257
MI: Uses the model N=W with their N =150 and proceeds as faras e”  =k. k>0
+7e
or e =k k=>0_ Condone t=T
dM1: | Correct method of using loganithms to find a value for 7. Condone r=T
Al: see scheme
d°N dv[ 300 2N ) s
T A O ol ol S =0 = N =150 1s acceptable for Bl
Note: | 57 ="3| 1200 1200 ) =°= g
Note: | Ignore units for T
. 900 .
Note: | Applying 300= — = f=..0f 0=———— = t=_.1s M0 dMO0 A0
_— 347 3+7e7°
Note: | M1 dM1 can only be gained in (c) by using an N value in the range 90 < N < 300
(d)
Bl: 300 (or accept 299)




Question Scheme Marks | AOs
N2 9003+7e*) teR, r20; N _NCW_N)
3+ 779> dt 1200
(b) 1 1
2 N =
Way 3 .[N(BOO- \r)CL _[1200 = Ml 21
I Ny
300 N 300 N) 1200
Al 1.1b
—InN- 300-N)= —r +C
300" 30000~ ) i
(=0, N=90= ) c——ln( 0)——111("10) :>c=L1n[ %}
—]nN——ln(300 N)= Lnim[ 2 ‘
300 1200 300 \7/
/3) dM1 2.1
lnN—ln(BOO-N)=—t+ In| = |
4 \7 )
( 4 ) { \ *;V
IL w2 s N3
| 300-N) 4 17) " 300-N 7
TN =3e"'(300-N) = 7N +3Ne* =900e*
. o Al* 1.1b
N(7 »3e+')=90067’ = N= i : ¥, ='9—0?0’5r- y
7 +3e" 3+7e
4)
(b) —025¢ —o25; 1{ 900 ) _o2se 900-3N
“"’3_\’4 .‘\’(3—75 )=900 =e =7 7_3‘|$ [ =T Ml 21
= t=—4(In(900-3N)—-In(7N))
L |__L' Al 1.1b
dNv 900-3N TN
( ( N+300-N )
L‘L=4l 1 +_1__l=>_‘¥_=4]_‘__t§9.0_“ dM1 21
v 1300-N N/ dav | NG300-N) )
dt ( 1200 dv N300
‘ e 1 = — A2} 4 Al* 1.1b
av | NGoo-N) ) dt 1200
4)
Notes for Question Continued
(b)
Way 3
Mi: Separates the variables, an attempt to form and apply partial fractions and integrates to give
In terms = it {+c}. k=0, with or without a constant of integration ¢
Al: —h N- —111(300 N)= Lt {+c} or equivalent with or without a constant of integration ¢
300 300 1200
dM1 Uses t=0. N =90 to find their constant of integration and obtains an expression of the form
A6 =f(N): 2#0 or ie ¥ =f(N): 10
Al* Correct manipulation leading to N = —3%—% *
+4e
(b)
Way 4
Mi: Valid attempt to make 7 the subject, followed by an attempt to find two In derivatives.
condoning sign errors and constant errors.
dt -3 7
Al: E=—4.m_ T | or equivalent
dM]1: | Forms a common denominator to combine their fractions
Al*: Correct algebra leading to o = NOO=H .
dt 1200




(Q14 9MA0/02, June 2018)

Ql7.
Question Scheme Marks | AOs
C:y=xlnx; /is anormal to Cat P(e, )
Letx, be the x-coordinate of where / cuts the x-axis
, \ 2
d+‘=lnx+x[ll {=1+Inx} L 21
dx X Al 1.1b
x=e.,mr=2= my =—% = y-e= -%(x—e)
- - M1 3.1a
1
y=0=>-e= -;(x-e) Dx=..
I meets x-axis at x=3e (allow x=2e+elne) Al 1.1b
{Areas:} either [ xlnxdy = [ ]: =.. or %((their x4) —e)e Ml 2.1
vl VA
[ PR S IE PR & Y E S T
..,[J‘_x]n,xdx s Inx J‘ﬂ?l {dx] Ml 2.1
‘l"_] o 1, ll 1, 5 dM1 1.1b
[__Q'X Inx 211d1,’l- = 21 Inx 41 Al L1b
£ e 1 .
Area(R)=| xlnxdx = .. | = .. ; Area(R,) =—((their x,) —e)e
®)- | [T (R)=(Cheirx) = | |
and so, Area(R) = Area(R) + Area(R,) {=1e’ +1+e’}
Area(R)=4e’+ 1 Al 1.1b
(10)




Notes for Question
Mi1: Differentiates by using the product rule to give Inx + x(their g'(x)), where g(x)= Inx

Al: Correct differentiation of ¥ =XInX, which can be un-simplified or simplified

M1: Complete strategy to find the x coordinate where their normal to C at P(e. €) meets the x-axis
1e Sets y=0m y—e=my(x—e)to find x=...

Nate: | My 1s found by using calculus and my, =7y

Al: [ meets x-axis at x = 3e, allowing un-simplified values for x such as x=2e ~elne

Note: | Allow x=awrt 8.15
MI1: Scored for erther

e
s Areaunder curve =I xhnhxdy = [ ]]e = _...with limts of e and 1 and some attempt to
1
substitute these and subtract
; 1 : z 4
e or Area under line = ;((theu x,) —e)e. with a valid attempt to find X,

Mi1: Integration by parts the correct way around to give 4x” Inx —J.B: X l{dr}; A=0.B>0
)

dM]1: | dependent on the previous M mark
Integrates the second term to give +7x° A=0
Al: b T

2 4

Mil: Complete strategy of finding the area of R by finding the sum of two key areas. See scheme.
Al: | §€+}

Note: | Area(R,) can also be found by integrating the line / between limits of e and their x,

. A TR T O o
e i
e - -

Note: | Calculator approach with no algebra, differentiation or integrafion seen:
o Finding / cuts through the x-axis at awrt 8.15 15 22 M1 2% A1
¢ Finding area between curve and the x-axis between x=1 and x=e
to give awrt 2.10 is 3° M1
e Using the above information (must be seen) to apply
Area(R) =2.0972...+ 7.3890... = 9.4862... is final M1

Therefore, a maximum of 4 marks out of the 10 available.

(QI13 9MAO0/02, June 2018)
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Question Scheme Marks | AOs
1+11x-6x" _ B, C
(x-3)1-2x) = (x-3) (1-2%)
(a) 1+11x—6x" = A(1-2x)(x-3)+B(1-2x)+C(x-3)=>B=.. . C=... M1 2.1
Way 1 A=3 B1 1.1b
Uses substitution or compares terms to find either B=_.. or C'=... M1 1.1b
B =4 and C=-2 which have been found using a correct identity Al 1.1b
)
(a) o 1+11x-6x" _ . _—10x+10
Way 2 {long division gives} o0 T = = 3 T 00
-10x+10= B(1-2x)+C(x-3) = B=..,C=... M1 21
A=3 B1 1.1b
Uses substitution or compares terms to find either B=_.. or C'=_. M1 1.1b
B =4 and C=-2 which have been found using Al L1b
-10x+10= B(1-2x)+C(x-3) )
@)
(b) f(.r)=3+L— 2 {=3+4(x-3)"-201-2x)"}: x=>3
(x-3) (1-2x)
) 2 [ 4 ) M1 2.1
F() = ~4x-37-40-297 1= -+ _4 |
| (=37 (-2 Alft 1.1b
Correct f'(x) and as (x-3)" >0 and (1-2x)* >0.
] : ) . Al 24
then f'(x) = —(+ ve) — (+ ve) <0 so f(x) is a decreasing function
3
(7 marks)
Notes for Question
(@)
Mi1: Way 1: Uses a correct identity 1+11x—6x" = A(1-2x)(x=3)+ B(1-2x)+ C(x-3) ina
complete method to find values for B and C. Note: Allow one slip in copying 1+11x— 6x°
Way 2: Uses a correct identity —10x+10= B(1-2x)+C(x-3) (which has been found from
long division) in a complete method to find values for B and C
Bl: A=3
Mi1: Attempts to find the value of either B or C from their identity
This can be achieved by either substituting values mto their identity or by comparing coefficients
and solving the resulting equations simultaneously
Al: See scheme
- Way 1: Comparing terms:
Note: | 2. _6=-24: x: 11=74-2B+C: constant: 1=—-34+B-3C
Way 1: Substituting: x=3: -20=-5B= B=4: x=%: 5 =—§C =C=-2
Note: | Way 2: Comparing terms: X: —10=-2B+C; constant: 10=8-3C
Way 2: Substituting: x=3: -20=-5B= B=4: x=—:—: 5=——%C > C=-2
Note: | A=3,B=4,C=-2 from no working scores MIBIM1A1
Note: | The final Al mark is effectively dependent upon both M marks




Notes for Question Continued

(a) ctd

Note: | Writing 141lx-6x' = B(1-2x)+C(x-3) = B=4. C=-2will get 19 MO, 2% M1, 1% A0

Note: | Way 1: You can imply a correct identity 1+11x—6x" = A(1-2x)(x=3)+ B(1-2x)+ C(x-3)
T 1+11x—6x _ Al=2x)(x=3)+B(1-2x)+ C(x~3)

T (x=3)(1-2x) (x=3)(1-2x)

Note: | Way 2: You can imply a correct identity —10x+10= B(1-2x)+C(x-3)

~10x+10 _ BQ-2x)+C(x-3)

from seeing =
(x=3)(1-2x) (x-3)(1-2x)

(b)
MI1: Differentiates to give {f'(x)=} = Ax=3)2u1-2x)" A u=0

Alft: f'(x)= —4(x—- 3)': —4(1- Zx)"\' . which can be simplified or un-simplified

Nate: | Allow Alft for f'(x) = —(their B)(x—3)~ +(2)(their C)(1-2x); (their B), (their C) =0

’ 2 -3 4 4
: £(x) = —4(x-3)" -4(1-20)" or f'(x)= - -
Al: ™) x=3)"-4(1-2x)" or f'(x) e e

eg f'(x)=—(+ve) - (+ ve) < 0, so f(x) is a decreasing {function}

and a correct explanation

Note: | The final A mark can be scored in part (b) from an incorrect 4=... or from .4 =0 or no value of
A found in part (a)

Notes for Question Continued - Alternatives

(@)

Note: | Be aware of the following alternative solutions. by initially dividing by "(x=3)"or "(1-2x)"
1+1lx-6x _ —6x-7 20 O D
"(x=3)"1-2x)  (1-2%) (x-3)A-2% = (1-2%) (x-3)(1-2%)

20 D E 3 ;
= 4+ = 20=D(1-2x)+E(x-3) > D=-4 E=-8
(x=-3)1-2x) (x-3) (1-2%)
g A0 o= s B ol B 2 ooyl BeliB=0
1-2x) (x-3) (1-2x%)) (x-3) (1-2%)
1+11x—6x? 3x—4 5 _ 5 5
® = + =3+ +
x-3)"0-2x)" (x-3) (x-3)1-2x) (x-3) (x-3)1-2x)
3 a2 L E L D99 iEE-3 = D= E=d
(x=3)1-2x) (x-3) (1-2x
wypod gl e Pl g 8 op 3 g e g
(x=3) (x-3) (1-2x)/ (x-3) (1-2x)
(b)

Alternative Method 1:

£(x) = 1+11x—6x Pr—— l+111x—6x2 : [u=1+11x-6x v=_h_;+7x_3~-[»
(x-3)1-2x) -2x"+7x-3 |_u'=11—l2x Vi=—4x+7 ]
26 + Tx =31 -12) ~ (1 + 11x = 6x°)(~4x + 7 e | a1
i = E2 3 "7“5‘)‘7( +3 L to find £'(%) |
GEFD) Correct differentiation | Al
. -20((x-1)* +1
f'ix)= (E\—)? and a correct explanation.
(=2x"+7x-3)
Al
eg f'(x)= —% < 0. so f(x) is a decreasing {function}
+ve

Alternative Method 2:

Allow M1A1A1 for the following solution:
4 2 5, 4 2
x-3) (@-2v) = (x-3) (@x-1)
% decreases when x>3 and 2 decreases when x>3
(x-3) (2x-1)
then f(X) is a decreasing {function}

Given f(x) =3+

as




Qlo9.
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(@ Y 045 or d_V=+o E)4 M1 3.1b
dt dr
‘g; 045->7
& 10 Al* | 21
20— =9-6V*
dt
(2)
1 dr 1 1 1
(®) eg ey e T gpre | gy Bl 1.1b
9-6V dt 20 9—6V 20
1
—...In|9-6V] M1 1.1b
9—-6V
1 t
——1n|9-6V|=— (+c) Al 1.1b
20
. f
—1n|9 6V|-—0+c —lln|9—6V|=—+C
6 20
3 : dM1 | 3.1a
9—-6F =4de 1 r=0,V=0.25:>c=(——1n7.5]
t=0,V=025=A4=(7.5) 6
1 1 t
—In75-—In|9-6V|=—
3t 6 6 20
9—6V =7.5e 1 7.5
. ey - Al 2.1
g PR Pt —0.3r
A 9—6V =75
2 4 y
V_E_Ee—o.:x
2 4




Notes

(@)

Al*:

Marks for part (a) may not be scored in part (b)

Either L 0.45 or v =x03Voe. eg. L or o -*_-iV seen or implied by
dr dr dr 10

20 dr
14 ; A 2 3 : :
eg. o =045- % V' (but not implied by just stating the given answer). Condone use of V'

dr
. dV av
It may be seen as part of their el eg. o 0.45+V +0.3V scores M1AO*

Condone e.g. change in volume = (inflow — outflow =) 0.45 — 0.3V for this mark.
dv

Achieves 20 d—V =9 -6V with no errors, following d—V =045 S V oe. (including the —
dr dr 10 dr

or ¥ but note that it must be %/ in the final line and not ¥ ).

; dv
change in volume =0.45 - 0.3V — 20? =9—6V scores M1AO*.

Ignore any units used in their working for both marks.

(b)
B1:

Al:

dM1:

1
9—-6V
The integral symbol and/or d¥ and/or df may be implied if they go on to integrate both sides
to the correct form ...lnla (9-6V )| =..t (+c) with or without the modulus brackets.

: 1 20
Separates the variables correctly, e.g j dv = -Z—Odt or deV =I {1}dr oe.

Attempts to integrate the reciprocal term > ’B6V > .1n|9—6V| or - ...1n|a(6V —9)| for

: 20
some constant £ (and o 1f used). Condone e.g. T —...In9-6V or > .. .In6V-9

Correct integration for both sides. They do not need the + ¢ for this mark.
Note scoring this mark implies the earlier B1 (unless it 1s a verification attempt — see SC).

Note thate.g. —%ln|3—2V| =7L0 (+c) or —?ln|2V—3| =t (+c) are also correct.

—lln(9—6V) i (+¢) is also correct.
6 20

Condone log being used in place of In.

Requires constant of integration now. Substitutes (or states) r=0 and = 0.25 and finds a
value for ¢, which may be “4” = e° if they rearrange first to eliminate In terms.

Dependent on the previous method mark.

Do not be concerned about their processing to find ¢ or “4™ = e° and does not need to be exact.




_ 4 3 5§ -3% .
Al:  Achieves the required forme.g ¥V = — Ze 1% with no errors and clear working.
- 6

Allow equivalent fractions or decimals e.g. ¥V =1.5-1.25e ®
SC: Attempts by verification may score maximum BOMI1AIdMI1AO — see below.
Alt:  Use of an integrating factor — see below.
(b) Special Case: Attempts by verification may score maximum BOMI1A1dM1A0
BO:  This mark may not be scored via this approach.

. . dv . .

M1: Differentiates ¥ = P—Qe™™ to the form - ae " where «is a constant (note it should be

dv e 5 ; gy : dv

T Oke™" ) and substitutes both this and ¥ = P—-Qe™ mto 20? =9-6V and deduces

a value for P or k by comparing coefficients.
Al:  Correct values for both P and £.
dM1: Substitutes (or states) =0 and V= 0.25 and finds a value for Q.

Requires a value for P to have been found using the above approach.
A0:  This mark may not be scored via this approach.

Alternative: Using Integrating Factor (Further Maths)
Bl:  Deduces the correct integrating factor for the equation, ®*

; dv :
This should come from d—+ 03V=045=1F = e'[ B
t
. . : d (Ve0.3f )

May be implied by sight of g
Ml1: Fully multiplies through by their integrating factor and integrates both sides.

Score for Ve" = f _.e"dr=_e" Condone missing dr

' ' 3 3

Al:  Correct integration V"™ = IO.4Se°"'dt = ;eo‘s' (+¢)
dM1: Asmain scheme.

Al:

As main scheme.




Q20.

(c) | Examples:
dv :
(1) & =0=V=(1.5) (ore.g. max Vis 1.5)
Q) Ast—o, e " 50 (or V— “1.57)
(3) Flow in=flow outat max Vso 03V =045=V =15
4) As e7 ™" >0, ¥ <"1.5"
dv
dv o :
©V=2= i —0.15 or compares (=0.6) against
dv,
— (=0.45) at V=2
(7) V=2=3"1.5"-"125"" """ =23 """ <0
(8) "1.5"-"1.25"e" " = 2 = In(-0.4) is undefined (condone eg.
gives a maths error)
e The (upper) limit for ¥is 1.5 (m®) so no (the container will
not become full) (first 4 bullets)
e If V=2 (or V> 1.5), 1t would be emptying so no (it can never Alf 54
be full) (bullets 5, 6) -
¢ No, as the equation cannot be solved (or 1s not true/doesn’t
work) when V=2 (bullets 7. 8)
)
(9 marks)
Notes
(©
M1: See main scheme. If using the answer to part (b) 1t must be of the form ¥ = P—Qe™ but there
15 no limitation on the values of their P, Q or k.
Substitution of a large value for 7 may score this mark but it 1s unlikely to be recovered to
score the A1 unless they reference e.g. Vimax being “1.5”.
Reference to an (upper) limit of ““1.5” or their P can imply the method mark.
If setting 7= 2 1n their equation they must reach either In(—ve) or solve the equation to reach
a value for 7 to score this mark.
Alft: Must conclude “no” or equivalent e.g. “the container will not become full”.

Makes a correct interpretation for their method (see bullets 1-8) with a clear conclusion e.g.
C‘no
To score this mark through ft, their ¥ must be of the form ¥ = P—Qe™ with k>0, 0> 0

and 0 < P < 2 if used (but note that they can still use the answer to part (a) to score both marks
via bullets 1, 3, 5 or 6). Allow “1t” mn place of the “container”/“tank™.

Just stating “the equation cannot be solved when V= 2" without any evidence 1s MOAO.

There must be no incorrect working if solving their equation or contradictory statements such
as "r cannot be negative" but condone notational errors provided the intention 1s clear.

2

(Q10 9MA0/02, June 2025)



Question Scheme Marks | AOs
a2 2 3
(a) States or uses 6= 77"l + 3 ar Bl I.1a
D 2 . 2
= h= 6, —=r. Ih:i—lm'. ffrh:é—_:,-‘n"‘ 7h—i——r
a3 3 r 3 ar 3
A= +21rh+ 21 {= A=31r" + 2rh}
( 2 \ " Ml 3 la
A=21" | - ar
\arr 3 ) Al 1.1b
5 2 2 2 5
A=3mr" —I——ﬂr = A=1—'+§,’1’r' * Al* 21
r 3 r 3
‘ . 4)
(b) la=127 1 2t M 2 10, Ml 34
| 3 | ar Al 1.1b
[ | 12,10 - ,_I" 18]
[ d)__0 ﬁ" 2 +3 r=0= -36+107" = 0=~ 1537 J M1 1
r=1.046447736...=r=1.05(m) (3 sf) or awrt 1.05 (m) Al 1.1b
Note: Give final Al for correct exact values for » 4)
5 3
= +—7(1.046..)" Ml 34
{4, =1720.. :} A=17 (nf) or A=awrt 17 (m°) Alft 1.1b
(2)
(10 marks)
Notes for Question
(a)
Bl: See scheme
Ml Complete process of substituting their A=_._ or th=... or 7rh=_.. or rh=_._where ' "=f(»)
into an expression for the surface area which is of the form A4=2m" + wmrh: A, u=0
Al: Obtains correct simplified or un-simplified {4=} 2777 + 277 ——; l + 7r?
\ 7r?
: 12 5 2
Al=*: Proceeds. using rigorous and careful reasoning. to 4 =—+ —

r

Note: Condone the lack of 4=_.. or § =... for any one of the A marks or for both of the A marks

(b)
Mil: Uses the model (or their model) and differentiates i + ur togive ar >+ fr: A a. f=0
z
|dd , 10
Al: I—=; -12r7 +—ar oe
L i S
. d4 : +3 _ = e 5
MI: Sets their o 0 and rearranges to give 7 =k. k=0 (Note: k can be positive or negative)
Nate: This mark can be implied.
1 1 1
Give M1 (and A1) for —36+1077° =0 — r =( ) - ﬁ}’
Al: = awrt 1.05 (1gnonng umits) or = awrt 105 cm
Note: Give MO A0 MO A0 where 7= 1.05 (m) (3 sf) or awrt 1.05 (m) 1s found from no working.
1 1 1
Note: Give final Al for correct exact values for». Eg. » =:¥ :— " or » =£ % i 7 =: 35y
\ 57 T T




>
Note: Give final MO AQ for —1—: +?,7‘r >0 = r>1.0464
2

2
Note: Give final M1 Al for —1.—;+%,7r >0 =r>1.0464... = r=1.0464...

7

(©)
MI1: Substitutes their  =1.046..._ found from solving %: 0 1n part (b). into the model
. . 12 5 _,
with equation 4=— + gm--
-

5

Py

- . . . . . d°4 .
Note: Give MO for substituting their » which has been found from solving ) =0 or from using )

2 )
into the model with equation 4= 12 + E,Tr'
»

Alft: {A=}17 or {A=}awrt17 (ignoring units)
Note: You can only follow through on values of 7 for 0.6 = their » =1.3 (and where their » has been

found from solving %: 0 1n part (b))

A
" - (nearest integer)
0.6 2188495 . awrt 22
0.7 19.70849. .. awrt 20
0.8 18.35103. . awrt 18
0.9 17.57448... awrt 18
1.0 17.23598. .. awrt 17
1.1 17.24463. . awrt 17
12 17.53982. .. awrt 18
13 18.07958. . awrt 18
1.05 17.20124. .. awrt 17
1.04644 .. 17.20105. .. awrt 17

Note: | Give M1 Al for 4=17 (m®) or 4A=awrt 17 (m”) from no working

(QI13 9MAO0/02, June 2019)
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(@) 5000500087 = . M1 34
1007 Al 1.1b
(2)
(®) 5000 —5000e”"*"" =3000 — 5000e”**"" = 2000 Ml | 11b
1 2000
=T= . dM1 1.1b
-0.075 5000
=T=1222 Al 1.1b
3
C dN . Sx
© (?=J ~5000x—0.075e™""" = . M1 34
299 (car sales per month) Al 1.1b
2
(@) Change the constant 5000 to 6500. B1 3.5¢
1
(8 marks)
Notes
(@
M1: Substitutes f = 3 into the given model and proceeds to a value.
Implied by awrt 1007, 1008 or 1010
Condone copying slips e.g. —0.75 or —0.0075 1 place of —0.075 or 500 in place of 5000 — in
such cases you may need to check their calculation 1if the substitution isn’t shown.
Al: 1007 but allow 1008 or 1010 (3sf). Must be a whole number.
Correct answer only scores both marks. A0 fore.g. 1007 4
Do not ISW if they go on to sum their values of N from r=1 to 3
(b)
M1:  Sets 5000-5000e"" equal to 3000 and proceeds to either 4" =B or e =k
where A4, B, k are constants with no restrictions for this mark.
May use ¢ instead of 7. Condone slips.
Condone copying slips e.g. —0.75 or —0.0075 n place of -0.075 or 500 in place of 5000.
dM1: Uses the correct order of operations and correct log work from an equation of the form
AT = B with AB > 0 or e =k with k> 0 to proceed to a value for T or # which may
be a numerical expression.
= In{4
eg Ae®™" =B = In4-0075T=InB = T = il o ( B)
0.075 0.075
Condone log being used in place of In unless there 1s clear evidence that they have used an
mconsistent base.
$ 2
May not be scored if “recovered” frome g e = -
Condone copying slips e.g. —0.75 or —0.0075 1n place of —0.075 or 500 in place of 5000.
2
Al:  12.22 cao but must see a correct equation following use of logs, e.g., —0.075T = ln—-:: or
o= 5 1)75 x—0.916 which may have intermediate rounding. Ignore any units given.
This mark 1s available following the occasional slip in writing —0.075 as —0.75 or —0.0075
provided 1t 1s not consistently used.




©

M1: Differentiates once to the form e ., A aconstant (even £5000), and substitutes in 7 =3
Award for an expression of the form ke™“ with constant  if no incorrect working is seen.
The substitution of 7 = 3 may be implied by a correct value for their derivative of the required
form, provided the derivative is seen. Do not be concerned with what they call their derivative.

Al:  awrt 299 (car sales per month). Answer only scores no marks. Condone 300 following 299 .4
Requires a correct derivative to be seen, e.g.. 375¢™°" o.e_, with or without the substitution
of t =3 present.
Units may be omutted, but score A0 if an incorrect time frame 1s given e g cars per week

-0.075z

(d)

B1l:  Acceptable refinement. Some examples:
Change the 5000 to 6500 (condone ambiguity about which 5000)
Change the first 5000 to 6500
Change both 5000s to 6500s

e Multiply the model by 1.3 (ore.g. % or %)

Add 1500 to the model
Change the constant to 6500

The statement of an acceptable refined model e.g. (N =) 650065007
oreg (N=) 6500-5000e"" scores B1.
Ignore any extra unnecessary refinements such as increase/decrease the 0.075.

The following score BO:
Change 5000 1n the model (not specific enough — they haven’t said to 6500)
Change the second 5000 to 6500 (incorrect)

(Q09 9IMA0/02, June 2025)
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Question Scheme Marks AOs
(a) N A , M1 3.1a
3(x+;-r]1+%]=6x—3%‘ Al | 11b
L § Al | L1b
‘3{x+_}-{)2+3)g=6x—3(x+yj2:£=... ML | 21
dx dx
dyv 6x-3(x+y )2 “ 2x—(x+y )2
—=— 5 oeeg — 5 Al 1.1b
dr  3(x+y) +3 (x+y) +1
(5)
Alternative — expands (x+y "s before differentiating
(x+y P =x+ 3x'y+30° +y°
M1 3.1a
= 3x? +3x° ‘1" +6xy+6xy d“" +332 +3)7 d-‘_ =6x-3 d-“’ Al | 11b
dx dx dx dx Al 11b
 a 2 dy ) S %
(3x* +6xy+3y" +3)=—=6x—-3x" —6xy—-3y = —=__. M1 21
dx dx
o) 2 \ d" ) )
(3x"+6xy+3y" +3 )g =6x—3x" —6xy—3y"
dy _6x-3x"-6xy-3)°( . 2x-x"-2xy-)" | Al 1 LIb
de 3 +6p+3y"+3 1 T X +2xp+yt+1 )
(a) Notes

(@)

MI1:

Al:

Al:

. ) . dy . . : . .
Some candidates have a spurious l'T =" appearing as their intention to differentiate e.g.
X

['ﬁ =xl3|'x+y)2‘f 1+ "|=6x—3i’-1
L dx ) \ dx ) dx

This can be condoned for the first 3 marks in both versions.
. . dy ,
Allow equivalent notation for the E— eg. y
X
Award this mark for one of:

(x+y )3 —>k(x+y ):{ A+ i—‘ l where £ 1s 1. x or 0 but condone missing brackets e.g.
\ x ]

3(xey)1e

dx

) d't»' 3 dv
3x" —3y—2— _.x+..— butcondone 3x" —-3y—-2—> _x+.—=2
dx dx

] af . dy) dy
Either 3(x+y) | 1+— I or 6x—3— oe
" dx) dx
May be implied if e.g. they collect terms to one side initially.
Do not condone missing brackets unless they are implied by subsequent work.

2 dy | dy
3(x+y) [14 2 1 and 6x-3=2 (seen separately or equated)
L dx) dx

If they collect terms to one side initially then the signs must be correct.




A valid attempt to make d_‘ the subject with exactly 2 different terms in = one coming

from the differentiation of (x+ y )3 and the other coming from the differentiation of

3y
Note that here. 2 different terms means terms such as 3% and 3(x+ y)1 % and not
X
eg 3 s and —8g
dx dx
Look for (...=... l%=:% =... which may be implied by their working.

Condone slips provided the intention 1s clear.

; : dy 3 s 3
For those candidates who had a spurious d._‘ =...at the start. they may incorporate this in

; : : : . dy
their rearrangement in which case they will have 3 terms in &l and so score MO.
If they 1gnore it. then this mark is available for the condition as described above.

Note that from 3(x+y )Zi 1+

N i . dy .
rearranging. in which case they would need 4 different 2 terms coming from the

appropriate places.

- dy s
Note that the different —terms do not have to be correct as long as the above conditions

are satisfied.

d dy

X dx

X
X

‘g =6x —33{ . candidates may expand the brackets before
X )

X

dx

Al:

MI1:

Al:

MI1:

Fully correct expression for ﬂ‘_ Allow any equivalent correct forms.
dx

Apply 1sw as soon as a correct expression is seen.

(a) alternative by expanding:

Award this mark for one of:

dv

&y
3x7 - 3y—2— . x+..— but condone 3x -3y-2—>. . x+..—-2

dx dx
Expanding (x+y )’ to obtain either an x“'y term or an .xyz term and then uses the product

. 2 2 dy 2 dy 2

ruletoobtamm . x°y > . . x"—+._.xy or Xy > . xy—+__y
dx dx

2 2 »dy dy 5 2 dy dy

Either 3x° +3x> =+ 6xy+ 6xy 2 3y +3y° 2 oren-32;

dx dx dx dx

May be implied if e g. they collect terms to one side initially.
2 L dy dy a5 ~ dy dyv
3x™ +3x7 LS 6xy +6xy & +3y"+3y° = and 6x-3 < oe. (seen separately or
dx dx dx dx

equated) If they collect terms to one side initially then the signs must be correct.

A valid attempt to make & the subject with exactly 4 different terms in i‘_ 3 coming

dx dr

from the differentiation of (x+y )3 and the other coming from the differentiation of
=3y~

Note that here. 4 different terms means terms such as x° -Z—E and 61;1'-3—;: and note.g.




3 Y and -8 dy
dx dx
dy dy . _— e . .
)d— =.= a =_.. which may be implied by their working.
x

Condone slips provided the intention is clear.

Look for (..=..=_.

I

: s dy : £ g
For those candidates who had a spurious d._ =...at the start. they may incorporate this in
X

their rearrangement in which case they will have 5 terms in ?h—‘and so score MO.

If they 1gnore it. then this mark is available for the condition as described above.

Note that the different —ql terms do not have to be correct as long as the above conditions
&

are satisfied. E.g_ if they have an incorrect term such as 6x% . this mark 1s still available.

Al: Fully correct expression for d_‘ Allow any equivalent correct forms.
dx

Condone e.g. 3x2y for 6xy.
Apply 1sw as soon as a correct expression is seen.

Alternative making y the subject in (a):
(x+y )3 =3x*-3y-2

1 1
x+y=(3x*-3y-2f) = v={3x2 -3y-2)-x

dy
= =_(3x-3y—2) 3
= ( )

61 3—11

l.ul (]
mlu

dy
l+(3x —-3y-2)3 |=2x(3x"-3y-2)
ax|

dr

1+(3x'—3y—2) 3

Scare as follows:

M1: Cube roots both sides and makes x + y or y the subject then award for

1
o (3x°-3y-2)P > _(3x’-3y-2) 3 or

o 3x'-3y-2—_ x+. i but condone 3x* —3y— 7—)...x+...3}-,—2
dx dx
Al: Forthe %{3)(2—3_}'— )_ or 6x— 3d—‘
dx

Al: Fully correct

MI1: A valid attempt to make g-‘- the subject with exactly 2 different terms in g-‘;
X

Al: Correct expression

Using partial derivatives in (a):




(x-:-y)3 =3y’ —3_v—2—)f(x,y)=(x+_1-')3 —3x?+3y+2
of 2 of 2
i—:3(x+__vf—6x -(:~:3(x+y) +3
Ox ay

-

dy __of of 6x—3(x+y)

dx cx oy = 3(x+y)2+3
or
(x+y ]3 =x +3x2y+3xy2 +3y =3x*-3y-2

flx.y)=x+3x2y+30? +3y° -3x2 +3y+2

; ; £, ,
=36 +3 —6x = =32 +6xy+3y° +3
&y

dy of of -3x'—6xy—3y°+6x
dc & &y 3T +6xy+3y°+3

Score as follows:
M1: Correct structure for either partial denvative:

- {}f 2 (1“ 2
Doesn’'texpand: —=..(x+y) +.x or —=..(x+y) +..
X oy
or
af 2 2 éf 9 2
Expands: —=_x +.xp+.y +.x of —=_X"+.Xy+..) +..
ox cy
Where “..." are non-zero constants
of of
Al: Correct — or correct —
Ox oy
of of
Al: Correct — and correct —
ax cy
dy cf of
MI1: Attempts o =———
dx ¢ox oy

Al: Correct expression




(b)

dx 3{0+1j2 +3 2

. gdy 6(1)-3(1)° —6(1)(0)-3(0)" 1
reg. —= - 5 = —
de  3(1)°+6(1)(0)+3(0)+3 2 M | 21
=y-0=-2(x-1)
ar
S y=-2x+c=>0="24+c=>c=...
yp=-2x+2% Al* 1.1b
(2)
(b) Notes

(®)

Mi1:

2 : 1 2 :
Note that the gradient of — could have been deduced from the given eguation so vou

will need to check their solution carefully.

Substitutes x = 1 and y = 0 into their -~ to obtain the tangent gradient and then uses the

negative reciprocal and x =1 and y = 0 1n a correct straight line method to obtain the

dy

dx

normal equation with x = 1 and y = 0 correctly placed.

Note that when finding the normal gradient. they may find the negative reciprocal of their

expression from part (a) and then substitute x = 1 and y = 0 which 1s fine.
If using y = mx + ¢ they must proceed as far as finding a value for c.

If no substitution of x=1and y =0 1into their 4 1s seen you will need to check their
value. If they just state a value for =L then 1t must follow their % withx=land y =0

Correct equation with no errors following a correct 4 from part (a) (unless they start
d

dx

dy

X

again which is unlikely)

Be aware that some incorrect expressions for 3_‘ from part (a) may fortuitously give

dy 1

X

— — — and would generally score A0

de 2

In general A1* must follow the final Al in (a) or correct differentiation 1n (a)

(©

y=-2x+2=(x—2x+2) =3x" —3(2x+2)-2
Sy Bl 0'_]’3 - Ml | LIb
x*-3x" +18x-16=0
or Al 1.1b
' +60y=0
= (x—1)(x*—-2x+16)=0
(x =1 1s known)
or dM1 2.1
=5 _v(_\-'2 t 60) =0
(» =0 1s known)
For X’ —2x+16=0, b*-4ac=4-4x1x16
or ddM1 21
For y? +60=0. y* » —60
As b* 4ac < 0oras v? # —60 there are no other real roots and so Wy 24
the normal does not meet C again.
5




(c) Notes

(©
i j Pty S
MI1: Uses the equation from part (a) and substitutes y=42x+2 or x= > — to obtain an

equation in one variable (usually x) (not necessanly a cubic equation). Allow slips in
rearranging to obtain x 1n terms of y (or ¥ 1n terms of x) as long as the intention 1s clear.
Al: Correct cubic equation with terms collected and “= 07 seen or implied.

Note that both —x° + 3x* —18x+16 =0 and —y3 — 60y = 0 are correct equations.

To access any of the following marks, candidates must attempt to use either the factor of
(x — 1) with their cubic in x or the factor of y in their cubic in y to obtain a quadratic
expression in x or y.

Attempts that just use a calculator to solve the cubic equation
score no more marks in this part.

dM1: Uses the fact that (x — 1) or y 1s a factor in an attempt to establish the quadratic factor.
For the cubic in x. it must be of the form ax° +bx’* +cx+d =0 a.b.c.d =0

For the cubic in y. 1t must be of the form (Iy3 +by=0 a.b=0

For the cubic in x, the attempt at the quadratic factor using (x — 1) may be via inspection
or e.g. long division to obtain a 3 term quadratic expression. There may or may not be a
remainder but they must obtain 3 terms.

For the cubic in y. they would need to take out a factor of y (or divide through by y) to
obtain a factor of the form k(y* + )

ddM1: This mark requires:
® acorrect cubic equationin x or y

¢ the correct quadratic factor or a multiple of ite.g. £ (.x'2 =2x+ 16) or k ( V' + 60)

* an attempt to show that the quadratic factor has no real roots

For the guadratic in x this could be:

Attempts discriminant: e.g. »° — 4ac =4 - 4x1x16 (may be embedded in the quadratic formula)

Attempts to complete the square: e.g. x° —2x+16=(x-1 )2 -1+16

d(x* —2x+16)
Uses calculus to find the turning point: e.g. d— =2x—2=02x=1=P=-:
X
2E4/4-4x16

Attempts to solve: eg. x°—2x+16=0=x= or from a calculator x =1+4/151

2

For the guadratic in y this is likelv to be:
Attempts to solve: e.g. y3 +60=0=> y: =—60= .

Al:  Fully correct argument that requires:
e fully correct work
® ajustification depending on their strategy
¢ aconclusion depending on their strategy




Via discriminant: 4—4x1x16 <0 so no real roots so they do not meet again

Via completing the square: —(x—1 }2 +15 which has a minimum value of 15 so no real

roots so they do not meet again.
Via calculus: x=1= y =15 1s the mmimum so no real roots so they do not meet again.

Via solving: x =1+4/15i ore.g. x=1+387iore.g. x=1%+/-15 so math error so they
do not meet again.
For y it 1s likely to be more straightforward e.g. y* = —60 which cannot be solved so

they do not meet again.
Allow equivalent statements for “they do not meet again™ e.g. so they only meet once.

(But do not condone incorrect statements such as “therefore P does not meet C again™)

A minimum justification could be:

¥ —2x+16=0—b>—4ac =(—-2)’ —4x1x16 ddM1

4-4x1x16 <0 so no more roots so no more intersections Al

Do not allow e.g.
“x? =2x+16=0 gives a math error so they do not meet again”

as there has been no attempt to show why the “math error” occurs — this scores MOAO

Alternative to (c) by showing the cubic is strictly increasing (or decreasing):
MI1Al: Asinthe main scheme then

f(x)=x"—3x"+18x-16=f"(x)=3x"—6x+18
3x? —6x+18=3(x*—2x+6)=3(x—1)" +15

3(x—1 )2 +15 >0 so f(x) 1s an increasing function

Hence there can only be one intersection (at x = 1) so the normal and curve do not intersect again.

dM]1: Differentiates their cubic of the form ax’ +bx’ +cx+d =0 a,b,c,d =0 to obtain a 3

term quadratic expression with only coefficient errors on the non-constant terms.
ddM1: This mark requires:
® a correct cubic equation in x
¢ the correct dentvative or a multiple of 1t
® an attempt to show that the quadratic expression is always positive (or negative)
Al: Fully correct concluding argument e.g. that as the derivative 1s always positive (or
always negative) the function is strictly increasing (or decreasing) and therefore there can
only be one intersection (at x = 1) so the normal and curve do not meet again.

(12 marks)

(Q15 9MAO0/02, June 2024)
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Question Scheme Marks AOs
@ ¥ = .x and 3)° = 1%:- M1 1.1b
S L 4 Bl 1.1b

7 dx

2 A dy dy dy ;
2 sy = = ‘ 2
3x° + Jd\'+ y+06) = :dx M1 21
dy 4 3x°
O SO Al 11b
dx 2x+ 6y
4)

®) & 2(5)+3(-2)

dx 2(-2)+6(5)
oreg. M1 1.1b

3(-2)° +2(—2)9¥'+2 % 5+6~.Sgl=0=<—ll =4 | oy
dx dx dx ¢ 133
_v—5="%"(x+2) dM1 1.1b
13x 11y +81=0 Al 22a
(3)
(7 marks)
Notes

(a) Allow equivalent notation for the ((L—‘ eg V

S 5 3 2 2 d)"
M1: Attempts to differentiate x° — ..x" and 3" — ...y— where ... are constants
B1: Correct application of the product rule on 2xy: 2xy — 2x% +2y

Note that some candidates have a spurious % =...at the start (as their intention to differentiate) and this
can be ignored for the first 2 marks

MI1: For a valid attempt to make -il the subject, with exactly 2 different terms in j—‘ coming from 3y° and
X x
2xy. Look for (...=... 1% =.= % =... which may be implied by their working.
o :

Condone slips provided the intention 1s clear.
For those candidates who had a spurious 2—1 = _..at the start. they may incorporate this in their
X

rearrangement i which case they will have 3 terms 1n & and so score MO.

dx

If they 1gnore it. then this mark 1s available for the condition as described above.

dv  2y+3° dv —2y-3x" 2p+3x°
Al: —=- oeeg —= 2

dx 2x+6y dx 2x+6y —2x-6y
Note that 1t 1s sometimes unclear if the minus sign(s) 1s/are correctly placed and you may have to use

your judgement. Evidence may be available in part (b) to help you decide if they have the correct
expression.

Isw once a correct expression is seen.




()
dy

o : . 2y+3x7,
MI1: Substitutesx=-2and y=5mto —="-——
2x+6y

: 5 . dy L i : : s
They must have x’s and y’s in their d._ but condone slips 1n substitution provided the intention 1is clear.
X

As a minimum look for at least one x and at least one y substituted correctly.
Note that this mark may be implied by their value for il and may be implied if. for example. they find
x
2y+3x°,
2x+6y

Alternatively. substitutes x =-2 and y = 5 into their attempt to differentiate and then rearranges to find a
- . dy
value or numerical expression for —

the negative reciprocal or the reciprocal of " and then substitute x=-2 and y =35

dM]1: Attempts to find the equation of the normal using their gradient of the tangent and x=-2 andy =15

correctly placed. Score for an expression of the form (y-5)=" : ':’ "(x+2) oriftheyuse y=mx+c¢

they must proceed as far as ¢ =... Must be using the negative recipracal of the tangent gradient.
2x y 2 : E

Note that y-5= ,)l% (x+2) 1s not a correct method unless the gradient 1s evaluated first before
2y +3x*

expanding.

Al: 13x—11y+81=0 or any integer multiple of this equation including the “= 0. not just a. b. ¢ given.
e.g.26x—22y+162 =0 is likely if they don't cancel down their gradient.

(Q07 9MA0/02, June 2023)
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Question Scheme Marks AOs
a ( )
= {f(3.6)=} 3.6+tan| %(3_5)| =—-0.686... <0
and M1 1.1b
(£(3.7)=) 3.7+tan| 2(3.7) } =0211...>0
1 S (2 .
Change of sign and function 1s continuous in the interval Al* )4
—>conclusion e.g. “thereisarootin [3.6.3.7]" *
(2)
b (1 ] S () .
o) Use of tan‘ —-X k—)...sec"i —X l M1 1.1b
\2 ) \2 )
' 1 :\"‘ 1 ]
{f (x):} 1+§sec'.‘ 511 Al 1.1b
(2)
© 3.7+ tan) %(3.7) |
Attempts 3.7 - : 'i —=_..
"1+ =sec’| (3.7 |" M1 1.1b
2 \ 2 )
(N.B. £(3.7)=0.211... and f'(3.7)=7.58...)
o = awrt 3.672 Al 1.1b
(2)
(6 marks)

Notes

(@)
MI1: Attempts both f{3.6) and f{3.7) or a narrower interval that contains the root 3.672. ..
(which may be implied by sight of f{3.6) = ... and f{3.7) = ... with at least one correct)
and obtains at least one correct to 1 significant figure (rounded or truncated) for their interval
and considers their signs. Use of degrees 1s M0.
Some examples for consideration of sign (which are also sufficient for the change of sign part
of reasoning for the Al):
e f(36)=—06<0andf(3.7)=02=0
e f(3.6)xf(3.7)<0

e f(3.6)=-0.7.f(3.7) = 0.2 “change 1n sign”
For reference f(3.6) =—0.68626... and f(3.7)=0.21194_..
Al*: This mark requires:
¢ Dboth f(3.6) and f(3.7) correct to 1 significant figure (rounded or truncated) (or their
values correct to 1 significant figure 1f using a narrower interval)
* areference to sign change
* areference to continuity {of f(x)}
¢ a (minimal) conclusion. e.g. “hence root”. “proved”™. V. # QED. 3.6 <a <3.7
Accept as a minimum. "change of sign. continuous. root".
Do not condone “change in sign therefore continuous™ or other incorrect statements such as
“x 1s continuous’ . “the interval 1s continuous” — these score AQ.
Condone “the graph 1s continuous™.
Condone reference to x 1n place of @ 1n their conclusion, e.g. “hence x lies in the interval™.




(b) Note: Their answer to (b) may be seen 1n part (c) provided that they have not clearly
attempted part (b) incorrectly. e.g.. an attempt at ™' (x) in (b).

[ 1 2{ 1 ) ;
M1: For tan: ;x l =>...5eC ; ;x o.e. The brackets are not required. You may see attempts at the

quotient rule but the method should be correct and they should reach something equivalent to

...sccz(-l-x].
27)
. sinlf l::r | kcos" lx "cos{ lx "]——k sin|‘ lx h‘]sin | lx !
(A ) \2 ) < e T A7) G2 \2E) :
eg. tanx > l= T — TR where k1s a
R cos{;xl cosz‘ 5}:‘

positive constant scores M1. If the formula 1s seen it must be correct.
, 1 (1 ) . s s :
Al: {f (x) =} 1+ ;Sec‘[ ;x | o.e. which may be unsimplified and apply 1sw.

The brackets are not required. There 1s no need for {'(x) = just look for the expression.

}' ' 1 3 1 2 { 1 ) . o
Note that (f (x})= § ;+ > tan l -;X l 1s correct and appears occasionally.

g i F g T
if'(x)=| 1+—=sec—x " is condoned for M1A0 only but 1+—| sec—x | scores MIAL.
: s L

& /

(©
. £(3.7) ; . : o=z
MI1: Attempts 3.7— £(3.7) and obtains a value following through on their f'(x) as long as it 1s a
“changed™ function in terms of x.
f(3.7)

Just stating 3.7 — =... without evidence of use of 3.7 in f(x) (note that this evidence

f'(3.7)
might come from part (a)) and in their f'(x) 1s MO unless implied by a correct value for both
f(x) and f '(x) or by their final answer.

Must be a correct N-R formula used — you may need to check their values — accuracy of at
least 3s.f. rounded or truncated required.

Allow if attempted in degrees. For reference in degrees £ (3.7) =3.73... and £'(3.7) = 1.50...
and givesa=121._.

Note that the full N-R accuracy 1s 3.672051617.

For reference. the value of a 1s approximately 3.673194406._.. and scores MOAO without

other valid work.

Al: Forawrt3.672 Ignore anv subsequent iterations.

(Q03 9MAU0/01, June 2024)
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Question Scheme Marks | AOs
(a) {y=x"=} lmhy=xlnx B1 1.1a
Way 1 ,
ay ldi:l%—lnx Ml 1.1b
y dx Al 2.1
[dy | x
-4,::031'-' —+Inx=0 or I+lnx=0=>hhx=k=>x=_. M1 L.1b
Lax J X
x=¢' or awr 0.368 Al 1.1b
Note: k=0 (5)
(a) {y=x"=} y=e™ Bl 1.1a
Way 2 [ x ) Ml 1.1b
di:l e
dr \x ) Al 2.1
:j—‘=0:>: Zilmx=0 or l+lnx=0 =>lhx=k=x=_. M1 1.1b
Ldx J
x=e" or awrt 0.368 Al 1.1b
Note: k=0 (5)
(b) Attempts both 1.5 =1.8... and 1.6"° =2.1._. and at least one result is
- Ml 1.1b
Way 1 correct to awrt 1 dp
18...<2 and 2.1..>2 and as C1s continuous then 1.5 < <1.6 Al 2.1
2)

(c) Attempts x, , =2x,'™ at least once with x; =1.5 Mi L1b
Can be implied by 2(1.5)' or awrt 1.63 '
{x.,=167313.. =} x,=1.673(3dp) cao Al 1.1b

2

(d) Give 17 Bl for any of Give Bl Bl for any of

¢ oscillates ¢ penodic {sequence} with period 2 Bl 25
¢ periodic ¢ oscillates between 1 and 2
* non-convergent Condone B1 Bl for any of
e divergent ¢ fluctuates between 1 and 2
¢ fluctuates o keep getting 1. 2 B1 )5
e goes up and down ¢ alternates between 1 and 2 -
e 1.2, 1,2, 1.2 ¢ goes up and down between 1 and 2
¢ alternates (condone) e 1.2.1.2.1,2, ...

2

(11 marks)
Note A common solution

A maximum of 3 marks (i.e. Bl 1¥ M1 and 2* M1) can be given for the solution

logy=xlogx = ld—‘ =1+logx
ydx

}j—1=0=>: l+logx=0 = x=10""
. l-

¢ 19 Bl for logy=xlogx

e 1Ml for logy—)/.l%: A=0 or xlogx —1+logx or £+logx
ydx x

e 2% M1 can be given for 1+logx =0 = logx=k=x=_.. k=0




Question Scheme Marks | AOs
(b) For x* —2. attempts both 1.5° =2=-0.16... and 1.6"°-2=0.12... M
Way 2 . 1 1.1b
. and at least one result 1s correct to awrt 1 dp
—0.16...<0 and 0.12...>0 and as C 1s continuous then 1.5< o <1.6 Al 2.1
)
(b) For Iny=xInx. attempts both 1.5In1.5=0.608... and Ml 11b
Way 3 1.6In1.6 =0.752... and at least one result 1s correct to awrt 1 dp ’
0.608...<0.69... and 0.752...>0.69... and Al 51
as C 1s continuous then 1.5<a <1.6 -
2)
(b) For logy=xlogx. attempts both 1.5logl.5=0.264... and Mi {16
Way 4 1.6logl.6=0.326... and at least one result 1s correct to awrt 2 dp ’
0.264...<0.301... and 0.326...>0.301... and Al 21
as C 1s continuous then 1.5 <& <1.6 -
(2)
Notes for Question
(a) Way 1
BI1: Iny=xlnx. Condone log, vy =xlog x or log, y=x
Mi: For either lny——)l% of xlnx—>1+Inx or >+lnx
v dx x
Al: Correct differentiated equation.
y 1 d ) 2 - » 1]
O gikser e temre Y osnise® - rnied
vdx ydr x dx dx
Mil: Sets 1+Inx=0 and rearranges to make Inx=k = x=_.; kisa constantand £ =0
Al: x=e" or awrt 0.368 only (with no other solutions for x)
Note: Give no marks for no working leading to 0.368
Note: Give MO A0 MO AO for Iny=xInx— x=0.368 with no intermediate working
(a) Way 2
Bl: y=e®*
Mi: For either y=e™" = j—‘ =f(nx)e™ or xlnx = 1+lnx or X tinx
x %
Al: Correct differentiated equation.
ie. 2|Ximx le"m or L. (+mx)e™ or . ¥ (1+nx)
dx \x ) dx dx
Ml Sets 1+Inx =0 and rearranges to make Inx=k =x=__; ki1sa constantand k=0
Al: x=e7 or awrt 0.368 only (with no other solutions for x)
Note: Give B1 M1 A0 M1 Al for the following solution:
{y=x*=} lhy=xhhx = j—l =l+lnx =1+lnx=0 = x=e" or awrt 0.368
=




Notes for Question Continued
(b) Wayv 1
MI1: Attempts both 1.5'° =1.8.. and 1.6"° =2.1... and at least one result is correct to awrt 1 dp
Al: Both 15° =awrt 18 _and 1.6'° =awrt 2.1._. reason (e.g 1.8...<2 and 2.1...>2
or states C cuts through y =2). C continuous and conclusion
(b) Way 2
Mil: Attempts both 1.5° —2=-0.16... and 1.6"° —2=0.12... and at least one result is correct
to awrt 1 dp
Al: Both 1.5"° -2=-0.16... and 1.6'*—2=0.12._. correct to awrt 1 dp. reason (e.g. —0.16...<0
and 0.12...:= 0. sign change or states C cuts through y =0). C continuous and conclusion
(b) Way 3
MI: Attempts both 1.5In1.5=0.608... and 1.6In1.6=0.752... and at least one result 1s correct
to awrt 1 dp
Al: Both 1.5In1.5=0.608... and 1.6In1.6=0.752... correct to awrt 1 dp, reason

(e.g. 0.608...<0.69... and 0.752...>0.69... or states they are either side of In2 ).
C continuous and conclusion.

(b) Wayv 4

Mi: Attempts both 1.5logl 5=0.264... and 1.6logl 6=0.326... and at least one result 1s correct
to awrt 2 dp

Al: Both 1.5logl 5=0.264... and 1.6logl.6=0.326... correct to awrt 2 dp. reason

(e.g. 0.264...<0.301... and 0.326...> 0.301...or states they are either side of log2 ).
C continuous and conclusion.

(©)
Mi: An attempt to use the given or their formula once. Can be implied by 2(1.5)"™"* or awrt 1.63
Al: States x, =1.673 cao (to 3 dp)

Note: | Give M1 Al for stating x, =1.673
Note: MI can be implied by stating their final answer x, =awrt 1.673
Note: X, =1.63299.... x; =1.46626.... x, =1.67313...

(d)

Bl: see scheme

BI1: see scheme

Note: Only marks of B1B0 or BIBI1 are possible in (d)

Nate: Give B0 B0 for “Converges in a cob-web pattern™ or “Converges up and down to o~

(QI1 9MA0/02, June 2019)
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@ —3=’—;1=>z=—5=>y=5("—5"+2)‘ Ml | L1b
(y=)405 Al | L1b
(2)
t—1 .
®) x=T:>t=2x+1:>._v=5("2x+1"+2)4 M1 1.1b
y=5(2x+3)" A1 | 11b
2)
© ("2x+3")" > __("2x+3")" M1 1.1b
dy 3
— = [40(2(-3)+3) dM1 | 1.1b
dx
dy
(;=]_1ogo Al 1.1b
dx
3)
(7 marks)
Notes

(a) Mark parts (a) and (b) together.

: : t—1 y % g \

M1: Substitutes x =-3 mto x= g attempts to find 7, and substitutes their 7 into y=5(7+2 )4
Condone slips. May be implied by substitution of 7 =—5 into y or by 405 or by y =5(-3 )4
Alternatively, they may substitute x =—3 into their y =f(x)

Al:  cao Answer only scores full marks and ISW after seeing 405 e.g. (-5, 405)

Accept (—3,405) ore.g. P=405

(b) Mark parts (a) and (b) together.

: -1 . .

M1: Attempts to make 7 the subject of x = —,~ using the correct order of operations and
substitutes into y=5(7+2 )4 Condone slips e.g. dividing by 2 first: 1= '2£+1 or missing the
+2in y=5(t+2)"

1
» \4 =
Alt1: Writes 1 = (—;—) — 2. substitutes mnto x = % and attempts to make y the subject using
y I < } \
the correct order of operations, 1.e., 2x= [%J -3=(2x+ 3)4 = % = y=5(2x+ 3)'1
Alt 2: Makes 7 the subject and then substitutes into an expanded 5(7+2 )4
Do not be too concerned about their expansion, but it must contain 7* and a constant term.

Al:  caoand ISW after a correct answer seen. May be scored for y =5(2x+1+2 )4
Allow e.g. y =80x* +480x° +1080x” +1080x +405 ore.g.
y=5(2x+1)" +40(2x+1)’ +120(2x+1)’ +160(2x+1)+80
Their RHS may be unsimplified but do not allow if e.g. binomial coefficients are still present.
Do not accept £ (x)= ... It mustbey=__.




(c) Note: Differentiation seen in (a) or (b) can score marks if used in (c)

MI1:  Reduces the power of their ("2x+3")" by one to o("2x+ 3")"—1 where O 1s a constant and
could be 1. There should be no other terms using this method.
Alternatively, attempts to expand their ("2x+3")" (may have been expanded in (b)) and
reduces the power of x by one 1n at least one term.

They may use parametric differentiation, 1.e., % =a(t+2)’ and % =b where a and b are

, dy a(t+2) . e
constants, leading to — =————— 1.e. they must divide the correct way round.
G
Condone attempts at the chain rule that reache.g. )'= ...u° but make a slip when substituting

backm forxorz eg., 3—1 =(5x+3) or % =(t+2)". provided the intention is clear.
x ' ;

dM1: Substitutes x =—3 into their :a—‘ mn terms of x which may be implied by their answer.
Using parametric differentiation, substitutes their 7 (found from an attempt at substituting

x=-3 into x= -{%1— which may have been seen in (a)) into their i—‘ in terms of 7.
X

Note for reference, if correct, the parametric differentiation is % =20(t+2)* and .

dr _1
2

. dy 3
leading to —=40(7+2
gto — (r+2)

g

They may substitute their value of 7 mto % first before using the chain rule to reach p
; X

which 1s acceptable and implies the first M mark.

Al: (ﬂ=}—1oso
1

Correct answer only scores full marks.
Mav be seen labelled as m or something else.

(QO05 9MA0/02, June 2025)
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Question Scheme Marks | AOs

@ 4=2+4cosr=>cosr=%=>r=—§=>y=_,_ Mi 21
1’=3X(—;—T-]+25in(—z)=—ﬂ’— 3 Al 1.1b
’ 3 3
(2
(b) dy
o dy g 3+2cost 3 Ml 21
Attempts —d;—-&_;____m___z_
dr Al | L1b

= 6sint—2cost=3

Eg 6sinr—2cost=Rsin(t—a) M1 3.1a

:>R=,/6‘+22 = J30. tana'=%:>a=0.322...or18.4° Al | 1.1b

\/ﬁsm(r—o.szz)=3=>r=0.332+sm'1[ﬁ} M1 | 2.1

t=awrt 0.816 Al 1.1b
(6
(8 marks)
Notes:
(2)
M1: For the key step in finding y when 7 = —%
Al: —-2-3
(b)

M1: For setting up an equation in 7 using all of the information given.
The key steps required to score this mark are

e Finding %by dividing % by %

. dy 3 ’ : .
e Setting a‘ = —% and proceeding to an equation of the form asint+bcost=¢

Al: 6sinf—2cosf=3 or exact equivalent
M1: Chooses a suitable method to solve the equation.
Look for a correct overall method condoning slips.
Al: Correct values of “R” and “o”
dM1: Full and complete method to find 7 using correct order of operations.
It is dependent upon all previous M marks.
Al: For awrt 0.816 and no other values.
Alternative for the final 4 marks:

Gsint—2cost=3=>6sint=3+2cost=>36sin t=9+12cost+4cos t

—536—36c0s t=9+12cosf+4cos t=>40cos t+12cosf—27=0

= cost =_3‘+,)—Z‘/3—1('0.685..., —0.985...')=> t=0.816

(Q16 9MAO0/02/M, June 2025)
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Question Scheme Marks AOs
() x=(t+3) 25 M1 1.1b
Way 1 1
= x+25=(t+3) = (x+25)21=(+3)=>y=_.. Ml 21
_1'=61n|x+25),5 = y=3In(x +25) Alcso | 1.1b
(3)
(a) Way 2
y=6ln(r+3)=3In(r+3) M1 1.1b
y=3In(t+3) =3In(F +6:+9)=3In(x+16+9) Ml 2.1
vy =3In(x+25) Alcso 1.1b
(a) Way 3
_v=61nn+3;:i6'=1nn+3):r+3=e'3=>r=e'3—3 Ml | Llb
x=l ez—Sl +6| eg—3 l—l6=>y=...
or M1 2.1
{ y \ { l \
x=|e°—3+81: e°—3—2J=>y=‘..
y=3In(x+25) Alcso | 1.1b
(a) Way 4
x=({+3)Y-25 M1 1.1b
dy iLl
y T |
d_a 3 3 3 3mn(x+25)(+c) M1 | 21
dc dx 2%+6  (r+3) x+25
dr
eg t=0=>x=-16.y=6In3=6In3=3In(9)=c=0
Alcso 1.1b
y=3In(x+25)
(b) x=0, y=3In250cee.g 6In5 Blft 22a
@y 3 v 3 [ 3)
dx x+"25" dr 0+"25" | 25)
ar
N
dy (6 6 M1 21
dr _\t+3)_ 243 =£=_l
dr  2r+6  2x2+6 | 50 25
dt
y="3I25" =" 2"(x{-0}) dM1 | 3.la
25 :
25y—3x=150In5 Al 22a
C)
(7 marks)

Choose the mark scheme that best matches their chosen methaod.




(a) Wayv 1
M]1: Attempts to complete the square. Award for sight of x = (¢ + 3)° +... where ... #0
MI1: Rearranges their x = (7 + 3): 25 to either (1+3)=... or (r+3)° =... and then substitutes correctly their
expression into the parametric equation fory. Soe.g. t=+/x+25-3 = y =6In(/x+25-3) is MO.
Alcso: y = 3In(x + 25) including brackets with all stages of working shown.

The “y =" must appear at some point.

Way 2
M1: Attempts to use the power rule for logarithms y =61n(f +3) =..In(r + 3)* where ... 6
M1: Wntes y = 61n(r+3) as 3in(r+3)° and then multiplies out and substitutes correctly in for 7 to obtain a

Cartesian equation for C
Alcso: v = 3In(x + 25) including brackets with all stages of working shown.

The "y =" must appear at some point.
Way 3

MI1: Attempts to make f the subject for y=6In(f +3) to obtain 7 = b +... where ...#0

M1: Substitutes r=e"" +... correctly into x =¢> + 61 — 16 and rearranges to make y the subject.
Alcso: y = 3In(x +25) including brackets with all stages of working shown.

The “y =" must appear at some point.

Way 4
MI1: Attempts to complete the square. Award for sight of x = (+3)° = . where ... #0

. 18 t+3 . a.b=0 and uses the completed square form to find Y in
dx at+b v

terms of x and then integrates to obtain a Cartesian equation for C

M1: Attempts to ﬁnd = Wh

Alcso: A complete method using any correct point on the curve to show that ¢ = 0 and obtain
Vv = 31In(x + 25) with all stages of working shown. The “y =" must appear at some point.

Note that a common incorrect approach in (a) is:
x=f +6t—16=(t-2)(t+8)=>x=t-2=¢t=x+2=>y=6In(x+5)

which scores no marks.




(b)
BIft: Deduces y=3In250ee.g y—6In5 but allow follow through on their Cartesian equation with x =0
and apply i1sw after a correct value or ft value for y

M1: Attempts to find :1—‘ when x =0 so score for obtaining i\—‘ = ".'-’M" and substituting 1 x =0
X ¢ X+ "L
Allow this mark if they use the letters 4 and Be.g. B e o s or allow a “made up” 4 and B.
dx x+8B 0+8
or
LA 6
dy . ‘@ \3%3) 5 (6 3
Attempts to find — when r=2 by finding 2= = =—=
Stofind o When 1=2 by Anding = 5r+6  2x2+6 | 50 25}
dr
For the derivative look for = = oeeg | — |x ab=0
dx +b \t+3) at+b
w ()
- : : at I.t-+-3 6(2t+6) 3
NOTE if candidates find & e 12 we will give BOD that ¢ = 2 has been used unless
2+ +
dt

there 1s clear evidence that 7= 2 has not been used.

dMI1: Attempts to find the equation of the tangent. Score for sight of y-"3In25"= "%"(1‘{—0}) or if they use
25
y=mx + ¢ they must proceed as far as ¢ = ... It is dependent on the previous method mark.

Must have numeric 4 and B now.
Al: 25y—-3x=150In5 or any integer multiple of this equation in the form ax+by =cln5

(Q09 9IMA0/02, June 2023)

Q29.
Question Scheme Marks AOs
(a) x=4,y=2=t=-1 Bl 2.2a
.@—Q'Ki—_&‘:x 1

& & & 2(¢+3) M | 23b

dy 2 1 3

— =31 x—=—=
& g 4 MY | &b

3 3 3

,>_v—2:—z(.\'-4)or2_1'=—Zx+c—>2=—zx4+c:c... ddM1 2.1

y—2=—%(x—4):4}'—8=—3x+12

or

3 Al* 1.1b
c=5=>y=—=x+5
3 4
= 3x+4y=20*
Q)
(b) Maximum height 1s 9Im Bl 34
1)

(6 marks)




M1:

ddM]1:

Al=:

the B mark is av allable but see alter natl\ e belo“

Uses the given Cartesian coordinates to deduce the correct value for 7.
If more than one value for fe.g. 1 =—5 1s given and f = —1 1s not “selected”™ score B0 but

if just 7 = —1 1s used subsequently allow recovery and score Bl

Attempts to use =2 dy d_‘ % ar or equivalent with their differentiated equations.
dey dr dx

There must be an attempt to differentiate both parameters. however poor, and divide or

multiply correctly so using 4 _ Y scores MO. Both parameters must be “changed™.
dx x
Condone confusion with the variables e.g. referring to ((ii—l as % if the intention 1s clear.
4 X

This may be implied by e.g. & =-3, dx =2(t+3).t=—1 4 =-3, —=4 d—‘——é

dr dr ' dr dr dx 4
Uses their numerical value of 7 (not 4) in their i—‘ to obtain a value.

X

Condone attempts with different values of re.g. f=—1and 1=-5
Applies a correct straight line method with their value of 3—‘ which has come from
X

an attempt to use parametric differentiation with their value of 7 (not 4) and withx =4 and

v =2 correctly placed. An attempt at the equation of the normal 1s MO.

If using y = mx + ¢ they must reach as faras ¢ = ...

Depends on both previous M marks.

Correct equation as printed with no errors but condone 4y +3x=20%*

Allow equivalents e.g. 20=4y+3x* or 3x+4y=20%

This 1s a printed answer so there must be at least one intermediate step as shown in the
main scheme.




Alternative for (a) using parametric differentiation but aveids the need for a value for 7:

dc dr dv 2(t+3)
-3 x A PP K = (I K =
2(t+3 24/x 24 4
or
3 1 1 2 1 3
-3 x =-3(x-3) x—==-3(2-3)’x—==-=
2(¢+3) ( R = 24 4
or
_3]2x7 L 3 =—3|l—y’§x , ! : .‘=‘3‘1—2):Y?1,’=—%
Ar2) 2| (1-y)3+3| “ne
3
=Sy-2=—-(x—4)=3x+4y=20*
4
Bl:  Either a correct expression for d—‘ in terms of x and/or y following a correct % in terms
of ¢t or for ¢ = —1seen anywhere.
M1: Attempts to use dy = dy x & with their differentiated equations.
dx dr dx
There must be an attempt to differentiate both parameters. however poor, and divide or
multiply correctly so using ' _ Y scores MO
dx x
dy dy
Condone confusion with the vaniables e.g. referring to :li as = if the mtention 1s clear.
! X
This may be implied by e.g. & =-3. g 2{t+3).t=—1 4 =—3,£ =4= _ 3
dr dr dr dr dx 4

s AP e s :
MI1: Attempts to express their d._ which 1s 1 terms of £, in terms of x and/or y and uses x =4
X

and y = 2 correctly placed in an attempt to find the gradient of the tangent.

ddM1: Applies a correct straight line method with their value of —gi which has come from
5

an attempt to use parametric differentiation with their gradient and withx=4 and y =2
correctly placed.
If using y = mx + ¢ they must reach as faras c = ...
Depends on both previous M marks.

Al*: Correct equation as printed with no errors.
This 1s a printed answer so there must be at least one intermediate step as shown in the
main scheme.

(b)

Bl1: 9m or equivalent including correct units. Accept e.g. 9 metres. 900cm etc.

(Q10 9MAO0/02, June 2024)

Q30.



Question Scheme Marks | AOs
(a) dy ,
dy dr _4sec’ttant \ M1 L.1b
Attempts ——=-——=———(=2tant)
dx 3 2sec? t Al 1.1b
dt
T dy
—_—— —=2.“= . y= Ml 21
Att I I x=3.y=7
Attempts equation of normal y—7= —%(x— 3) Ml 1.1b
}.=_%_‘.+¥ . Al* | 21
()
(b) 3 (x-1
Attempts to use sec *t=1+tan’ t:T—H'I ] Ml 3.1a
(x-1) 1 2
:y—3=2+(‘\ 3 ) =y=5x-D +5 * Al* 2.1
)
(b) Alternative 1:
,1'=%(x—l):+5=%(2tanr+l—1):+5
1 Ml 3.1a
=g4tan r+5—)(sec r—l)+€
=Zsec-r+3=\'* Al 21
(b) Alternative 2:
\ -1\
2tant+1=>t=tan [ J:lz’)sec tanli'\ “+3
/
) Ml 3.1a
2 -1 x—-1
:‘>).‘=2(1+tan [tan (T]]1+3
\ = )
{ p 2
(x—1 1, .2
ﬁ_\’=2|1+]%] +3==(x-1) +5* Al 2.1
(b) Alternative 3:
dy b
E:Ztanr:x—l:)rJ(x—l)dr:T—\+c
) - M1 3.1a
(3.7)—)7:37—3+c:>c=%
Y11 12 .\ 11 1 111, e




(c) Attempts the lower limit for &:
1 2 1 2
j(x—l) +5=—§x+k$x -x+(11-2k)=0 Mi 21
b —dac=1-4(11-2k)=0=k=...
(k=)%3 Al 1.1b
Attempts the upper limit for &:
7 T of @
y) =it=—7=>x=2tan| - |+1=-1, y=2sec | -7 |+3=
(_.x,))r__Z t X tan( 4}+1 L) sec( 4)+3 7 - 51
1 1
(}—1,7).,\'=—5.x+k=>7=5+k=>k=...
(k:)g Al 1.1b
43 13
?.(kg? Al 22a
)
(12 marks)
Notes:

M1: For the key step of attempting % = % There must be some attempt to differentiate both

dr

) )

8 ; ; )
parameters however poor and divide the right way round so using ——= ? scores MO.

dx
=2sec’t, 8 4sec’rtant, B0 W g O,

This may be implied by e g. T Ry T i

dr
dy . 4sec’ttant

Al: E—

—. Correct expression in any form. May be implied as above.
2sec’ t

Condone the confusion with variables as long as the intention is cleare.g.

dy
dy gr 4sec’xtanx W
a:— = -g—t =—————(=2tanx) and allow subsequent marks if this is interpreted correctly
5 d_" 2sec’ x
t

. . /4 .
M1: For attempting to find the values of x. y and the gradientat = ZAND getting at least two correct.

. dy dy _ dy T
7 —_ 7 i — T — 2 s i
Follow through on their I 5O allow for any two of x=3, y=7, T (or their T att 7 ]

Note that the x =3, y =7 may be seen as e.g. (3. 7) on the diagram. There must be a non-trivial

dy . dy . .
E'I— for this mark e.g. they must have a E'x}-to substitute into.

. . ) /4 . .
M1: For a correct attempt at the normal equation using their xand y at t = 3 with the negative

. . dy /4 . dy
reciprocal of their éatt =g having made some attempt at a and all correctly placed.
" ’ . T
For attempts using y = mx + ¢ they must reach as far as a value for ¢ using theirx and y at ¢ = 7

: ; : . dy /4
with the negative reciprocal of their gat £= ST all correctly placed.

Al*: Proceeds with a clear argument to the given answer with no errors.



(®)

2
M1: Attempts to use sec’#=1+tan’ ¢ oe to obtain an equation involving y and (x—1)

E.g as above ore.g. y=23ec2t+3=2(1+tan2r)+3=2(1+(x7—1} ]+3 for M1 and then

1

S(x-1) +5* for Al

.v =

Al*: Proceeds with a clear argument to the given answer with no errors

Alternative 1:

M1: Uses the given result, substitutes for x and attempts to use sec’t=1+tan" toe

Al: Proceeds with a clear argument to the y parameter and makes a (minimal) conclusione.g. "=y~
QED. hence proven etc.

Alternative 2:

M1: Uses the x parameter to obtain 7 in terms of arctan, substitutes into y and attempts to use

sec’ t=1+tan"t oe
A1l: Proceeds with a clear argument to the given answer with no errors
Alternative 3:
dy dy : 3
ﬁﬁom part (a) to express 3“’ terms of x. integrates and uses (3., 7) to find “¢” to reach
a Cartesian equation.
Al: Proceeds with a clear argument to the given answer with no errors
Allow the marks for (b) to score anywhere in their solution e.g. if they find the Cartesian

M1: Uses

equation in part (a)
(©)
M1: A full attempt to find the lower limit for k.

-,l;(x—l)2+5=—-,1;x+k:>x2—x+(11—2k)=0:‘>b2—4ac=1—4(11—2k)=0:>k=...
Score M1 for setting %(x—l)2 +5 =—%x+k, rearranging to 3TQ form and attempts b2 —4ac..0

eg. b2 —4ac>0 ore.g. b2 —4ac <0 correctly to find a value for k.

Al k= %oe. Look for this value e.g. may appear in an mequality e.g. &k > g k< %
An alternative method using calculus for lower limit:
hY =%(x—1)2+5=>%=x—1, x-1 =—5=> x=-;—
X =%:> v=%(%—l)- +5=%
v=—tx+k=>%=—%+k$k=
Score M1 for % ="a linear expression 1 X, sets = —%, solves a linear equation to find x and
then substitutes into the given result in (b) to find y and then uses y = —%x +k to find a value
fork. Al: k= % oe. Look for this value e.g. may appear in an inequality e.g. & > % k< %3




An alternative method using parameters for lower limit:

y:—%x+k=> 25ec2t+3=—%(2tan’+l)+k

:2(1+tan2 t)+3=—%(2tant+1)+k=>2tanzt+tant+5.5—k=0

b2—4ac=0:1—4x2(5.5—k)=0:>k=473

5 s s . . 1 2 2
Score M1 for substituting parametric form of x and y into y = —5x+ k. uses sec t=1+tan" ¢

rearranges to 3TQ form and attempts b —4ac..0 ore.g. b —4ac>0 or b —4ac < 0 correctly to

find a value for £
43 43

Al: & =4—3 oe. Look for this value e.g. may appear in an mequality e.g. & > 5" k< 5

MI1: A full attempt to find the upper limit for k. This requires an attempt to find the value of x and the

: T I % ; 1
value of y using ¢t = e the substitution of these values into y = —5x+t k and solves for k.

Al: k= g . Look for this value e.g. may appear in an inequality.

Al: Deduces the correct range for &: %3 <k< g
Allow equivalent notation e.g. (}'c < E and k> ﬁ J e Emk > ﬁ y 4—3 E
; 2 8 2 8 8 2
Butnote g. k§1—3-, k>£ 2 ksguk>£ 5 kQE or k:-ﬁ and do not allow i1fin
2 8 2 8 2 8

terms of x.

: 13
Allow equivalent exact values for 3 7

There may be other methods for finding the upper limit which are valid. If you are in any
doubt if a method deserves credit then use Review.

(Q16 9MAO0/02, June 2022)

Q3l.



Question Scheme Marks AOs
(a) 25 _ 4x 3 + 3
gf (e )-g(.’»)—2x3_}_1 Ml 1.1b
15
=— Al 1.1b
-
2)
(b)  4(2x+1)-2(4x+3
g(x)= (1) ( ) M1 3.1a
(2x+1)
g(x)=——
(2x+1) Al 1.1b
Requires
e Correct g'(x)
; Al 2.1
e Statement g(x)<0 oe
e Conclusion e.g. “proven”, “true”, “decreasing”
(&)
. . 3
© Achieves either boundary %hl 2 or 5 In3 M1 1.1b
%an<fg<%ln3 ore.g.%ln2<y<%ln3 Al 25
2
(7 marks)
Notes:
(a)
M1: Attempts to apply the operations in the correct order. E.g. substitutes —;—ln e’or3intog

Al:  Achieves 172 or exact equivalent.

(b)

Mi1: Attempts the quotient rule (or product rule) to obtain the correct form or divides to reach

the form A4+ 3 o

o where 4 and B are positive constants.
x

=2 ORg(x)=2+

Al: g(X)=(2x+1)2 (2x+1)

Al: See scheme. For the alternative method look for

® ) x) =2
Correct g(x) +(2x+1)

e Correct statement. As x increases (or x — =) decreases (or — 0) so g(x)

(2x+1)
1s a decreasing function
©

M1: Achieves either exact boundary %ln 2or %ln 3

Al:  Correct range written with correct notation and with strict inequalities

(Q07 9MAO0/02/M, June 2025)



Q32.

Question Scheme Marks AOs
(@) v dr 1
= =200 g —=
dh L W =200 Bl L1b
dh dh dV 1k
& o e T T L |
dn A * 2
N e aaitta * P
&0 Al 2.1
(3)
(b) 2 3
S L s [ dh= [ 2dr= b= itfsc) ML | Lib
dt h
2 3 h;
—h?=At{+c} 0 eg —=Arf+c) Al L.1b
) = ) ~ 144"
:(1,44)= =1x0+c=c=1152] = dM1 34
gt s (171
—(3 “4)- =A 1.152"=> 034’ =%, ddM1 3.1b
3
R =0513+1.728 oe eg k= 13,216 Al 33
1000 125
L (5)
(b) Alternative:
dh 2 _d& 2
= o B L= I
= JE:diz 3 t 12 (+C) M1 1.1b
3
Yh2
.l R Al | Llb
3
3 3
2(1.44)2 2(3.24)2
='(1'4,4> +c¢ and S=-(3".4l +
31 31 dM1 34
[ \ 64
D A= ‘—— ar c= =
500 | 19
| [ 64
= =|—] and c= }—EI ddM1 3.1b
3 3
hT=0513++1.728 oe e.g. h? 213, 206 Al 33
1000 125
(5)
3
© 5120513t +1.728 = 1= Ml 34
(=) awrt18.4 min Al 3.2a
2)
(10 marks)
Naotes
(a)




B1: For %;/- = 200 stated or used — may be implied by their chain rule attempt

?

M1: Requires:
dv
o - >1
dh p, p
o W _,k ofe g L (or a suitable letter for k&, which may be /. but must not be a number)
& h d kh
¢ application of the correct chain rule Ldﬁ _)—dﬁ < or any equivalent with 47 _ F— k o+ E and
& JdV & & Jr kJh
their 2k correctly placed. o4k _ 4k % aV _200k _ 4 scoresMOas — £ 1s incorrectly placed.
dh dt ar dt Jn Jn av

Al*: A nigorous argument with all steps shown and simplifies to achieve % = 7’= with no errors.

Do not allow the use of / for both constants. Allow use of e.g. E 2= +_J_ for full marks.
kalh
e.g —- AV 200, S_dh Y _ 1 2 _ 2 seores BIMIAO* wnless eg “let ;=% " seen
dh de dv dr 200 Jh  AJm 200

1 k A di 1 k
X ey —P gy Of e = e X =y SO A =
200 Jh B dr 200 Ji,‘ 200
: A : i 5
ah with the — which may be nussing an =sign.
dr Jh
koeg W 500, d_dh oV _ 1k A

a I dh T dr dr a 200 ,/;7_,/7,

Withhold this A mark if there are notational errors e.g. CL—I: L Lt Il e VOOV o SOOI PPV, 1) P 25

Allow correct work leadingto e.g. ‘;1 s
t
There must be an attempt to link the —

Allow an argument with dv

scores Bl(impliedYM1AQ*

(b) Nate that some candidates may work withe.g. 7 — :(‘)_6 ore.g. i=200k which is acceptable.

Candidates who do not have a 4 e.g. assume dr__ 1 _ ore g Qﬁ _200 then only the first 2 method
¢ 200:/h Vi

marks are available (see note below). Condone use of other v, anables if the intention is clear but the

final answer must be in terms of /7 and 7.

3
MI1: Separates the variables and mntegrates to obtain an equation of the form _ 4% = i¢{+c} oe
The constant of integration 1s not needed for this mark.
3
Al: %hi = i#(+c) oe. The constant of integration 1s not needed for this mark.

Condone spurious notation for this intermediate mark e.g. integral signs left in after integrating.
dMI1: Substitutes =0 and h=1.44 and attempts to find c.
It is dependent on the previous method mark.
Do not be concerned with the “processing” to find “c” as long as they are using =0 and h=144
May be implied by their value of c.
ddMI1: Substitutes 1=8 and h=3.24 and their ¢ and attempts to find 4. Do not be concerned with the
“processing” to find A as long as they are using =8 and h=324.
It is dependent on both previous method marks.

513 . 216
Osknar W bl 28
1000 125
Must follow Al earlier so do check 1if this has been obtained fortuitously. Allow 1.73 for 1.728

3 3
Al: Correct equation in the correct form from correct work. 47 =0.513t+1.728 or /® =

. : 2 :
Note candidates who do not have a 4 e.g. assum gh L o eg. 92 _29 can use either =0 and
dt 2063h

&

h=144 or =8 and h=324 to find their constant of integration.




(b)Alternative:

M1: Finds the reciprocal of both sides and integrates to obtaimn an equation of the form = _h— (+¢)

3
2

:\1! = 21’
32

&

(+¢) oe. The constant of integration is not needed for this mark.

dMI1: Substitutes =0 and /=144 and substitutes =8 and /1=3.24 and attempts to find 4 or c.
It is dependent on the previous method mark.
Do not be concerned with the “processing” to find A or ¢ as long as they are using =0 and h=144
and 7=8 and /=324 and reach a value for 4 or ¢. May be implied by their value(s).
ddM1: Complete attempt to find A and c. It is dependent on both previous method marks.
Do not be concemed with the “processing” to find / and ¢ as long as they are using 1=0 and h=1.4
and 1=8 and h=3.24.

e 3 3 5. 9
Al: Correct equation in the correct form. 42 =0.513+1.728 or i = 13, 216

t
1000 125
Must follow Al earlier so do check if this has been obtained fortuitously. Allow 1.73 for 1.728

Special Case:
Some candidates are using the given equation i part (b) to find the value of 4 and the value of B using the

given conditions. May score a maximum of 00110. This should be marked as follows:

MOAO: (No attempt to integrate)
M1: Substitutes t =0 and / = 1.44 to find a value for B
dM1: Substitutes 7 =8 and /7 = 3.24 with their value of B to find a value for 4
AQ0: Since they have not used the given model.
(Allow full recovery 1n (c) if this equation 1s correct)

(©

3
M1: Attempts to substitute /i = 5 into their equation which must be of the form #? = 47+ B or possibly a

1
rearranged equation e.g. /* =3/A4r +~ B with values of 4 and B leading to a value for 7.
Do not be concerned about the processing as long as they use /1 = 5 and obtain a value for 7 even 1f 7 1s
negative.
Al: Awrt 18 4 minutes following a correct equation in (b).
The units are required but allow e.g. min, mins. but not just 18 4 and not m (which means metres)
Allow e.g. 18 minutes 25 seconds or 18 mins 26 secs
Note this may follow A0 in part (b) as they may have rearranged incorrectly in (b) but use a correct
s 2.2 171, 144 1 ,| 313 216 x :
equation in (c) e.g. 5 = 500t+ T h _"1000’ b e or may come from the special case.
Apply 1sw following a correct time and units. e.g.. 18.4 followed by 18 mins.

(Ql1 9MAO0/02, June 2023)

Q33.



Question Scheme Marks AOs
(@) .xe" e M1 1.1b
k(xe* +e*) Al | LIb
d 3x 1 3x ( 3x '%
< ,/ —2)== -2)? B1 1.1b
dx( - ._) 2x3e (e 2)
X L 3.3 3 1
’ (e —2)-(7xe+7e)—;e(e =2) *x"T7"xe aMi1 21
( f (.\‘) =) 3x =
e -2
, 7e*(e¥(2-x)-4x—4)
F)=—"——75— Al | LIb
2(e’ =2)?
(3
(b) e R2-x)—4x—-4=0=x(. ¥+ )=_e" = . M1 1.1b
2e* —
Sx=2 4. Al* | 21
e +4
2
(c) Draws a vertical line x =1 up to the curve then across to the line ¥ =X
then up to the curve finishing at the root (need to see a minimum of 2 Bl 21
vertical and horizontal lines tending to the root)
)
(D)@ 26 —
X, =— =1.5017756... M1 1.1b
Toe+4
X, =awrt 1.502 Al 1.1b
(i) S =1.968 dBI | 22b
(3
(e) 203 —4
h(x)=—————-x
=7t Ml | 3.la
h(0.4315) =—-0.000297... h(0.4325) =0.000947 ...
Both calculations correct and e.g. states:
e There 1s a change of sign
. (x) is i Alcao 24
e.g f'(x) 1s continuous
o «a=0432 (to 3dp)
(2
(13 marks)
Notes
(a)
MI1: Attempts the product rule on xe* (or may be 7xe”)achieving an expression of the form _.xe™ = _e*.
If it 15 clear that the quotient rule has been applied instead which may be quoted then M0O.
Al: k(xe" +e ) (e.g. 7(xe* +e*)) or equivalent which may be unsimplified (may be implied by further
work)
d 3x 1 3x [ 3x _'1' X 5 - <
BI- d—( e —z) = | 5%3¢" (e ~2)? (simplified or unsimplified)
X




dM1:

Al:

Attempts to use the quotient rule. It 1s dependent on the previous method mark.

Score for achieving an expression of the form
1 1

(e3l‘ _2)3 (n7uxex +n7ueX)_n%ueBX(e3x _2)_5 Xn7"xex

(£(9=)

g or equivalent (do not be
e =2

concerned by the constants for their 7" or their % ” which may be both 1)

If it 1s clear that the quotient rule has been applied the wrong way round then score MO.

Alternatively, applies the product rule. Score for achieving an expression of the form
3

1
(f'(x) =) (€7 =2) 2("7T"xe" +"7"e") —"%"eh(e” —2) ?x"7"xe” or equivalent (do not be

concerned by the constants for their 7" or their % ” which may be both 1)

Do not condone 1nvisible brackets.

7ex(e3x(2—x)—4x—4) ) _ ) ]
(f'(x) =) 5 following a fully correct differentiated expression.

2 -2)?
You may need to check to see if (a) is continued after other parts for evidence of this.

Condone the lack of f'(x) = on the left hand side or allow the use of i—‘ or ' instead.
X

Alternative (a) attempt using the triple product rule

1 1 1 3
eg. di[7xex(esx—2) 2 1=7ex(e3x—2) 1 4 Txe" (e -2) 2 +7xex><(—%}><3e3x(e3x—2) :
X ) 2

(7e’+7xe‘)(e3" —2)+Txe* x[—% ]x3e3" 7e* (es" —24 xe** —2x—-%xe

Sx] 7e’(e3x(2—x)—4x—4)
= =

3 3 3
(& -2)! (e -2)? 2(e¥* -2)?

MI1: Attempts the product rule on xe* — ...xe* +...e* which may be seen within the expression
1 1
L5 (e =2) 1+ xe"(e™ -2) 2 +... simplified or unsimplified.
1 1
Al: k(xex +e* ) which may be seen within the expression k[ex(e” -2) 2 +xe"(e*-2) 2 ]+

simplified or unsimplified.

wI [

BI1: (— -; } x3e¥ (e’ —2) ? which may be seen within the expression ...+ k( xe® x ( -

]x 3 (e -2)

to | =

simplified or unsimplified.

dM1: A complete method using all three products (which may appear all on one line). Do not condone
invisible brackets.

Al:  As above in main scheme notes.

|

(b)  Nate that if they do not have values 4 =—4. B=—41n (a) (which may be seen later) then
maximum score is M1A0~
MI1:  Sets their e*(2—x)—4x—4 equal to zero. collects terms in x on one side of the equation and non x

terms on the other and attempts to factorise the side with x as a common factor. Condone sign slips
only for this mark. Allow 4 and B to be used instead of "—4" and "—4"
Al1*: Achieves the given answer with no errors including invisible brackets. If they do not reach the
2e* -4

i then 1sw
e +4

printed answer then it 1s A0. If they subsequently write x,., =




(c)

Bl:  Starting at x, =1 look for at least 2 sets of vertical and horizontal lines drawn (may be dashes)
tending to . Condone a lack of arrows on the lines but the sequence of lines should finish at the
point of intersection where the root is. Condone the initial vertical line not starting from the x-
axis. Mark the intention to draw horizontal and vertical lines. If they have any lines to the left of
x =1this 1s BO. If they use both diagrams and do not indicate which one they want marking, then the
“copy of Diagram 17 should be marked.

Examples scoring Bl: Examples scoring B0:

(d)@)

MI1: Substitutes 1 into the iterative formula. The values embedded in the formula 1s sufficient for this
mark. May be implied by awrt 1.50

Al:  awrt 1.502 1sw

(d)(ii)

dB1: 1968 cao (which can only be scored if M1 1s scored 1n (d)(1))

SC:  If (d)(1) 1s rounded to 1.50 then allow 1.97 in (d)(11) to score M1A0dB1 for (d)

()

M1: Attempts to substitute x=0.4315 and 0.4325 into a suitable function and gets one value correct
(rounded or truncated to 1sf). It 1s allowable to use a tighter interval that contains the root
0.4317388728. ..

If no function s stated then may be implied by their answers to e.g. £'(0.4315). £'(0.4325)

You will need to check their calculation 1s correct.

Other possible functions mclude:

.)e?»x o

® h(x)=x—"—"7—

= : (other way round to MS) h(0.4315) =0.0002974... . h(0.4325) =—0.0009479...
e+
Te* (eh 2-x)—4x- 4)
3
2’ -2)?
(If correct A and B then £'(0.4315) =F0.005789... . £'(0.4325)=+0.01831...)
e their g(x)= i’(esx(2—x) —4x—4)
(If correct A and B then g(0.4315) = 70.002275.... g(0.4325) = +0.007261...)
Al: Requires
. Both calculations correct (rounded or truncated to 1sf)

. A statement that there 1s a change in sign and that their function 1s continuous (must refer to
the function used for the substitution (which is not f(x))

Accept equivalent statements for £'(0.4315)<0. £(0.4325)>0 eg.
£'(0.4315)x£'(0.4325) < 0. “one negative one positive . A minimum 1s “change of sign and

o their f'(x)=1

continuous” but do not allow this mark 1f the comment about continuity 1s clearly incorrect
e.g. “because x 1s continuous™ or “because the interval 1s continuous”

. A minimal conclusion e.g. “hence & =0.4327, “so rounds to 0.432”. Do not allow
“hence root”

(QI59MA0/01, June 2023)
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Question Scheme Marks | AOs
(a) Sets up an allowable equation using volume = 240
14 600 Ml 3.4
Eg 5r'><0.8h=240:>h=—2 oe. Al 1.1b
r
Attempts to substitute their h = 6—0’0 into
d dM1 34
(S =)%r2 x0.8+%r2 x 0.8+ 2rh+0.8rh
S=082+28m=08"+28x%0 _0g,2+1680 . Al* 2.1
r
4)
() dS') _, ¢ 1680 M1 3.1a
] e Al 1.1b
Sets B = 0=+ =1050 dM1 2.1
o Al 1.1b
r=awrt10.2 3
)
© d’s 3360
Attempts to substitute their positive 7 into 5 |=1.6+—
dr” r Ml 1.1b
and considers its value or sign
d’s 3360 d’S .
E g Comrect —-=16+ with — =5>0proving a
5 dr- r dr” ;o102 o 3 Al L1b
minimum value of §
2)
(10 marks)
Notes:
Volume = 0.47°h .
Area=04r"
- - ”
= Tl B
h| s \/E’_-Srad %
DRI o e
4 \,\'C‘/_ 7\5
, =S
\'\ | s T Area
L~

Area=1h £

Total surface area = 2rh+0 87> +0.87h




(a)
M]1: Attempts to use the fact that the volume of the toy is 240 cm’

Sight of %rz % 0.8xh =240 leading to h=... or rh =... scores this mark

But condone an equation of the correct form so allow for kr'h=240=h=.. or th=..
Al: A correct expression for /= @ rh= 200 which may be left unsimplified.
” v
600
This may be implied when you see an expression for S orpart of S E.g 2rh=2rx——
)2

. . a a . "
dM1: Attempts to substitute their /1 = — o.e.suchas hr= - into a correct expression for §

r
i 1.5 1.2 ) . L
Sight of 57 x0.8 +r X 0.8+ 7rh+rh+0.8rh with an appropriate substitution

Simplified versions such as 0. 8% +2rh+0.87h used with an appropriate substitution 1s fine.
Al7: Correct work leading to the given result.

S =S54 = or surface area = must be seen at least once in the correct place

The method must be made clear so expect to see evidence. For example

s=o.8r2+2rh+o.8r}z:s=o.8r3+2rxﬂ,°+o.8 @:S 0.8 +16'ﬂ would be fine.

r: r
. . ds . dy
(b)  There is no requirement to see ; in part (b). It may even be called E

M1: Achieves a derivative of the form pr= q 5 where p and g are non- zero constants

1680

r-

Al: Achieves (dS} 1.67—
dr
- - 3 3 dS 3 3
dM1: Sets or implies that their o =0 and proceeds to mr” =n, mxn>0.1It1s dependent upon a

correct attempt at differentiation. This mark may be implied by a correct answer to their pr— i, =0
=

Al: r=awrt10.2 or ,3/1050
(c)

M1: Attempts to substitute their positive 7 (found in (b)) into ( = ) + i} here ¢ and fare non zero

&la

and finds 1ts value or sign.

d’s
Alternatively considers the sign of ( o7 ]e += S (at their positive 7 found in (b))
r

-

Condone the 2
d' -

-

3360
=16+—

Al: States tha =awrt 5 > 0 proving a minimum value of S

-

This 1s dependent upon having achieved = awrt 10and a correct ((1];'? =164 33360
2 r

d’s d’s 3360
It can be argued without finding the value of & .Eg. 3 =16+——>0asr>0.s0
g r

minimum value of S. For consistency it 1s also dependent upon having achieved » =awrt 10

2

Do NOT allow 3 ; for this mark
x



Q35.
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Question Scheme Marks | AOs
. in / sh—
i|cost’-1’)=—smc'-): as h—>0.£—>1 and cosh l—>0
dé h h
cos(c’9+?)—cost7 B1 21
]
_ cos&cosh —sinfsinfi —cosé Ml 1.1b
- h Al 1.1b
__ smhsina +: cosh—1 }cosc’
h ‘ h )
As h—=0, —%hsinﬁ -: cos'h—l ‘Icose — —1sin@+0cos @ dM1 2.1
| /] )
d A - * 75
so —/(cosé) = —smné * Al 25
dé
Q)
(5 marks)

Notes for Question

cos(6+h)—cosé - cos(6 + 88) —cos &

BI: Gives the correct fraction such as p =
1 Q
Allow COS(6+h1)—c0s6 . Note: cos(8+h) or cos(8+J6) may be expanded
(@+h) -6
M1: Uses the compound angle formula for cos(6 + /) to give cos@cosh =sinSsinh
’ cos@cosh —sindsinh —cos & .
Al: Achieves ; or equivalent
1
dM1 dependent on both the B and M marks being awarded
Complete attempt to apply the given limits to the gradient of their chord
. in/ (cosh—1 nh . , i o VO
Note: | They must isolate % and | cos}}: 3 |. and replace Sl;;i with 1 and replace | cos}h 1} with o
\ h \ 1
. ; % 2 d 2
Al* cso. Uses correct mathematical language of limiting arguments to prove E" cosf ) =—smé
Note Acceptable responses for the final A mark include:
d 1 mh . (cosh—1 ' . .
e —(cosé) = —iu-l—zsmé’ +I i ‘cos@‘ =—1sinf+0cosf =—smf
dé h—=0\ & . h ) !
® Gradient of chord = — %hsinb) +| cos: =4 .:cos 6. As h — 0, gradient of chord tends to
the gradient of the curve. so derivative 1s —siné&
: sinh . | cosh—1) , : - S
¢ Gradient of chord = — > siné + | : ]cos &. As h —0. gradient of curve 1s —siné
’ \ J
Note: | Give final AQ for the following example which shows no limiting arguments:
when s =0, il cosf) = —&hsmc? - z cosk 3 lcos& =—1sin& +0cos8 = —sind
dg h \ h )
- . sinh cosh—1) :
Note: | Do not allow the final Al for stating = =1or | . l =0 and attempting to apply these
h
Note: | Inthis question 58 may be used in place of i
; dy , ) d
Note: | Condone f'(6) where f(6)=cosé or d—; where ¥ =c0s¢ used in place of E( cosé)




Notes for Question Continued
Note: | Condone x used mn place of & if this 1s done consistently
Note: | Give final AO for

050 : =—1d i 0ot = -Gl

d m ( sinh . (cosh—-1)

e —f(cosx) = l——sm9+ Jc
de' T hool Tk \

.

dg

e Defining f(x)=cosé and applying f'(x)=..

. %(_cose)

Note: | Give final Al for a correct limiting argument in x, followed by %I cos8) =—smé

i'cosx) = fis (-ﬂsinx +(c°5h—1\‘cosx) =—1Isinx+0cosx =—sinx
850 0| & " r ) i r

s

= i(cose)=—sin€9
de :

Note: | Applying # —0, smh— h, cosh—1 to givee.g.

lim l cosfcosh —sin&sinh —cos & t - ' cos&(l) —sin&(h)—cos€) —sinb(h) < G
h—0 | A 1T 4 A = m
1s final MO A0 for incorrect application of limits
Note: lim [ cos8cosh—smEsinh—cosb im [ sink . (cosh—1) )
I 1 = ———sm#é +‘ jcos@’
h—0\ h ] h—0\ h \ )
' : ; . lim
= (—(1)siné +0cos8) =—sinb. So for not removing
_i_t—)O : ‘ ) i h—)O.
when the limit was taken 1s final AQ
—2sinfsinh

Note: | Alternative Method: Considers cos(6+h) —cos(6—h) ypich simplifies to
e (6+h)—(6—h)

(Q09 9IMA0/02, June 2018)

Q36.



Question Scheme Marks | AOs
@) Attempts £(5)=—18 and £(6) = (+) 4 Ml 1.1b
States change of sign. function continuous so root between Al 2.1
2
(b) p=In2 (so f'(x)=2"In2-10 ) Bl 1.2
1)
(c) 4
Attempt =60——— M1 1.1b
empts x, =6 Gano-10
Awrt 5.88 Al 1.1b
(2)
@ Sets f'(x)=2xh12—10=0$21=1:1—07:x=... Ml | 11b
= x =awrt 3.85 Al L.1b
2
(7 marks)
Notes:
(a)
M1: Attempts both f(5)=-18 and f(6)=(+)4 with at least one correct.
Al: Completes the argument.
Requires
e both values correct
e gives full reason including "change of sign" (0.¢) and "continuity”
e aminimal conclusion. e.g. root. tick. « lies in the interval [5, 6]
Accept equivalent statements for sign change e.g. f(6)>0. f(5) <0e.g. f(5)xf(6)<0.
f(5) <0<f(6). “one negative one positive™, “there is a change of sign”
A minimum is “change of sign and continuous™ but do not allow this mark if the comment
about continuity is clearly incorrect e.g. “because x is continuous™ or “because the interval
1s continuous™
(b)
Bl: p=In2 or f'(x)= 2'In2-10 Condone p =log2 unless p=log, 2 is mplied by
subsequent work.
(¢)
£(6) . : %
Mi1: Attempts x; =6— _t_'_(é-)— following through on their f (6) and f'(6)
May be implied by their value if no working is shown.
Al:  Awrt5.88
(d)
Mi1: Sets px 2" —10 = 0 with their positive numerical value of p (which may be 1) and uses
logE
correct processing to find a value for x e.g. 2 = m = x=log. 10 or 2 = & =>x= P op
= 7 e D P log2
In 19
10 .. P
2= p =5 e
Al: awrt3.85




(Q04 9MAO0/02/M, June 2025)

Q37.
Question Scheme Marks AOs
@ 23 -9(3)2 +5(3) +k=0=k=... MI L1b
54-81+15+k=0=k=12% or -12+k=0=k=12% Al* 1.1b
)
(a) Alternative by verification:
23 =93’ +5(3)+12=0 M1 1.1b
54-81+15+12=0 Hencek=12%* Al- 1.1b
(2)
®) j(l\'s O +5x+12)de.xfE P E X Xt M1 31a
1, .4 .,.3 5 2 Aa
;(3) -3(3) +;(3) +12(3)+c=-10=c=... dM1 1.1b
(0, —28) Al 22a
3)
(5 marks)
Notes
(a) Mark (a) and (b) together

M1: Substitutes x = 3 completely into the given denvative, sets = 0 and solves for k.
eg. 230 -93) +53) +k=0=k=_.
May be mplied by e.g. 54 —81+15+ /4 =0 = k = ... with at least 2 correctly evaluated powers.
Al*: Obtains k =‘12 with ’no errors seen and sufficient working shown. As a minimum you would need to
seeeg. .23’ —-903)" +53)+k=0=>-12+k=0=k=120r 54—-81+15+k=0=2k=12
or 2x27-9%x9+53)+k=0=k=12
But 2(3)° —9(3)* +5(3) +k=0=k =12 scores M1AO for lack of working

X ez 2 dy . : .
Note that some are just writing the expression for d—‘ . then write “sub 1n x = 37 but don't actually show 3
"

substituted in and then go on to write —12+%4 =0 leading to & =12 scores MOAO*.
Alternative:
M1: Substitutes x =3 and k= 12 into the given derivative and attempts to evaluate
Al*: Correct work to obtain an answer of 0 with a (munimal) conclusion e.g.. tick. hence proven etc.
As a mmimum you would need to see e.g.. 203 -9(3)* +5(3)+12=54-81+15+12=0v
(b)
M1: Attempts to integrate. Evidence can be taken for integrating to obtain at least 2 from:
2 5. x* or —9x" > X’ or 5x—.X or 12— ..x where ... are constants
dMI1: Substitutes x = 3 into their integrated expression that includes a constant of integration. sets this equal
to =10 and proceeds to find their constant. Depends on the previous mark.
If the substitution is not shown this mark may be implied by their value for ¢ or by their
equatione.g.. 18+c==10
Al: (0.-28) Condone —28 ory = —28 but not just ¢ =—28. There must be no other values or points.
Condone (-28. 0) following y = -28
Beware of circular arguments which avoid doing part (a) e.g.
Integration 1s used on the given denivative to give y in terms of x. k and ¢
(3. —10) 1s substituted to give 3k +¢c=8
Part (b) 1s then done first using k=12 to find ¢ =28




Thus 1s then substituted mto 3k +c=8 to give k=12
This scores (a) MOAO (b) M1dM1A1 (if —28 1s 1dentified as the intercept)

2x'=3x -4

.1'—3) 233 -9x2+5x+k
2x° —6x°
—3x? +5x
=3x?+9x

—4x+k
—4x+12

k—12 (or 0)

leading to K —12=0 and then & =12
M1: Attempts to divide the given cubic by (x —3) and proceeds as far as a remainder set =0
Requires at least 2x* +3x.

A1*: Obtains & =12 with no errors seen and sufficient working. Their algebraic division
heeds to be correct but allow them to have either & —12 or 0 as their “remainder”. If their
emainder 1s given in their working as 0 thev mav proceed directlv to k£ =12 .

(QO05 9MA0/02, June 2023)
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(@

Ax(1+x° )2 —px(1-x7)(1+x%)

(f'(x)=) 3 ML | L1b
(1+x%)
2x(14x?) —4x(1-x)(1+ 22
_2x(1+x7) (4 )(1+x°) w |,
(1+x%)
eg Oreg :
-2x(1+x*)—4x(1-x*) " _"2'\'(1"""2)[(1""’“2)'*2(1—"")_
= — x4
(1+x?) (1+x*) M1 | 31a
= (1+x)+2(1-2")=0 _—2x(1+x°)(3-x")
=3-x"=0 (1+%)
eg 3—x’=0 or 2x(1+x*)(x*-3)=0 cxverall g
=SX=_.=>y=_.
1
(—\/5,-5) Al | 23




Notes

(a) There may be other valid ways to differentiate or to solve the resulting equation.
TAx(1+x7) £ ux(1-27)(1+27)

(1+x° )4

Mi1: Attempts the quotient rule to achieve

+Ax(1+x° )2 + px(1-x7)(1+x7)
(1+.1;2)2

but condone provided an incorrect quotient rule 1s not seen.

Alternatively, attempts the product rule on f(x) = (l —x? )( 1+x° )_2 to achieve
tAx(1+x° )-: tux(1-x7)(1+X° )-3
There may be attempts at splitting the numerator to f(x) = (1 +x° )_2 —x? (1 +x° )_2 which

should differentiate to +Ax(1+x” )-3 + px(1+x° )_2 +y (14X )_3

In all cases, do not penalise signs of A, i and/or ¥ unless an incorrect quotient rule or an
mcorrect product rule 1s stated.

Any occurrences of (1+ e )2 may be replaced with 1+2x" +x*

There is no need for a LHS e.g. f'(x) = to be present so ignore an incorrect LHS.

Invisible brackets may be recovered/implied by later work.
Al:  Correct differentiation. May be unsimplified. Ignore absence of (or incorrect) LHS.
S , o 2x(14x7) —4x(1-x7 ) (1+X7)
The correct derivative using the quotient rule 1s = ) - oe.
(1+x*

using the product rule is —2x(1+ xz)_2 —4x(1-x")(1+x° )_3 oe.

and splitting the numerator is —4x(1+x’ )_3 —2x(1+x° )_2 +4x (1+x° )_3 oe.

You may need to check carefully for equivalent derivatives and ISW after a correct expression
1s seen. Note that some candidates may set = 0 at the start and may omit the denominator as a
result — send to review if you are unsure in such cases.

dM1: Attempts to reduce the expression to a suitable form so that the roots can be found,

either by cancelling a factor of (1+ xz) and simplifying the other brackets

=2x(1+x7 )—4x(1-x7 N 3 2x(x®—3
r( +X ) : :( X ) — 6x+3§ or \(X : 3) - 2x(x2—3) (=0)
(1+x7) (1+x) (1+x7)

eg.

or by attempting to take x, (1 + xz) or £2x(1+ 'y ) out as a factor and simplify the other

brackets. If they only take out a factor of x then they must have x(+4x* +Bx" +C)




ddM1:

Al:

—ZX(1+X2)[(1+X3)+2(1—.13)} —2x(1+x3 (3—x:) x(2x4—4x2—6)

eg. - eg or
(1+J(2 )4 (1+x2)4 (1+x2 )4

Depends on the first M mark.
Note: they might attempt to expand the brackets first, or set = 0 and multiply through by

(1 +x° )k and/or divide through by x or 2x at any stage.
Do not be concerned if any factors of (1+ x* ), x or 2 go “missing” during their work.

The = 0 does not explicitly need to be seen.
2x(1+x*)(4Ax* +B 14+x7)(AX° + Bx
Lookforix( x)(:+ )or'z( x)(rk ‘)ort 0
(1+x%) (1+x7) (1+x7)
e kmaybe0,1,2 30r4
e 4 and B (and C if present) are non-zero

x(Ax" + Bx? +C)
~ where

- 5 29 k . -
e anyof2xor (1 +x7) in the numerator and/or (1 +x") in the denominator may be absent

Attempts to solve their numerator set = 0 using a valid non-calculator method and uses a
solution for x to find a corresponding value for y.
The substitution may be nnphed by their value of y but, if not, the substitution must be seen.

e Foreither 4" + B or Ax’ + Bx_ werequire 4= B and 4 x B <0 From either expression
they can write down their x ==, f f without working.

e For Ax' + Bx’ + C they must show a valid non-calculator method for solving the quartic,
treating it as a quadratic in x* and using the usual rules for solving a quadratic
algebraically, e.g. a=x> — 2a> —4a—6(=0)—(a+1)(2a—6)(=0)— x=+/3 . They
must reach a value for x (and not just x°) as well as finding a value for y.

Dependent on both previous method marks. They must use a value for x that isnot—1, 0 or 1.

Deduces the correct exact coordinates for P ( \/_ —g} ( \/- -0. 125)

Requires all the previous marks to have been scored.

1
Condone x=—/3, y=-0.125 ore.g. —/3, =3
If there 1s more than one pair of coordinates given, then the correct coordinates must be clearly

selected or any others clearly rejected.
Ignore any mistakes that occur if they multiply out the denominator (1+ X )4 after

differentiation.




(b)

x=-1a=-= and x=1 :,B=1 B1 22a
4 4
& e B1 1.1b
dé
e —dx= 1o 6, "sec’ 6" d@
(1+x*) (1+tan® 8) ki $4b

or = J‘ﬂ"sec2 g"doé
sec” @

=j'(1-tan3 9)(‘0529(19 =

Iz—l—tan'ﬁde

sec’ @

=J[1—Sm;g]cos:9d9 o 2 _l+tan’f) o dM1 | 3.1a
, 03 sec’d  sec’ 8

- j'(cos: 6—sin’ 6)d6

= !(Zcosl 9—1) dé

=Ic0520d6* Al* 2.1
(3
Notes
(b) Mark parts (b) and (c) together.
B1l:  Deduces the correct limits for the integral n & which may be seen separately as side working
or within their mntegral work. This mark cannot be scored working in degrees.
Allow 37” mnstead of —% but not decimal approximations.
Bl: ~——sec’d or equivalent e.g. BE =1+x" or M (coming from x = e ) but
dée de cos” & cos&
must be correct, so not e.g. :—; =sec” x unless recovered.
M1: Makes a complete attempt at using the substitution x =tan &
Requures:
e An attempt at using % to replace dx with d@ either way round, so if % =g(8) allow
either dv=g(68){d@} or dx= %o){dﬁ}. ;—‘2— must be a function of & and not a constant.
g
e All terms in x replaced with tané (or 1+ x* with sec’ 8)
Condone the absence of d& but dx must no longer be present.
Condone if they fail to square the denominator or e.g. a slip in nussimng a &
Use of notation such as d(tan &) is correct but does not score the M1 until replaced with
sec’ 8{d6} or their derivative of tan & (which must not be a constant multiple of tan 8).
) : 5 B 2 L3 sin @ 1
dM1: Uses trigonometric identities e.g. 1+ tan"f==sec” 8, tanf= . secf= \
cos & cos &
+cos’ B+sin’ § = £1 to simplify the integral to an expression of the form
+asin® 8+ bcos® @+ ¢ where one of a, b or ¢ may be 0.
The algebra should essentially be correct but condone e.g. sign slips or errors collecting terms.




Al¥*:

dée

T fl—tm;@dezfcoszﬁ—spzﬁde J'cos‘ﬁ—sm‘(?
1+tan- & cos - @+sin- &

They must have replaced dx with d& the correct way round for this mark, so if % =g(0)

then they must have dx =g(6){d8} and not dx =ﬁ{d9}
g

It is acceptable to replace e g. tan’ fcos’ & with sin* &
Dependent on the previous method mark.

cso Arrives at jcos 26 d6 with sufficient working shown and no incorrect work 1gnoring

limits. The final line must be fully correct, including the integral sign and d& (ignoring
limits). Note that this may be seen in part (c) and may score the mark.

All trigonometric identities must be fully correct.

Condone one or two slips in a missing & but not frequent omissions.

Condone missing mtegral signs in their intermediate work, but 1t must be present on the final
line.

dx must be replaced with d& at some stage before the final line but does not need to be present
mn every mtermediate line of working.

Condone notational errors throughout e g. sin & provided they are recovered.

This mark 1s independent from any work to do with limits, 1.e., BOBIM1dM1A1* 1s possible.




© eos26d6=—sin26 M1 | L1b
[—l—sinZﬁ}4 =lsin(2x£]—lsin(2x—£] dM1 1.1b
2 oy 2 4) 2 4
4
=1 Al 2.1
(3)
(13 marks)
Notes
(c) Mark parts (b) and (c) together.

MI: J'cos 20d6 — i%sin 26 {+c}

dM1: Substitutes their changed limits (not 1 and —1) into i%sin 26 and subtracts either way round.

May be implied e.g. %+% provided they have the correct limits.

Dependent on the previous method mark.

Al:  Areaof 1 found following correct work. This mark requires clear substitution of the correct

limits nto %sin 28 the correct way round. If they have the limits the wrong way round and

achieve an answer of —1 they cannot just make the answer positive for this mark.

They may use limits from 0 to % and multiply their result by 2.

3z . /4 i —

™ may be used in place of o as the lower limit which 1s acceptable.
Condone any spurious mtegral symbol accompanying %sin 20

The substitution may be implied by e.g. %— —% or %sin( %] - % sin ( —%) but must follow

: L.
sight of S sin 26

Condone use of limits —45 and 45 (degrees) the correct way round for full marks in part (c).
Note that use of a calculator on the original integral will give the correct answer. An answer of
1 scores no marks without evidence of scoring both method marks above including the
substitution.

(QI159MA0/02, June 2025)
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(a) Either x<—1lor 2<x<5 M1 22a
Both {x:xeR,xS—l}u{x:xeR,ZSXSS} 0.e. Al 25
(&)
(®) States (y=)oz(x+1)2 (x=5) or (f(x)=)oz(x+l)2 (x-5) M1 1.1b
Substitutes (0,—75)into y =a(x+1) (x—5) and attempts M1 3.1
to find the value for o
y=—3(x+1)2 (x—S)2 0e. Al 2.1
3
© Substitutes x =2 into their y=-3(x+ 1)2 (x=5) = y=(-243) M1 2.1
0<k<243 Alft 1.1b
(&)
(7 marks)
Notes:
(a)
M1: Either
. x<-loeeg —-1z2x
. 2<x<5oe
but condone use of strict inequalities anywhere for this mark.
eg 2<x<5 or2<x<5o0r 2<x<5 Mayalsowritee.g. x<5 and x>2 which
scores M1 butnot "x <5 or x> 2"
Allow interval notation such as e.g. [2,5] or (—o,—1] or condone e.g. (2.5)
Ignore incorrect inequality statements not related to the one which 1s valid.
eg “2< x<5 and x>-1" which scores M1 for the first inequality.
Al: Requires { } and U
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b
IA
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IA
wh
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b
IA
i
e,
C
— e,
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B
IA
-
IA
h
e
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fot
=
2
2
‘-
S
E
(=}

but condone {x < —l}u {ZS X

Allowe.g. {x:xS—l}u{x:Zanxs 5}

Use of m to join the two separate regions 1s A0
It 1s acceptable (but not required) to mention X

eg. {x:xeR,xS—l}u{x:xeR,ZSxSS}

Condone use of a lower limit written as e.g. {x 1—o<x< —1} v {x :25x S 5}




(b) Note a correct equation written down scores all 3 marks.
A correct expression but missing e.g. y=_.. or f(x)=_.. scores M1dM1A0

M1: Forms the equation of the form (y =) a(x+ 1): (x- 5)2 .Condone a =1
Award for sight of oc(x-(»l)2 (x—5)2 evenwith a=11ie (x+ l)2 (x— 5)2

dM1: Substitutes (0,—75)into the form y=o(x+ 1)2 (x- 5)2 and attempts to find the value for
o . It is dependent on the previous method mark.

Al: y=-3(x +1)2 (x- 5)2 oe (eg y=-3x*+24x"-18x" -120x-75)
isw after a correct answer. Condone f(x)=-3(x+1)*(x-5)’ but not
C=-3(x+1)*(x-5)°

A correct equation scores all 3 marks. Allow 1f seen in (c)
1sw if they attempt to multiply out.

Alternative I part (b):
Using the form y = ax* +bx’ + ex’ +dx +e, then setting up and solving simultaneous
equations.
There are various versions of this but can be marked similarly.
M1: Sets e equal to —75 (may just be seen in their equation) and forms three correct different
equations 1n a, b, ¢ and d which may be unsimplified.
Note that the form y =ax" +bx’ +ex’ +dx +eis MO until e is set equal to —75

There are 5 equations that can be formed, only 3 are necessary for this mark.
Do not condone slips.

Using (-1,0) =0=a-b+c—-d-75 oe.
Using (5,0) = 0=625a+125b+25¢+5d-175 oe.
Using %:0 at x=2 =0=32a+12b+4c+doe.

Using %}:0 at x=-1 =0=-4a+3b-2c+d oe.

Using %:0 at x=95 = 0=500a+75b+10c+d oe.
X

dM1: Forms four correct different equations and solves to find values for a, b, c and d. You do
not need to be concerned by the process of solving. A calculator can be used to solve
the equations.




dM1:

Al:

Forms four correct different equations and solves to find values for a, b, c and d. You do
not need to be concerned by the process of solving. A calculator can be used to solve
the equations.

y=-3x*+24x’ —18x” —120x—75 o.e. isw if they attempt to factorise but withhold this

mark if they e.g. divide all terms by 3.
Condone f(x)=.. butnot C=..

A correct equation scores all 3 marks. Allow if seen 1n (c)

Alternative II part (b): Uses the form y=(x+1)(x— 5)(ax” +bx +c)

Mi1:

dM1:

Al:

Substitutes x=0, y=-75 -75=-5¢= ¢ =15 multiplies out, differentiates

= %= (2x—4)(ax® +bx+15)+ (x* —4x—5)(2ax +b)
c

and forms a correct equation in g and b which may be unsimplified.

Usi.ngﬂzo at x=2 =0=4a+b oe.
dx
. dy
Using —=0 at x=-1 =0=a-b+15 oe
dx
Using%=0 at x=35 =0=5a+b+3=0 oe.

Forms two correct different equations and solves to find values for @ and 5. You do not
need to be concerned by the process of solving. A calculator can be used to solve the

equations.

y=(x+1)(x—5)(-3x" +12x +15) o.e. isw if they attempt to multiply out or factorise
Condone f(x)=... butnot C =... but withhold this mark if they e.g. divide all terms
by 3. A correct equation scores all 3 marks. Allow if seen in (¢)

Alternative III part (b): Uses % =B(x+1)(x—2)(x—5) (B may be 1) and integrates.
X

Mi1:

dM1:

Al:

Integrates (%:) Blx+1)(x—2)(x-5) to (y:) B(%x4 =% +%x2 +10x+k) and forms
X

one correct equation using either (0,—75): -75=Bk (allow -75=Fk)

, :
(-1,0): 0=B(%+2+—2——10+k) (5.0) o:p(%—250+7—’5+50+k]

Forms a different equation using one of (0,—75), (-1,0), (5, 0) and solves to find values
for Band k. You do not need to be concerned by the process of solving . A calculator can
be used to solve the equations.

1 3, 25 e x :
y=-—12 (Z x* -2 + ;x‘ +10x+ T) o.e. 1sw 1f they attempt to multiply out or factorise

Condone f(x)=.. butnot C =... but withhold this mark 1f they e.g. divide all terms

by 3. A correct equation scores all 3 marks. Allow if seen 1n (¢)




()

MI1: Substitutes x = 2into their y=-3(x+ 1)2 (x- 5): (must be a quartic in any form) and
proceeds to find a value for y. Sight of their £y (or £243) scores M1.
You may need to check this on your calculator if only a value is seen.

Alft: 0<k <243 oe. ft on their negative y value at x = 2.
Allow use of set notation, interval notation and allow e.g. k <243, k>0 but do not
allow OR or w . Do not accept 0 <k <243 oe.

If there are multiple attempts at describing the region, mark what appears to be their final
answer.

This mark can only be scored if they have a negative quartic graph function

1e. o <0 for their y=cx(x+1): (x—S)2 or a<0 fortheir y=ax' +bx’ +cx’ +dx+e

(Q07 9MAU0/01, June 2025)

QA40.
Question Scheme Marks AOs
(a) 2 2 M1 1.1b
f'(x)=4e  +(4x—k)x—2xe
@ (e=h)x Al 1.1b
f'()=4e +(4—K)x—2e =0 M1 2.1
-1 -1 -1 -1 -1
f'l)=4e —8e +2ke =0=>—4e +2ke =0=k=2% Al* 1.1b
)
(b) Turning points are where
F(o=e" (-8 +ax+4f=—ae” (x-1)(2x+1)=0
B1 21
= o 1
And states that ¢~ # 0 so only other point is x = =
_ (&))
(©) £ L.
Attempts f(I) or f 3 with k=2 M1 2.1
e
) -1 .
One correct “end”, either p<2e¢ or p>—de Al 1.1b
-+ 1
~4e *<p<2e, p=0 Al 2.5
(&)
(8 marks)




Notes:

()

M1: Correct attempt to differentiate using the product rule (or quotient rule).

- - 4 + Bx(4x—k 3
Award for f'(xX)=ae +fx(4x—-k)e or f'(x)= ge +f A{ l: e
<)

If they expand first 1t 1s for xe —ae + ,B.r:e_x

Al:  Correct differentiation which may be unsimplified.

M1: Sets £'(1)=0 to obtain an equation in k (may just use the numerator for quotient rule).
Al*: Shows that kK =2 with sufficient working shown.

®)

2

2

B1: Showsthat x= —% 1s the only other turning point. This requires

e A correct f'(x)=(4x-2)x 2xe +4e using £ = 2 (may just use the numerator for the
quotient rule)

e Some statement alluding to the fact that e =0

e A correct factorisation/solution of the quadratic factor
e A mmimal conclusion

Attempts to just verify that f ’(_f‘lz') =0 score B0

(c)
M1: For the key step in finding one of the limits.

Al: One correct end. Allow any equivalent expressions and allow decimals here:

1

NB —4de ' =-3.1152..., 2¢ " =0.73575...

Condone use of non-strict inequalities for this mark.
Al:  For subtle use of inequalities i realising that p = 0 is not included due to the nature of the
curve.
- 1 - 1
e <p<2e ,p#0 orequivalent such as —4e ! <p<0,0<p<e
1 1

Allow —4e * < p<0 or 0<p< 2¢” and condone —de * < p<0 and O<p< %?

1 1

Allow —4e_4<p<0u0<p<2e-1 but not —4e_4<p<0r‘\0<p<2e-1

(QI10 9MAO0/02/M, June 2025)

Q4l.



Question Scheme Marks AOs

(a) Yy — 2(x?+4)-2x(2x-3)
f(x}=”§ i:f’{m: ( : : -

X"+ (x*+4) M1 1.1b
or Al 1.1b

f(x) =(2x—3)(_x2 —:-4)—12f'(x) =2[}x: +4)-1—2)((23’—3)(;2 +4‘)-2

» -2x* +6x+8
f'{x)=——F— Al 1.1b
(v +4)
3)
(b) Blft
23 +6x+8=0=-2(x+1)(x-4)=0=>x=-14 (Mlon | 1.1b
EPEN)

Chooses correct region for their numerator and their critical values M1 1.1b
x<—lorx=4 Al 22a

3

(6 marks)
Notes

(@)

M1:

Al:

P(x* +4)-0x(2x-3)
Attempts the quotient rule to obtain an expression of the form — - P

= ,2>0
(x*+4)
condoning bracketing errors/omissions or minor slips (e.g. 2x+3 or x+4).
2(x* +4)-2x(2x-3)

Condone, e g. {f'(x) =} (2+2)

provided an incorrect formula 1s not quoted.

2 -1 . .
May also see the product rule applied to (2x—3)(x"+4) to obtain an expression of the form

{f "(x) =}P (x*+4 )-1 -QOx(2x-3)(x*+4 )_: P.Q >0 condoning bracketing errors/omissions

or minor slips (e.g. 2x+3 or x+4)
Fully correct differentiation i any form with correct bracketing which may be implied by
subsequent working.
" -2x* +6x+8 . —
f'(x)= e ok simplified equivalent. e.g. numerator terms in a different order.
(x*+4)
Allow recovery from “invisible” brackets earlier and apply 1sw once a correct answer is seen.
Note that the complete form of the answer 1s not given so allow candidates to go from e.g.
2(x*+4)-2x(2x-3) _2x?+6x+8 g
f'ix)= = 5 = s— for the final mark. The denominator (x” +4)
(x*+4) (x*+4)

may go ‘missing on an intermediate line provided it is present in their nitial derivative and
recovered in the final answer. Allow recovery from incorrect expansion of the denominator.

’ - d /
The f'(x)= must appear at some pomt but allowe.g. " dl =
X
_ : =2(x*-3x-4) _ -
Note that just e.g. f'(x)=—————-—— without sight of a correct derivative in the correct
(x*+4)

form scores AQ.




(b) Note: 1t 1s possible to score BOM1A1 1n this question due to the demand to “use algebra™.
Nate: if their numerator from (a) 1s not a 3 term quadratic then no marks can be scored in (b).
B1lft: Uses algebra to solve their ax” +bx +c¢...0 with a,b,c # 0 where ... is any equality or
inequality. finding the correct, real critical values for their 3TQ.
The ... 0 may be implied by their method.
They must show their working for this mark. so expect to see factorisation, substitution mnto the
correct quadratic formula or completing the square.
Correct values for their quadratic do not imply this mark.
Approaches via factorisation must have completely correct factorisation. e.g.

—2x7 +6x+8{=0} = -2(x+1)(x—4){=0} = x=—1. 4 scores Blft
—-2x* +6x+8{=0} = (2x+2)(4—x){=0} = x=—1, 4 scores Blft
—2x* +6x+8{=0} = x* —3x—4{=0} = (x +D)(x—4) {= 0} = x=—1. 4 scores Blft
25" +6x+8{=0} = (2x+2)(x—4){=0} = x =—1, 4 scores BOft
-2x* +6x+8{=0} = (x+1)(x—4){=0} = x =—1, 4 scores BOft

MI1: Selects the “correct” region for their critical values and their a from part (a). Must be x not f{(x)
CVs may have been found using a calculator and may be implied if they are correct for their
3TQ. CVs may be incorrect due to errors 1n their calculations (but not errors in their method).
e For a<0 androots @ < ff theyneedeg x<a, x>/ (oreg. x,, aorx...f3)
e For a>0 androots & < ff theyneedeg. o <x< f (oreg. x...a, x,, f3)
Do not be overly concerned about their use of =, > | < 1in reference to their 2x> +6x+8..0
for this mark or for the Al.
Indicating the region on a sketch is not sufficient. Allow . /or/and/ U / M for the M1.

If they have complex roots (or they use the discriminant to find there are no real roots) then
they can score this mark for concluding:

e ifa<0. “all values for x (have f decreasing)” or “f is always decreasing” or xR

e ifa>0. “no values for x (have f decreasing)™ or “f 1s never decreasing”™
Al: Correctsolution x <—1 orx =>4 (allow x_, —1or x ...4) coming from the correct numerator.

Do not 1sw if they go on to select e.g. x = 4 or combine incorrectly to 4 < x < —1

Allow full marks to be scored in (b) from an incorrect denominator (but it must be positive for

—2x° +6x’+8 or £/(x)= —2x +?x+8 or (%)= —2x’+6x+8
(x+4) 4x” x +16

Examples: Just “x <—1 or x > 4 stated scores BOM1Al

—2x* +6x+8{=0} = —2(x+1)(x—4) =0=> x <—1,x > 4 scores B1fiM1A1

-2x° +6x+8{= 0} =x2 —3x—4{= O} =x+D)(x—-4)=0=>x., —1, x..4 scores BIfiM1Al

-2x* +6x+8{=0} = (2x+2)(x—4) = x < —1, x > 4 scores BOfiM1A1

2" +6x+8<0=>x" —3x—-4<0=(x+1D)(x—4)<0=x<—-1,x> 4 scores BIftM1A1 (as
this has correct factorisation shown, the region follows from a <0 (M1) and we condone
reference to x° —3x—4 <0 as part of their working to find critical values (A1).)

allx), eg from f'(x)=

Acceptable notation: allow a ", “or” , “and” or “'U 7 to link the two regions, which may
also bein setnotation. eg. x<—-lorx>4 ; x, -1,x...4 ; x<-land x>=4

x, -lux..4; {x:x<-1ux>4} ; el :x,, -Jufxel:x..4 ;
xe(—o,-1)u(4.c) ; (—o,—1]u4,%) etc.

Do not accept 4 < x < —1 or use of the M symbol e.g. (—»0,—1][4,20) for the final mark. but
they may be condoned for the M1. Note also that [—0,—1]w[4, 2] scores A0.

(Q05 9MAO0/01, June 2024)



Q42.

uestion chieme 1arKs £ S
i Sch Mark AO
(@) eh (41’2 - k)Bek —8xe3x
f()=—=1f(x)=- 5
4_1'“+k (41‘3+k) Ml 1.1b
Al 1.1b
or

& 1 =2

f(x)= ek(4x2 +k) 1 = f'(x) = 3e31 (4.7«‘2 +k) -8xe3x(4x2 +k)

(121'2 —-8x+ 3lc)esjr

f'ix)= — Al 2.1
(4x' - k)
3)
(b) If y = f(x) has at least one stationary point then
5 B1 22a
12x™ —8x+ 3k =0 has at least one root
Applies b’ —4ac (=)0 with a=12,b=-8,c=3k M1 24

O0<k< -g— Al 1.1b

3)

(6 marks)
Naotes:
(a)

a (4.7(2 + k)esx - ,Bxesx

MI1: Attempts the quotient rule to obtain an expression of the form

- 5 .ap0
(4x’ + k)
condoning bracketing errors/omissions as long as the intention is clear.

If the quotient rule formula 1s quoted it must be correct.

(4x: - k).’,esx - 8xe3x
Condone e.g. f'(x)=-

provided an incorrect formula 1s not quoted.

(4" + k)

4 -1
May also see product rule applied to e i (4x2 + k) to obtain an expression of the form

1 ]

3 2 B 3 b S - .-
ae (4.\" + k) + Bxe : (4x' = k) a,B0<0 condoning bracketing errors/omissions as

long as the intention 1s clear. If the product rule formula 1s quoted it must be correct.

Al: Correct differentiation in any form with correct bracketing which may be implied by subsequent
work.

Al: Obtains f'(x)= (12.1': -8x+ Bk)g(x) where g(x)= (e—)2 or equivalent
| 4" +k

e.g. g(x')=esx(4x2 +k)

Allow recovery from “invisible™ brackets earlier and apply 1sw here once a correct answer 1s seen.
Note that the complete form of the answer 1s not given so allow candidates to go from e.g.
3 3 P
(4 +k)3™ o™ L o (122-8ve3k)e”
: 3 or 3e (4.1“ + k) —8xe (4x' + k) to ~ for the final mark.
(4 +k) ' (427 +x|




' ) d / "
The "f'(x) =" must appear at some point but allow e.g. -'é -

(b) Note that BOM 1Al 1s not possible in (b)
B1: Deduces that if y =f(x) has at least one stationary point then 12x” —8x+ 3k =0 has at least one
root. There 1s no requirement to formally state ;2 >0
(427 + ]
This may be implied by an attempt at b2 —4ac =0 or Z)2 —4ac > 0 condoning slips.
MI1: Attempts b2 —4ac..0 with a=12, b=-8, ¢ =3k where ... ise.g. “=", < > etc.
Altematively attempts to complete the square and sets rhs .0

3 ¥ 2 1 I b ) 1 1
Eg 12x -8x+3k=0=>x ——x+zk=0=> x—= | ==—=k leadingto ——=k=0

3 3079 & 9 4

Al: 0< kg% but condone k < g and condone 0 < k < g
. 4 4 4
Must be in terms of A not x so donotallowe.g. 0 < x < 9 but condone | 0. o or |0, 9

(Q129MA0/02, June 2022)
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Question Scheme Marks AOs

@ 265 thousand Bl 34
1)
b N,
(b) Attempts . 11%% Ml 1.1b
dr
. . dN,
Substitutes 7 =10 into their % M1 34
av, . 3 - 21
=awrt 18.1 which 1s approximately 18 thousand per year * Al* 2
(3)
Sets
2 : . 3.1b
(©) 45+220e"™ =10+800e™ """ = 220e"®" +35-800e™ """ =0 M
Correct quadratic equation
0057\ 0.051 Al 1-1b
= 220(e”™ ) +35¢°®" -800=0
2 2.1
e%%* _1 829 (—1.988) = 0.05¢ = In(1.829) M
T=12.08 Al Lib
(4
(8 marks)
Notes:

(a) May be seen in the question so watch out.
B1: Accept 265 thousand or 265 000 or equivalent such as 265 k but not just 263.
(®)

M1: Differentiates to a form ke k >0,k = 220 . Do not be too concerned about the lhs.

M1: Substitutes £ =10 into a changed function that was formed from an attempt at differentiation.

’ - : s 2 dN, dN v
The left hand side must have implied differentiation. E.g. Rate=_ N '7 7 oreven E

A1*: Full and complete proof that requires

"

dN, dN
“dt " dt

or awrt 18.1 before a minimal conclusion which

e some correct lhs seen at some point. E.g. "Rate = . but condone N'.

e an intermediate line/answer of either 11e%¢

must be referencing the 18 000 or 18 thousand



©
M1: Attempts to set both equations equal to each other and simplify the constant terms.
Look for 220e"®" +35=800e"""" o.e but condone slips

N-45 _(eom _) 800

It 1s also possible to set 330 ¥-10 and form an equation in N

Al: Correct quadratic form.
Look for 220(e%")" +35e°®* 800 =0 or 220e"* +35¢°* ~800 =0 but allow with terms in
different order such as 220e”" +35¢°%" =800

FYI the equationin Nis N' —55N 175550 =0
M1: Full attempt to find the value of 7 (or a constant multiple of 1)
This involves the key step of recognising and solving a 3TQ in " followed by the use of Ins.

If the answers to the quadratic just appear (from a calculator) you will need to check.
Accuracy should be to 3sf.

You may see different variables used such as x
x =% 2206 +35e°% =800 => 220x° +35x=800=>x=182..=¢=20In1.82...
Allow use of calculator for solving the quadratic and for e”® =1.82..= r=12.08

Via the N route 1t will involve substituting the positive solution to their quadratic into either

equation to find a value for #/7T using same rules as above.
Al: AWRT 12.08

Answers with limited or no working in (b) and (c)
(b) A derivative in the correct form must be seen

(c) Candidates who state 45+ 2202 =10+800e™"" followed by awrt 12.08 (presumably from using

num-solv on their calculators) can score SC 1100. Rubric on the front of the paper states that "Answers
without working may not gain full credit” so we demand a method in this part.

(Q10 9MAO0/01, June 2022)
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Question Scheme Marks AOs
@ |25 Bl 34
1)
(b) Attempts to differentiate using the product rule
dv (10-0.47) ol 3.1b
E=1n(r+1)x—0.4+Tl Al 1.1b
Sets their d—‘ =0=> M =0.41In(7+1) and then makes
dr (r+1) dM1 1.1b
progress towards making "7 " the subject (See notes for this)
_25-In(t+1)
T 1+In(r+1)
Al* 21
. 26 1+
T 1+In(r+1)
“)
(c) i _ 26
(1) Attempts 1 = ERPY 1 Ml 1.1b
awrt 7.298 Al 1.1b
(11) awrt 7.33 seconds Al 32a
(3)
(8 marks)
Notes:
(a)

B1: 25 but condone 25 seconds. If another value 1s given (apart from 0) it is BO

(®)

MI: Attempts to use the product rule in an attempt to differentiate v=(10—0.4¢) In(z +1)

Look for (10—0.47) x tkIn(z+1), where k 1s a constant. condoning slips.

(r+1)

If you see direct evidence of an incorrect mule used e.g. vu'—uv' 1t 1s MO
You will see attempts from v =10 In(¢ +1) — 0.47 In(# + 1) which can be similarly marked.

In this case look for s 27 i Tceln(r+1)
t+1 t+1

: G s . dy
A1l: Correct differentiation. Condone a missing left hand or it seen as v' . Ex— oreven=10

dv 10 04r
or equivalent such as {—‘] =—————-04In(t+1)

(10-0.45
+1 dr )+l (t+1)

(%]:h(r+1)x—0_4+



dM1: Score for setting their dV/df = 0 (which must be in an approprniate form) and proceeding to an
equation where the variable f occurs only once — ignoring In(f + 1).
See two examples of how this can be achieved below. It 1s dependent upon the previous M.

Look for the following steps
s 7 ¢ (10-0.40
e An allowable derivative set (or implied)=0 E.g In(+1)x04= s T
e  Cross multiplication (or division) and rearrangement to form an equation where the

variable f only occurs once.

Egl. Hir ey x04= 20040
t+1
= In(t+1) = 2:1'
=In(r+1) =—1+?2+i1
Eg2 pigee yspig e 00040

t+1
= 04tIn(r+1)+04In(r+1)=10-0.4¢

= 0.4¢(1+In(r+1)) =10-0.41In(t +1)

26

-1+—h;a+—1) —1 showing all key steps.

Al*: Correctly proceeds to the given answer of 7=

The key steps must include
dv .
e use of Et—-or v'which must be correct

25-In(t+1) 26

T 7T Ml e G

® acorrect line preceding the given answer. usually 7 =

(©) @)

M1: Attempts to use the iteration formula at least once.

2
Usually to find 7, = i:'-'l%é- —1 which may be implied by awrt 7.44

Al: awrt 7.298. This alone will score both marks as iteration 1s implied. ISW after sight of this
value. As 13 1s the only value that rounds to 7.298 just score the rhs. it does not need to be labelled
3
(c)(a)
A1l: Uses repeated iteration until value established as awrt 7.33 seconds. Allow awrt 7.33 s
Requires units. It also requires some evidence of iteration which will be usually be awarded from
the award of the M

(Q08 9MAO0/01, June 2022)
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Question Scheme Marks AOs
12 | f(x)=10e"**sinx
—025x _- -0.25 M1 1.1b
=f'(x)=—2.5¢"""sinx+10e" "  cosx oe
Al 1.1b
£'(x) =0=>-2.5¢2* sin x +10£** cosx =0 M1 2.1
= =1—=>tanx=4”‘ Al* 1.1b
cosx 2.5
)
(b) oy
"Correct" shape for 2 loops M1 1.1b
Fully correct with Al 1.1b
decreasing heights
r
2
(c) Solves tan x =4 and substitutes answer into H (f) M1 3.1a
H(44T)= |10e'°'25"4'47 sin 4.47| Ml 1.1b
awrt 3.18 (metres) Al 3.2a
3)
(d) The times between each bounce should not stay the same when the B1 3.5
heights of each bounce is getting smaller ’
@
(10 marks)
(@
M1: For attempting to differentiate using the product rule condoning slips. for example the power of e .
So for example score expressions of the form +._e " sinx+__ e cosx Ml
Sight of vdu— udv however 1s M0
Al: f'(x) =—2.5¢"""%sin x +10e** cos x which may be unsimplified
M1: For clear reasoning in setting their f'(x) =0, factorising/ cancelling out the e term leading to a

trigonometric equation in only sinx and cosx
Do not allow candidates to substitute x = arctan4 into £'(x) to score this mark.

smx 10 ) _ sin x
= —— or equivalent leading to = tanx=4%

must be seen.
cosx 2.5 cosX

Al7: Shows the steps

(b)
M1: Draws at least two "loops”. The height of the second loop should be lower than the first loop.

Condone the sight of rounding where there should be cusps
Al: At least 4 loops with decreasing heights and no rounding at the cusps.

The intention should be that the graph should “sit” on the x -axis but be tolerant.
It 1s possible to overwrite Figure 3. but all loops must be clearly seen.




(©)

M1: Understands that to solve the problem they are required to substitute an answer to tan7 =4 into H ()
This can be awarded for an attempt to substitute 7 = awrt 1.33 or ¢t =awrt 4 47 into H (f)
H(t)=6.96 implies the use of £ =1.33 Condone for this mark only. an attempt to substitute
t =awrt 76° or awrt 256° into H (1)

M1: Substitutes 7 = awrt 4.47 into H(f) =|10e™* sin7 |. Implied by awrt 3.2

Al: Awrt 3.18 metres. Condone the lack of units. If two values are given the correct one must be seen to have
been chosen
[t 1s possible for candidates to sketch this on their graphical calculators and gain this answer. If there 1s no
incorrect working seen and 3.18 1s given. then award 111 for such an attempt.
(d)
B1: Makes reference to the fact that the time between each bounce should not stay the same when the heights of
each bounce 1s getting smaller.
Look for " time (or gap) between the bounces will change”

‘bounces would not be equal times apart’

“bounces would become more frequent’
But do not accept ‘the times between each bounce would be longer or slower
Do not accept explanations such as there are other factors that would affect this such as "wind resistance”.
friction etc

(QI129MA0/01, June 2019)

Q46.
Question Scheme Marks AOs
2(x+h) -2x _ M1 21
h
2(x+h) -2x2 2
2(x+h) -2x _4xh+2h Al 11b
h h
D i Iy (44 20) = 41 Al* 25
dl' h=0 h h—0
(3)
(3 marks)
Notes:




Throughout the question allow the use of 8x for /1 or any other letter e.g. a if used consistently.
If 3xis used then you can condone e.g. 8°X for 8x” as well as condoning e.g. poorly formed &'s

M1: Begins the process by writing down the gradient of the chord and attempts to expand

X : 2
the correct bracket — you can condone “poor” squaring e.g. (x+7%) = 2 +ht

2

2(x—h) -2x°
—h
Al: Reaches a correct fraction oe with the x> terms cancelled out.

< o) 2 X S o
Eg Mh+2H 2E +4xh+2h X,4x+2h

Note that =...1s also a possible approach.

h h
Al#*: Completes the process by applying a limiting argument and deduces that a'lx =4x with no
dy ; . :
errors seen. The "d%c =" doesn’t have to appear but there must be something equivalent e g.

"f'(x) =" or “Gradient =" which can appear anywhere in their working. If f'(x)1s used then

there 1s no requirement to see f (x) defined first. Condone e.g. % —4xor f’ (x )= 4x.

- : 4 20
Condone missing brackets so allow e g. %;— = 11m--M

=lmdx+2h=4x
=0 h -0

Do not allow / = 0 1f there is never a reference to h=0

: £=1im4xh+2h2

=k 2(0)=4x 1
e.g o ]'_’1_:,134x+-(0) 4x 1s acceptable
) h+ 2k ) . .
bute.g. %=%=4x+2h=4x+2(0)=4x1snot1fthere1snoh—)0seen.
x

The h=>0 does not need to be present throughout the proof e.g. on every line.

2.2
They must reach 4x+2h at the end and not o N (without the /"s cancelled) to complete

the limiting argument.

(Q04 9MAO0/02, June 2022)

Q47.



Question Scheme Marks | AOs
(@) - M1 1.1b
f'(x)=)4cos| =x |-3 :
( ) ) ( 2 ) Al 1.1b
1
Sets f'(x)=4cos(3x)—3=02x= dM1 3.1a
x=140 Cao Al 3.2a
4)
(b) Explains that £(4)>0. f(5) <0 B1 54
and the function is continuous -
1)
(c) _ . 8sin25-15+9
Attempts X, =5 c0s2.5—3" M1 | L1Ib
(NB f(5)=-1.212... and f'(5)=-6204..)
x, =awrt 480 Al 1.1b
2)
(7 marks)
Notes:
(@)
5
M1: Differentiates to obtain £ COS(;X] T o where a is a constant which may be zero and

no other terms. The brackets are not required.

' 1 o ' 1 1 0
Al: Correct derivative £(x) = 4(‘05(? x]—3. Allow unsimplified e.g. £'(x)= X Scos(7x)—3x

. ; dy ) i
There 1s no need for f'(x)=... or E =... just look for the expression and the brackets are not
required.

dM]1: For the complete strategy of proceeding to a value for x.
Look for

o f'(x) =acos[%x]+b=0, a,b=0

iy,
® Correct method of finding a valid solution to @ cos[ 71‘} +b=0

Allow for acos(%x}-ﬁb=0:cos(%x)=ik$x=2cos-l(ik) where |k|<1

If this working 1s not shown then you may need to check their value(s).

1
For example 4cos(;x]-3= 0=>x=14_o0orl1l.1.. (or828. .. 0r637....0r8031in

degrees) would indicate this method.
Al: Selects the correct turning point X =14.0 and not just 14 or unrounded e.g. 14.011...
Must be this value only and no other values unless they are clearly rejected or 14.0 clearly
selected. Ignore any attempts to find the y coordinate.
Correct answer with no working scores no marks.
()

B1: See scheme. Must be a full reason. (e.g. change of sign and continuous)
Accept equivalent statements for £(4) > 0. £(5) <0e.g. f(4)xf(5)<0."there is a change of
sign”. “one negative one positive . A minimum is “change of sign and continuous” but do not
allow this mark if the comment about continuity is clearly incorrect e.g. “because x 1s
continuous” or “because the interval 1s continuous™



©

MI: Attempts X, =5 —FS)- to obtain a value following through on their f'(x)as longasitisa

“changed™ function.

Must be a correct N-R formula used — may need to check their values.

Allow if attempted in degrees. For reference in degrees f (3) =—-5.65... and £ '(5) =0.996. ..
and gives X, =10.67...

f(5
There must be clear evidence that 5 —ng 1s being attempted.

- | )
f(xn) B o Ssm(ix)—3.x+9
=X~ f'(x") = X, =4.80 scores asdoese.g. X, =X—

1
4cos(—2— x.] -3

BUT evidence may be provided by the accuracy of their answer. Note that the full N-R accuracy 1s

4804624337 so e.g. 4.805 or 4.804 (truncated) with no evidence of incorrect work may imply the
method.

soe.g. X

j =430

Al: x; =awrt 4.80 not awrt 4.8 but 1sw 1f awrt 4.80 1s seen. Ignore any subsequent iterations.

Note that work for part (a) cannot be recovered in part (c)

Note also:

£(5)

5 —TS) =awrt 4.80 following a correct derivative scores M1A1

£(5)

£(5)
S5——— it 4.80 wi i 5——— wa s
G) *aw with no evidence that o) was attempted scores MO
(Q06 9MA0/02, June 2022)
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Question Scheme Marks AOs
@) dy £ M1 1.1b
. - =2v-2-12 2 2
Ofews Al 1.1b
2y 3
@ Loy Blft 1.1b
dx”
3
(®) ) 2]
Substitutes x =4 intotheir%=2x4—2—l2x4 2=_. Ml 1.1b
e
Shows % = 0 and states "hence there 1s a stationary point" oe Al 21
X
2
. _ _dYy 2
Substitutes x =4 into the1rd—'2=2+6><4 2=(2.75) M1 1.1b
X
(C) dZ A
dlt =2.75>0 and states "hence minimum" Alft 22a
(2)
(7 marks)
(@)(®) )
. . dy = & 2 . o
M1: Differentiates to d._ =Ax+B+Cx * Al: a =2x-2-12x ? (Coefficients may be unsimplified)
= :
(a)(ii)
’ dy . dy . dy : . .
B1ft: Achieves a correct T for their o ( Their o must have a negative or fractional index)
% ; :
(b)
M1: Substitutes x =4 into their j—" and attempts to evaluate. There must be evidence d—‘i =iz
X P
) ) . . . dy 36 2
Alternatively substitutes x = 4 mto an equation resulting from i =0 Eg. —=(x—1)" and equates
X x

Al: There must be a reason and a minimal conclusion. Allow v, QED for a minimal conclusion

dy 2 ; :
Shows E:— = 0 and states "hence there 1s a stationary point" oe

Alt Shows that x =4 1s a root of the resulting equation and states "hence there 1s a stationary poimnt"
All aspects of the proof must be correct including a conclusion

(©)

IS

M1: Substitutesx =4 mto thm-&;}, and calculates 1ts value, or implies its sign by a statement such as

when x=4= j 2 > 0. This must be seen m (c) and not labelled (b). Altematively calculates the
2
gradient of C either side of X =4 or calculates the value of y either side of x=4
Alft: For a correct calculation, a valid reason and a correct conclusion. Ignore additional work where

b

<
‘v

dy d
candidate finds _d—‘:- left and night of x =4. Follow through on an incorrect o ‘ but it 15 dependent upon
X X"

having a negative or fractional index. Ignore any references to the word convex. The nature of the tuming
point 1s "minimum".

Using the gradient look for correct calculations. a valid reason.... goes from negative to positive, and a
correct conclusion .. minimum

(Q02 9MA0/01, June 2018)



Q49.

Question Scheme Marks AOs
@ Either 3,\!2 — A_v-@i or 2xy —> 21‘9l+ 2y M1 21
dx dx
dy dy
2x=2x——-2y+6y—= Al 1.1b
x—2x—===2) +6) s 0
(6)'-21‘)%:2}!-21’ M1 21
dy 2y-2x y-x i
dx 6y—2x 3y-x A Lk
C)]
dy
® [At Pand Q 2 _so=>| Deduces that 3y—x=0
_ dx M1 22a
l 2 2 4
Solves y = 3X and x~ —2xy+3y~ =50 simultaneously M1 3.1a
:>x=(vi_)5\/§ OR =>_v=(:t)§\/§ Al 1.1b
Usmng ) =%x =>x=.. AND y=.. dM1 1.1b
5
P= —5J3‘.—§J§ Al 2.2a
\\ /
(5
(c) Explains that you need to solve y =x and s 2xy +3_v:' =50 Bift 24
simultaneously and choose the positive solution a
(1
(10 marks)
Notes:
(a)
dy dy
M1: For selecting the appropriate method of differentiating either 3_\'2 - A_rd;:_ or 2xy — 2x‘£+ 2y

— i dy
It may be quite difficult awarding it for the product rule but condone —2xy — —Zxd;:_ + 2y unless you

see evidence that they have used the mcorrect law vu'-in'

5 A dy dy
Al: Fully correct derivative 2x — 2.1';} —-2y+ 6,1'-'—‘ =0
7 dx dx
Allow attempts where candidates write 2xdx —2xdy —2ydx+6ydy =0
.. dy dy dy . . - :
but watch for students who write d—‘ =2x= 2.\'&—" —2y+6y E‘ This. on 1ts own. 1s A0 unless you are
x x 3

convinced that this is just their notation. Eg ‘d—l =2x- 2"'3 =2+ 6",3 =




2 = dy 5 ~ . dy : 2
M1: For a valid attempt at making d._:r the subject. with two terms f coming from 3y~ and 2xy

dx
dy g dy 2y-2x
+ == e A il
Look for (...=...) e It 1s implied by T Be
This cannot be scored from attempts such as j—: =2%= 2\% —2y+ 6y which only has one correct term.
Al*: & =2"% with no errors or omissions.
dv 3y-x
The previous line = o M or equivalent must be seen
= &t G2 :
()

M1: Deduces that 3y —x=0 oe

. . . . 1 i
M1: Attempts to find either the x or y coordinates of P and Q by solving their y = 3X with

X = 2xy+ 3y2 =50 simultaneously. Allow for finding a quadratic equation in x or y and solving
to find at least one value for x or y.
This may be awarded when candidates make the numerator =0 fe using y=x

Al: = x=()5{3 OR =y =(1)§J§
dM1: Dependent upon the previous M. it 1s for finding the y coordinate from their x (or vice versa)
This may also be scored following the numerator being set to 0 1e using y=x

Al: Deduces that P =(—5J§,—§J§] OE. Allowtobex=.. y=.

(c)

BI1ft: Explains that this is where % =0 and so you need to solve ¥ =x and x> —2xy+3y° =50
simultaneously and choose the positive solution (or larger solution).

Allow a follow through for candidates who mix up parts (b) and (c)

Alternatively candidates could complete the square ( x—y)2 4+2y* =50 and state that y would

reach a maximum value when x =y and choose the positive solution from 2y* =50

(Q09 9IMA0/01, June 2018)
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Question Scheme Marks | AOs

dy (2sinf+2cosf)3cosf—3sinb(2cosf—2siné) Ml L1b
= : ) : Al | 11b
de (2sin8+2cos8)
Expands and uses sin” B+cos” @=1 at least once in the numerator or the
denominator = M1 31a
oruses 2sinfcos@=smn26 m ﬁ-—'l-= b
dé ... Csinfcosé
Expands and uses sin” 8+ cos”> =1 the numerator and the denominator
? 2
) O o S . . . S sl I
dé Q+Rsin28
dy 3 #
= - % Al | LIb
dé 2+2smn28 1+sin28
(5 marks)

Notes:
M1: For choosing either the quotient. product rule or implicit differentiation and applying it to the given

dy dy
function. Look for the correct form of é (condone 1t being stated as d—:) but tolerate slips on the

d{smn @ d(cos @
coefficients and also condone (:112 )=ic059 and % =*smné
g dy (2sm@+2cosf)xt. . cosf—3sinf(t..cosft. sinf)
For quotient rule look for —= —
de (2sin8+2cosf)

For product rule look for

%=(2sm0+2c059)_lxi’...cosBiSsian(2sin9+2cos€)-2x(i___cosei___sing)

Implicit differentiation look for(...cos @%...sin8) y+(2sm 8+ 2cos 9)% =..cos@

S . dy R - dy
Al: A correct expression mnvolving écondomng it appearing as I‘
X

M]1: Expands and uses sin® @+cos”> @=1 at least once in the numerator or the denominator OR uses

2smécos@=sin26 in =>$= —
dé ... CsinBcosé
M1: Expands and uses sin” @+cos” 6 =1 in the numerator and the denominator AND uses

: : : : : dy P
2sinfcos & =sin 28 in the denominator to reach an expression of the form = = _
dé Q+Rsin26
7
1+s1n28
Allow recovery from missing brackets. Condone notation slips. This 1s not a given answer

3
Al: Fully correct proof with 4 = = stated but allow for example

(QO05 9MA0/01, June 2018)



