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Figure 1
Figure 1 shows a sketch of a curve C with equation y = f(x) where f(x) is a cubic expression in x.

The curve

e passes through the origin
e has a maximum turning point at (2, 8)
e has a minimum turning point at (6, 0)

(a) Write down the set of values of x for which

fi(x) <0

2 < %A <6

The line with equation y = k, where k is a constant, intersects C at only one point.

(b) Find the set of values of k, giving your answer in set notation.
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(c) Find the equation of C. You may leave your answer in factorised form.
This  Cubic WaS  cepested voot> ok x =G 2 (oe- Q)Z '8 o factov 1‘1 £ (D

2=0 > ohso o wvweob
s LY = ax ['x—@)l
£(=5%
g = alnf2-61"

%= 200(-uw)"

¥ 22

- L
A=k

o ,@[')o) = -‘L—‘_DC E'x_-—ﬁ]1

—_—

(Total for question = 6 marks)
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Figure 3

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve with equation

The curve crosses the x-axis at the point A.

(a) Verify that the x coordinate of A is 4
AF K328 04) - (0
3=32-32
§=0 Thas |, A ts (a4,0)
The line /1 is the tangent to the curve at A.

(b) Use calculus to show that an equation of line /1 is

12x + y =48

Sv.
:j=‘tuc—;>cl

iy

3y
- _ 5 .
;[;c_c‘ 2
Mm = %—E(mz/’- = -49
Py

| A (-2t

y-0
q
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The line /> has equation y = 8x

The region R, shown shaded in Figure 3, is bounded by the curve, the line /1 and the line I

(c) Use algebraic integration to find the exact area of R.
o Llud Pont ©Were U and U et .
L2 Bac =4k
Ao =g
L = Qg
J= $X 24 =10

Avea “é— -(rrl‘,omj\(. T 4 x 192

= S%q,
Py

I ¢ <.
Poen wndhey (owve = E §oe - C " dax
7,
["sac“' _ X v ]
i =
2 z 1
2 2. Ut
[eoe® -5 ],

[4at0™ 3 cuf"] - [4 (3- % (.031/"]

o

A—vcm vlh'{v\/ Cuwwe —_ (—02-
9
n = 3¢ — (a2
9
R- 134
—
35
=

(Total for question = 9 marks)

(Q10 9MAO0/01, June 2024)
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where x is measured in radians.

y=sinx

Use differentiation from first principles to show that

You may

dy
- = COosXx

dx

+ use without proof the formula for sin(4 = B)

» assume thatas 7 — 0.

sin h
— 1 and

1

cosh —1
_—

1

ﬂ = $:v\'ac

Sin (e+l) - Sin at\)
( -

A
S iAdcCosh + Cossinh —S e

t
L WA ( ™

—_—

S‘W\ h CoSac St e leshh — Sn\vnf—>
i, AP +
W W

S:"‘\’\ (CoSw ¥ (CUS\A

i LCoS ) + OCSJV\MD

Cos x

I

1) (o' ,L\]

(Total for question = 5 marks)

(Q12 9MAO0/01, June 2023)
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y ="

(e+yF -
T (e

LA T
y ¥ [t et = >
d_' = t\M\,.——vo w
5C
P
J’j \1:""‘ 29eh b
- = W n
ke
M _ }M 25 + 0
J; wW—oo
_AE = QDC
dat

dy
Given that y = x?, use differentiation from first principles to show that dx

9

(Total for question = 3 marks)

(Q04 9MAO0/01, June 2024)
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Q5.

Given that 6 is measured in radians, prove, from first principles, that the derivative of sinf is cosf

. sin h cosh-1
('\.‘ ou may assume thatas h— 0. 7 —1 and : - 0)
h 1

dy ¥ [s‘m (®+W) —Sinf ]

= _ =
d.;(; \,\—Do
. QS n® Cosh T (BFSIul —Sinl
Lim
h—o I
\,‘ [S‘W\Q’ CoSh — S8 + Co5eSh
M s I
Lian (SEV\S[O@S\" Y. (,059[5:"\"‘1>
wW>o0o " "
4 = (szvxexo +(Cos 9)3(1
"
Aﬁ = Cos ©
choe

(Total for question = 5 marks)

(Q11 9MAO0/02/M, June 2025)
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f(x)=x3+2x2 - 8x+5

(@) Findf''(x)
2'(e) = 3x*4+ad - %

Ly = Goc + 4

(b) (i) Solvef''(x)=0
(ii) Hence find the range of values of x for which f(x) is concave.

1) b>x +4 =O
b>c =-4
oc = X
6
2C = —2
3

LL) /‘\ <& T\/\:S :S Cow cone S\,\o\.?-eu
PO‘V\k/— ;r&_ }V\,@ML\DV\ géﬂ L = —%

2ased ow Sicevcl

ﬂm&\,\ QP12 dl_ .P(J‘”)
£Lx) s Cownlene
2

/\l‘\\ / when 2C <—§

(Total for question = 4 marks)

(Q01 9MA0/02, June 2023)
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Q7.

5x% + 10x
V= X # _l
i (x+1)

dy A4
(a) Show that & (x+1)" where A and n are constants to be found.

w = 5+ dooc NV o= (se+ i)z
ik_ = 403t + 1o dv = 2 ( sc+d)
dac Ao

dm dv
b VN -UL
Cl'ﬂf'— V z

) My (e+1)" (Lo +10) — (S ®+ 265D (2 Coesay )

ohe [()H_i)L]L

dy  _ (b +#4) (10 (2c+4)) — 2( 53 +205)Cace)
doe (oc + L)%

o 1o (> +4) (e+rd) —(_1_0::07-4-1090

Toe (ot +4)3

an _ Lo( ™+ aer1) — Loac® -20%

doc (pc+4)?

ol/j 4o 'x.?' 200t +do — dose® —20 3 i @)
j’:f: 7 L?C*i)-‘ (Dc+i>3

dy

(b) Hence deduce the range of values for x for which dr <0

1o " 3
— < O 14_ (oe+d)” <o
(:wc+l)3
o +4 <o
2 < -4

(Total for question = 5 marks)

(Q03 9MAO0/01, June 2019)
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y=4x>-7x*+5x-10

(a) Find in simplest form

dy

q Z
1) ™

y
11) -
( o

(b) Hence find the exact value of x when dx

© = 24w - 1¢

iq- = 24
g

= )
Iy
l =
12

(Total for question = 5 marks)

(Q01 9MA0/02, June 2024)
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Q9.

tah 4

Figure 2

f(x)= EFip l.\"‘ —8x% +ax+ 17
3 3

where a is a constant.

Figure 2 shows a sketch of the curve C with equation y = f (x)

Given that C has a local maximum at

(a) show that a = -4
2 2
¢ + 2 - i(: of +a

—lf‘(wﬂ
. = 0
—ﬁlt(—at%) 2% z+l>¢~4é
Loz el @) E () Al(g) e
O = "i‘. + i In +a
- ¢ PR v
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(b) find the exact y coordinate of the local maximum.

£ ()= 2+ —'5—301 - %x* —42¢ + 112

3
3= 2(5) = () w5 (7 -« () 5
735
J= 4‘)6%

The equation f (x) = k, where k is a constant, has 4 distinct solutions.
(c) Using algebra and showing all stages of your working, find the range of values of k.
Give the answer using set notation.

(Solutions relying on calculator technology are not acceptable.)

200 2 gty -1 - ¢

S

|
I_F = 'S o 5i-px:ov\n:j po:v\j;—/ s +4 NEEPN :?a.,c?fo\r .Sjﬁ —?L’)b)

1
q,

x4 Ox -4
4> +4 jqncg +a? —1boe - 4

—(ase® +2c?) {
o —1bx
—(o +0)
A -¢
‘C——i@x —"f)
= [

100 = (4ser1) (e - ¢)
$100) = (@oera) (oe+ 2) (o0 -2
At Statlway pold , £'(%)=D
0= (Goc+N(xr2y(x-2)

oC = ‘i Xe=-2 A=2
locaL local, \dc“{“
WLD-%QV\MM wdm‘,www Wln s
£(-2) = (-3 (_-—L')Z - %L—z)1 -4 )"« \T'} - -5
2
' -5 < Kk <« 41%5 .
- B3 (Total for question = 9 marks)
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Figure 4
Figure 4 shows the plan view for the design of a stage.
The shape of this design consists of a sector of a circle AOB joined to a rectangle OBCD.

Given that

e the radius of the sector is r metres and angle AOB is 6 radians
1

e the length and width of the rectangle are r metres and 10" metres respectively
e the total area of the stage is 240 m?

(a) show that the perimeter of the stage, P metres, is given by

480
P=2r+—
=

You must make your method clear.
P= ¥4 0-Ir £O04v 4v + av LMG-HA
owC Lm‘jﬂ'\ = 9\f

Pz 2a2c v

Acea -J_‘(, sector = -}:{rlg'

Totel avea = Avea af Secdbov + avea o w,d,'mj],e

A40 = rt
“ A I
2
—_ AN
90 = ¥ L p.qyt
40 -0 w?r - (*@
2
450 — 0-art = ¢r o
4:6_[? - O = &
rt =

E .
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Using algebraic differentiation,

(b) find the value of r for which P has a stationary value.

P = 2 +¢x0¢ 2
dp Y
v L £¥Q V¥
E = 9. - &%o
div (7—
9{7&2\7?0\/\&”3 q €O
Vodne at DE;O -\ 0= 3 rt
k¢
4 %0 -9
et

(c) Prove, by further differentiation, that this value of r gives the minimum perimeter of the stage.

2
A_,E = q&or'g
dvl
d*e _ 960
de? 3
A’t vz Li’d’l-sj ‘Z‘iﬂ - a6o v O‘ 5% J'
dv? (463)’ 2532 (4d7)
d’e
O
dv? [

o mbnl s Pcvtwwg;vw & = 4815 m

(Total for question = 9 marks)

(Q15 9MAO0/01, June 2025)
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The curve C, in the standard Cartesian plane, is defined by the equation

. — T
x=4sm2y —=l P
4 -+

The curve C passes through the origin O

dy
(a) Find the value of dr atthe origin.
dax
— = X Ax CoS A
iy oot J
doc
%' = 8C05 lﬂ
’ CJJ 1

_— =

doc %cos:z\j

At Q’J"\ , ‘ﬁj_ . 4
doc oS 2(0)

dy 4

doc €x

|-

(b) (i) Use the small angle approximation for sin 2y to find an equation linking x and y for points close to
the origin.

(ii) Explain the relationship between the answers to (a) and (b)(i).
1) Sin 23 Al D:j

= 4 (29)
oA X ‘sj
Lb DC:"Sj
\
=2
J=30

The MSwer (i (&) 'y He jvwl:tvx,'t D{- e L:vxﬁ ‘n LE)
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(c) Show that, for all points (x, y) lying on C,

dy I
dx  gJb-x*
where a and b are constants to be found.
c13 4 X = & Sin ,‘Lj
de ¥Cod 2y ’& = Sin2y
Z
Sin“ay 4+ Cos¥2g = A X _sln’a
J 1 J

1 %:J,ﬂ.—stm’-}-j
N
A R

%Co%l:] = %\Jfé(ié—:)dg)

—

Cees 29 = 8E*J14—9c1
CSC@SD—:] = ‘6)&5} KW

®Cos oy = JJW
by 4

oc 2)46- x*
—

(Total for question = 7 marks)

(Q14 9MAO0/01, June 2019)
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Q12.

y=1£(x)

Figure 1

Figure 1 shows a sketch of the curves with equations y = f(x) and y = g(x) where

fix)= 64’:'1 x>0

g(x)=8lnx x>0

(a) Find
() £00)
(i) g'(x)
')-_.
D ooy =Clk |
W= gact—y Y= e’
ii: = ¥C % _ o
-F(jr,)—"j‘ = gl’u x Ay

£
10 = gaxe” i
L= sacet”™ N

1
&
J
[q)
b3
e

D) 9'ko = X
o0

T——

[®) e 5

"0
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Given that f(x) = g'(x) at x =a

(b) show that a satisfies the equation

4x*+2Inx-1=0

GxZ~|

$xe = ¥
W
R
2 4oL -l
¥ e - %
wact-l
e =4
gt
Lw Lot e ) = Lu i
wse o
LV\ 'NL‘L + LVlc = O
1
Alwnot + & — 4 -~ O

43¢+ 2Lw 3¢ -1 =0

& howwn |
—
The iterative formula
) _/hdmn
R \ 4

is used with x1 = 0.6 to find an approximate value for a

(c) Calculate, giving each answer to 4 decimal places,

(i) the value of x
(i) the value of a

l) 2 = -6

DC)_ = ‘i‘lbw(’)'@
l{;

5¢, = ©7109 (¢d.p)

LL) Xy = ' 4 -2Lln 07109
q.
W, = 0-64¥ 5329086

[y
<
<

= . = O0-67064 162472
30

& = 0-6706 (ad-p)

-

(Total for question = 7 marks)

(Q06 9MA0/02, June 2024)
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Figure 2

A racing car is driven along a straight road.

Figure 2 shows a graph of the speed of the car as it travels along the road.

The car starts from rest and is driven for T seconds before stopping.
The speed of the car is modelled by the equation

v =15t - te*¥ 0<tsT
where t seconds is the time after the car starts to move.

According to the model,

(a) find the value of T, giving your answer to one decimal place,
Kt v=0, o= 45t —te>?"

0=+ (45-€°%")

t o _4_5—60—”:_ o
15 = e "
L 15 = l,me':"”-b
L (S = o-2t Lwne€
ln 15 = @3t
5nS = %

’

-- —(_ = G Ln 1§ X 135

Sac-.w\el S

(442
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(b) show that the maximum speed of the car occurs when

5
r=5hl[ L J
t+5

9t 02t
V:‘.\S-b'--f‘?,o:L y=t¢€
+ U= ea~1t‘
dv o2t 0-2% U= -
-_— = 4 - - o 2%
m 15 [0 ate + € ] M‘:i \Il - o€ 2
dv _ 45_0‘”60-2'0_ 60-5117 9w sun!
de 7 o o2
1 y=t(o2e’ ™)+ e (D
\ c v o= i .
Mot Muw o0 Cccund o ;—t =0 U - o~2+e°"‘“’ -(—6° ot
0= 16 - o-ate”? | 02
o2t 0.2t 2t Llwe = Lml-'s
O-1te + e =15 0 T +5
o2k o2y . = 1S
te + 5e = 15 °-2¥ - L"‘lt—+5l
9- 2%
e [++5] =75 t=5L,\l%
o-2¥ 16
e = 12 _—
*+5 Shown .
Ln e,o—w = LV\l _:_‘:-5
Using the iteration formula
5.
] 2 — |
B3] withti =8

(c) (i) find the value of t3 to 3 decimal places,

(ii) find, by repeated iteration, the time taken for the car to reach maximum speed.

¢) t, =%

1%
¥y Sla ﬁg_l
%, = SLV\\-'TSE\

15

= g —_—
tS LM\ELM[:‘%“(—S\

£,= %47y ()

—_—

F-0%2282212

o
c.
/
&
£
W

& e
"

10 %-55402% 40_4_ Seconds

(Total for question = 9 marks)

(Q09 9MA0/01, June 2025)
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Q14.

The value of a car, £V, is modelled by the equation
V =1500 + Ae ™™
where A and k are positive constants and t is the age of the car in years.

Given that

e theinitial value of the car was £20 000
e the value of the car was £12 000 when it was 2.5 years old

(a) find a complete equation for the model, giving the exact value of A and the value of k to 3 significant
figures.

At t:-o, \ = 29,000

~ Kkl
ldoooo = |S00 + AE
\ R 500 = A
-K¥
N =150+ 1%5006
-2-51L
12000 = 1500 + | € G00 €
10500 = & 5006—-2-5“
1 — -5
e
37
bR |
61-5& . 37
X
2-514 1_1
Lne = L"‘lm \

268K LnE = Ll» \%

2.5 = Lln %})

2 31

v = = Lw (H)
an 0-2271 (’S 5'f—~>

—0-227 ¢
\V = 15%500 &+ (§So0 e




(b) Show that the rate of change in the value of the car can be expressed in the form

-k(V - 1500)
—90-227t
V = 1lSO0 4+ \$500 e
Ay -0-227¥ —o-29nt
— = %500 (—0-221) € V=500 + 1&So0€
oH,' —2721F
U—1S00 = (EgSo0 e
v -9-227%
& = -o-2a7[ 15500¢e J
It
‘i\é = —o.gg7f\f— :’l_SoOJ
d

(c) State a limitation of this model.

The WLoJ:CL $u33e,§*7‘5 Holr tle J odaat, th He Cows Lol ueNew g0
below £1500

(Total for question = 8 marks)

(Q11 9MAO0/01, June 2025)
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Q15.

A spherical mint of radius 5 mm is placed in the mouth and sucked.
Four minutes later, the radius of the mint is 3 mm.

In a simple model, the rate of decrease of the radius of the mint is inversely proportional to the square of
the radius.

Using this model and all the information given,

(a) find an equation linking the radius of the mint and the time.
(You should define the variables that you use.)

dv X A let v = V-GLJ-t\A% d.g, %f\r\tklt\al, ot T

. - ‘,-(/t t: ‘b:W\c o mindes '{I_V"’V"\ hen ﬂ/\o wmiant ‘t& ‘H/\ W\QW'H/\-
. K

dt 2

vz A = KRdt

Srz dv =£\<D\'{7

3

v = Kt +C
3
Af'\T'-’OJTT-S Kt ‘L‘=q—J =72
3 2
i - ‘g\(“o)_‘,c i, = \<C"\”)""C¢
3 )
E;C C1:c(.i<+£
2 3
_'q_ :ll—li
3
— 41 = K
8
' 3
- r - ’ﬁk_,,fQ_S
3 6 32
3= “YP¢ ¢ 425




(b) Hence find the total time taken for the mint to completely dissolve.
Give your answer in minutes and seconds to the nearest second.

it Jcomb dissolwed ot v 2O

0o- ¥t +n05
A
L - 25
x
49t = 250
-t = 9-:5/0 uM:V\\JTtS
o

T € 5002040816 m)ades

O 102040516 xb0 2 £.122 Seconds X b Seconds

+ 2 5 minded 6 SecondS

/_\

(c) Suggest a limitation of the model.
The wodd, cQoe,S not  ConSider the {’cw?f,foi;w{, on e wouwtln.

(Total for question = 8 marks)

(Q10 9MAO0/02, June 2018)
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A scientist is studying a population of mice on an island.

The number of mice, N, in the population, t months after the start of the study, is modelled by the equation

N 900

—W teR, t=0

(a) Find the number of mice in the population at the start of the study.

A‘\T tzo N = 00
’ A P E et
900 ‘7
= = O
3+7
N dv _ N(300-N)
(b) Show that the rate of growth dr is given by d 1200
qo©
-0-25¢ | —I
N= 00 (3r7e ) N = /_Bf"')@—o.l'Sk
Nz aoou n= 2+7 -o2st
SN -4 ®
- st - = o
IV . _gGeou da 2O 900 3476 7"
" dt * .
—o. LS U
i — 00 3t7e - Fe°
du - wt N
—o-1S¥ p
7€ = _(7_(3 _ 3
- v ~0-1$t
u -7e -] ( 700 _ 3>
N =299 -2 GRS S ¢ N
olt w?® “
dn _ - oo & C—o-zst
oy (Z_I__'c—o-zﬁr)" ¢
-1 -7 —o-5t
f(_g = 700 X R P — e
-0 1St - 0-ISt
i 3+ ¢ 3¢ ¥
—0-15t
j’g = Nx -y e K
900 *
N _
W oa Nk N L (9950
oAt 20 4
N N ( ‘wo—zw\)
ot 2600 N
dn N ( 200 - I
dF 3600
dr N (300 —AN)
€
d o200

sb\qw\n -
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The rate of growth is a maximum after T months.

(c) Find, according to the model, the value of T. /

dn N (300 =N
;l; = tale Hee -pos/w ‘j_ A j/mo\oltmf.‘c

(200

Meaw ocews ol & = 450

900
-0 257

2 + e

! 150 =

0-25b

0-25¢

Lnée = Ln
0-25% Ln€ = LM%

0-25% = ULn3

vz 3.29 Mownt|\ S ( 3 B,ﬁ)

—_—

According to the model, the maximum number of mice on the island is P.

(d) State the value of P.
Y_’ o Ccwws ~S £ D

-0.25¢f

kS £t 20 e — 0O

J

- (Total for question = 10 marks)

(Q14 9MAO0/02, June 2018)

Video Soluticns Walkthouwgh



Figure 2

Figure 2 shows a sketch of part of the curve C with equationy=xInx, x>0

The line / is the normal to C at the point P(e, e)

The region R, shown shaded in Figure 2, is bounded by the curve C, the line / and the x-axis.

Show that the exact area of R is Ae? + B where A and B are rational numbers to be found.

4 2clnac 4= d2nac
At y:o 9z wv' e vd
@ = xlax Wz v=ludx
2. =0 X 20 o4 L _‘f—,
ac =4 P
' 4 ac[i) +lnz
S X ln ot doC doe S
0 d
_::1 = 4 +Llua
]u,nlu - w - ]\lalu doc
e P R
uzlude ov = ocobie 3
\ M, = Avd1 =2
de o L Jav = [ode A
doe 2C MN: i- At (_C,b)
dx vz oot N
Lodu= — £ quodt touA -“,_Nov:mnk
[13 >
e ¥-¢ = '_l (_:L-c)
— st st dawe -
bmaedhe = X7, - [ L 2 ¥ gy=o
1 X r . ~ J=
_e = —L(x-¢)
e '.\f-l LY D! o
j selscdn = 7 Lwac 'J 7 e -2¢ = —t %€
! e W = et
2 a? sev sc = 3¢
f 7CLM‘L41L =| = L«nd - _—
| 2 3
4

e &L P Ll 4 4 1.)
C = = = -~ = Ltwd - T
\\[ bl |M1r_rj,-,|-_ (J, lne > > ( e “ 5

12 3 z 2
5 wlwcdhe = e_’. - ti ¥ é < tL + _'ﬂ_'
1 2 + 4 Y [

Areen 4 -lrvr'wsaLb

bode = Ze-¢ = 2C

M-bl‘.aw'—c-
,\"’fJ"J-A'* 2¢ x e
EN
Avea L A = et
Aven 2 z
of =6 ¢t ¢ r i_
% %
Aren _ 561-1- 4
4 = 2 .
R —
—_—

(Total for question = 10 marks)
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1 +11x —6x? B G
=4+ +
(x =3)(1-2x) (x-=3) (1-2x)

(a) Find the values of the constants A, B and C.

A4 Adoc -Goe® =Gt 4 ot |

- - = e T T

€ — 22 4+6o0 =2 T+ - 3
2

“2e e -3 m(

-(- Goc® + Iyde —"1)
Lo v

-39 t 1O
)+ (i - boe® = 2+ 10— 23¢c
('a(,—-_'l,')(,l—-n-sf—.) (=C~'£)Cl'2'ap)
LrplUx —bx™ - 34+ &, C
(2c-3)(1—29¢) o -3 =2

| + Vo -Gt Z 20 -D(1-2) + & (1-2x) + c(x-2)

At =3
L
Laen(3)-6(3) = e(t-20%)
- 20 - -58
4 = 6
At x='2
FIUS SRS DR AS S
5 = -2-56C
_1 = C
L+ 1oe 6™ . !
Ge-2) (1 = 200) % -3 L —2asc
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Aiming For A* Live
Sessions Frday at Spm

Bl = 1+11x —6x? .
(x=3)(1-2x)
(b) Prove that f (x) is a decreasing function.
floey=23 + 2
pt-3 =2
| - - _*
40 - (rc-3)" - 200
(x-3)" s 0 dov >3
(\ "l:L)L >0 -FO\K % N3
- I
— 40O Jov 9¢ >3 e 'FDV >x 53
[3( _3)7— (l -11—)
-
—_— , ~ _L Z 0
(°c2) (1 -2:9"

T, ' zo fov 3>

i weans, LD {5 « alr.c\reoé‘w\j —?wdftovx-

(Total for question = 7 marks)

(Q11 9MAO0/02, June 2018)
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Aiming For A* Live
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Q19.

Water flows at a constant rate into a large container.
There is a tap at the bottom of the container.

At time t hours after the tap was opened

e the volume of water in the container is V m?
e water is flowing into the container at a constant rate of 0.45 m* per hour
e water is leaving the container through the tap at a rate of 0.3V m® per hour

(a) Show that

203 _g_¢r
dr

AN . 0.45 - 02y
At

dv 45 E3N
A,-t (Yoo o

oo 2L = 45 — 30V
At

RO‘L

[m) 5t
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Given that when the tap was opened, there was 0.25 m® of water in the container,

(b) solve the differential equation to show that

dv
o — = —
° w16
20dv = (a-6v) dt
‘20 CQV = OH,/
-3
-3 a-6v x =
' :_E dv = —O0-%dt
q - by
j =k dv = S—O-ZJ‘C
9-bv
Lnlq-gul = -0-3t +C
At t=0, V=025
L Ja—¢lo-as)| = —0-2(ed +C

ln [ 2.5 = C

Given that

e the capacity of the container is 2 m*
o the tap remains open

o the water continues to flow into the tank at the same rate

V=P-Qe™
where P, Q and k are positive constants to be found.

2
]
I~

Clala-6vl =m0 3% HLun]1 5]
tnla-6vl 0 AL 175
= €

-0-%t L6l
a- b (") e )
—o-3t
A- 6V - 9.5 ¢
—o-3F
-6u = -9+1.5¢&
_ o 7.5 -0 3%
= — — €
3 ¢ T ¢
—0-3t

J=15-1.25¢

5 Q=425 1k=0'3

(c) determine whether the container will ever become full, giving a reason for your answer.

Ae 00, N 15,7

-

1.5 < 2

' The Contatwers will wenev befome ?_UJL

(Total for question = 9 marks)

(Q10 9MA0/02, June 2025)
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Figure 9

T 4 .
[A sphere of radius 7 has volume — 77? and surface area 4m2]
o

A manufacturer produces a storage tank.

The tank is modelled in the shape of a hollow circular cylinder closed at one end with a
hemispherical shell at the other end as shown in Figure 9.

The walls of the tank are assumed to have negligible thickness.
The cylinder has radius r metres and height h metres and the hemisphere has radius r metres.
The volume of the tank is 6 m®.

(a) Show that, according to the model, the surface area of the tank, in m?, is given by

12

7

72

%] | n

Curved, Sutfote owen = 2Rl \ .,
N o\umne q» (,U\,\v\rkw - nvlh
Lose oweee = AT

' 3 —
‘nf,w\LS\OlncA/t swﬁﬂu({, owen = 4~V 20 2o E Volme -:{, VeMﬁstW:%nr .;1:%-_ ,\V_%

— - — — 7 /‘\/‘
otk Suwwiale grveee = 2AVLE KTt 2 —
to Vol el Vduumt = Ryt 2,
Tolol Suwfrlt ovece = ARl + 3RV
b =Rvith ¥ %W‘f%
Toted QuuFole cwen = 9— 6 L
19’0\ Q‘N\r<wv1 5 )"—gm (% = 2/av "l LA D

1 oTeh Suu/(iod/e ovem i_,l _ 4N \f7‘+ 7wt Iy ih = L% ~2Av >
v 3 h = ‘£ 9:5,‘/;}
Ky 2wt
— _ [Q-
ool S”W%o‘“ elece = 2 £ S gt _ G 2
V- Z V\_—_/- —
vt 2

&
S L\.u OV« Video Solutions Walkihough



The manufacturer needs to minimise the surface area of the tank.

(b) Use calculus to find the radius of the tank for which the surface area is a minimum.

- -1
A= e t oS xe
?
2z
o{/’v'_’,I;N,—')_+|o’,tr 4*224¢3+%W
—_— - — - d.V'L
OL\/ 5 2 b irq
Moes (32)
When A ts mbnd v AN O a
J - —_ -2
olv 24 3.6\ ‘°x
.d'_/ 2 l‘l'[( ?3 ¥
o= -2 0L, ar*
L Z drx = W - g
At =2l ¢ 57 7 dox
(/. (0 —
= = <X Rv
rz 32 JL'A' At
rt x | - v 3 >0 cz s
X 3 ’2;1 - —\_(.9 AV %X xg dvr l.wCGJv VV\{IA‘\W
v 3 v oS (-Amf,\)
3, = (0Rv*®
_3,.'__[: I \fg
~

g
)CW\‘W\ occuwws oF v 2 (:L‘—L;> k kA .-4..'05-\/\ {,’55'{;’)

(c) Calculate the minimum surface area of the tank, giving your answer to the nearest integer.
Auww = 2L o) '+ Sx (es)”
4
Aoaa = 47.20105 ...
Ao a2 L1t

o veowort | w+¢8w .

(Total for question = 10 marks)

(Q13 9MA0/02, June 2019)




In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A new type of car is released for sale.

The total number of this type of car sold, N, in a particular region, t months after the cars were released
for sale, is modelled by the equation

N =5000— 50007 t>0

Use the equation of the model to answer parts (a), (b), (c) and (d).

(a) Find the total number of cars sold in the first 3 months.
At =2 | N = Spop — Se00 ¢~ 0 T3

N= 4007 cuvs

Given that N=3000 whent=T

(b) find the value of T giving the answer to 2 decimal places.

- 0-075 7
J000 = 5000 — SopO e
— 0. 005 T
— 2080 = — S ov0o €,
—9-©I357"
b - €
—0:0157T
Lno-¢ = Lnt
Lwn @.4¢ = _9 0151wt
bn 0 = —0.015T
= Lw Ok
~ -©-0185

- AQ-QQ nMowths CQ‘JP>
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(c) Find the rate of increase in the total number of cars sold when t = 3, giving the answer to 3 significant
figures.

_9-015L
%/N = -5090 X — 0-07195 x €
t

—-9:-07156%
L
dt

_o.on15(3)
_ N ©

A‘t _b"'% _ = 7 €,

, 3

4—@ = 299 CowS Pev mowtih
at

After a marketing campaign, the total number of cars sold is expected to rise and have an upper limit of
6500

(d) Using this information, suggest one refinement to the model.
- 0-9O7 St

C/havud,e/ e epwc:b:ov\ 14_‘-“,.5 W@ el «?\I\')W\ N = 000 -50p0¢€

1o Nz 6500 - gSOoefo"mt

(Total for question = 8 marks)

(Q09 9MA0/02, June 2025)
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Q22.

The curve C has equation

(x+y)P=3x¥-3y-2

dy
(a) Find an expression for dx in terms of x and y.

(e+4)(rct+ 29y 9ty = 17¢ - 3y-1
-3034— D_ac"'j +w3'l’+ .')r."'j e 2:9:]7’4-33 = 3 - 34 -2

2c 3 'r'bc,”:j + 3“:]7"’13 = Bz — 2y -2

2 L Jd, z Ay 2 _ 5y
bo* 4 boeg Bt B w 3yT e Coog T x Byt o px 38

dy ( t 2 - - ?
= 25c +67(ﬂ+3~'] +'$> by — 33 ij_-gu'z

M @Dc—'B’JOlfévc&j-'g:]l

dac

Yae ‘4 Gxy +3~J" +3

meE
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Sessions Friday at Spm

The point P(1, 0) lies on C.

(b) Show that the normal to C at P has equation
M P10 ,x=1 ,49=0

y=-2x+2
L= Ay 6O 73007 (L0 (0) - 3CeD

bode 30 Zp (O00) 43l + )

= .5 :l
MT T P
Loy = 7

4-0-= -2 -1

1= "2 +2 Shown .

(c) Prove that the normal to C at P does not meet C again.

You should use algebra for your proof and make your reasoning clear.

Cuvuve C
& £ (1,0)

(+9) % = 2oc® =3y -2 —>

Yz-23 42 —> Movmak b C

(2¢-29e+2") > - 29¢ -2 (-20ct2)~2
(2 ‘Dng = Zac 4l -6 -1

(2-—:\6)(4—-4““5‘) = Yt +0x - ¥

§ — ga tAX =4 Farc~ae> = 39e +ba - ¥

0= >34 uoc -2 £6oe +4C F ¥ ¥ —Y

D= ¢ 7= 33 + 1% A6

p(Lo) S o polwd of lnbwsedtiion
Tor 2-\ % & fatbor 4 20 Y - 32T (Roe - b

et —2oc #1)

oc —| oe® —20e? +\¥oc-1b
—(_'acz — ) N
Wwe Z— = -
-2c® £1%0C
—(-25¢* +22¢)
(WA TA —1b
that ~ 1L
R
° o
o = (- 1) (sc®~25 #16)
(-2) =4 (OO = —bo
- o £ O
T 2c2-2%4V6 Lo o veed  vodUS.
TS mweculS to novwmak o ¢ o 2 (40D
ilL ot weet C c«-%ovsv;_,

(Total for question = 12 marks)

(Q15 9MA0/02, June 2024)
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Aiming For A* Live
Sessions Frday at Spm

In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve has equation

dy
(a) Find dx in terms of x and y

X3+ 2xy + 3y = 47

3oc® + 230% + A9 + GU

A _ _
d—j—c(bc—ké‘s) = -~y T

Ay

—_—

d o

-

— D.:j - %’.)CFL

A + é}j
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The point P(-2, 5) lies on the curve.

(b) Find the equation of the normal to the curve at P, giving your answer in the formax + by+c=0,
where a, b and c are integers to be found.

ﬁ B _Qj ——%DC’L
doe 2sc + b4
At PL—J,‘E} "
N\T = 'QCS> - 2("2'>
2(-20+C(s)
~ o
T T2
Lo = 12

N il

4-5 = ﬁ(bcft—z)ﬁ

]

iy — 55 = L2 + 26
o:l’?:%"lj+55+ZL’

|3DC,"\|j‘l‘%\ =0

a =17 b = -1l C = %\

(Total for question = 7 marks)

(Q07 9MAO0/02, June 2023)
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f(x)=x+ lan(\zl.\‘} i

Given that the equation f(x) = 0 has a single root a

(a) show that a lies in the interval [3.6, 3.7]

£ 03-6>= -6 + ‘tOW\( 5,'_—[’3

(26> = — 0-6%02¢L67 46 (neqed iue)
— -1

£(2) = 7 + tan (1)

F02D = 021194304113 [ 205 b ued

oK \/‘L eSS \go‘tw&b\/\ e - Cp owuca- Z 7 LelCoumsde th-eve ! S oo S c‘a\A C,\/mvx.aé

fov '{’b‘/) ok £(x) Vs a Coonrbi MaouSS ,@«AJV\:\DV\ ta e intevved [%'C’/ 27

(b) Find f'(x)

£V = A 4 éﬁeczﬁlzu)

(c) Using 3.7 as a first approximation for a, apply the Newton—Raphson method once to obtain a second
approximation for a. Give your answer to 3 decimal places.

DChH = JC, ilgiﬁ
£ (D
F DC,'—'S'—)

0 211240617
17 LB

o= 3] - .
2 \-\’%Sacz( 3.})

W, = 2672 (2dp)

(Total for question = 6 marks)

(Q03 9MA0/01, June 2024)

g L
Video Soluticns Walkthouwgh



Figure 8

Figure 8 shows a sketch of the curve C with equation y = x*, x>0

(a) Find, by firstly taking logarithms, the x coordinate of the turning point of C.

R

U-Sl.'ﬂj ;M‘DL\‘C;'\T oll}ﬁfcftm‘b':otrow

A oAs A 1 Lnac
1= T Jc(;—c\)+ ]
dy
a: = :] +’ﬂLV1')C
— z J,j
HAVV\WB ol — = O
Pownt dac
0O = Y+ Jlnx
O =Yli+Llax)
4y -o | + Luoxe = O
-)Cw ) ln x = —|
w -1
No yeak CL * 2 e
vootS c 1
2 =
20 >0 €

w0208 (358D
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The point P(a, 2) lies on C.
(b) Showthat1.5<a<1.6
At oc

- I,SI

1537
At > =16

£0v-8) <« a2 » 16[([4)

T g

'S < < 1-6

A possible iteration formula that could be used in an attempt to find a is

=2x'3
n+l n

.
Using this formula with x; = 1.5
(c) find x4 to 3 decimal places,

_ 1-1-5
PCa T2 (1-8)

2, = 1-63299 ...
= t-63299._ ...
W, = 2(1-6324a )
¢, I~ 466 .- .
[— (-4L6-- -
0, = 2wl o)
oC g

2467 (1dp)

(d) describe the long-term behaviour of x,

200 S o\fue,vﬁe,vd:

(Total for question = 11 marks)

(Q11 9MAO0/02, June 2019)
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x=— s(t+2)* teR
The point P with x coordinate -3 lies on C.
(a) Find the y coordinate of P.
-5 = t—;—‘ 4y=5(-5+ 9_)
S 3=5C-°
-5 =% J=

(b) Find a Cartesian equation for C, giving the answer in the form y = f (x)

sc = £-1
2
D\DC = t—I
2+ = T+

Y =5(2x 1)

(c) Hence, or otherwise, find the gradient of C at the point P.
Y = 5(ac+)t

oy

2
o = '5)(4—)(2(23(.-!—3)

3
Dl_j_ = 0 L29C+g>

dac
Kkt w=-1
3
d—’5~ = 40 2(-3)+2)
doe
M = —~1logd

e

(Total for question = 7 marks)

(Q05 9MA0/02, June 2025)
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Aiming For A* Live
Sessions Frday at Spm

In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

VA

=V

Figure 6

Figure 6 shows a sketch of the curve C with parametric equations

x=2+4cost y=3t+2sint -

<t<

o A
o
w|§

The point P(4, k), where k is a negative constant, lies on the curve.

(a) Find the exact value of k

4 =2+ yCost

meE

Video Soluticns Walkthough



The point Q lies on the curve.

Given that the gradient of the curve at Qis 2

(b) find the value of t at Q, giving your answer to 3 significant figures.

2 = 2+ Ylost YW= 3t + 2%int
4 .
;ﬁ:"FS‘“t g rgcest
dv
dt . 4
doc  —ESint
0\5 2 4 2005t
-— = _
oo —q,S‘V\'L’
-2 _ 2 +2Cos T
2 -4 Sint

65int = B+ 2cost
6 St - Qwst =3
(([Tcosms ) = 3+2cest
36[1-Cos®t ] = T 4+12Le5T 4 oSt
3L — 2L CoS™t = AT 12CosSt + 4 (oSt
Oz =30+ #1200V + 300t +4 ST
O= =27 + 12005t + 40cos*+

= -27 +12Y £ 40Y7*

v o= T3t YZ-&—ZJ’E_(

20 20
. P -2 knglj ) ~1T-23-3(T7
St = Ces [ —— 1 = Cods [ —

t 2 0-%10 (35.,{{3 t =297 (B 3£>
(‘f,&ec'r

(Total for question = 8 marks)

(Q16 9MAO0/02/M, June 2025)
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Q28.

The curve C has parametric equations

x=t"+6t-16 y=6ln(t+3)

(a) Show that a Cartesian equation for C is

y=Aln(x +B)

where A and B are integers to be found.

o = (% +331—-‘1—\é y = éLv\(-L—J—3>

k+D"-2s
y=Clu (vc+ 9,5>|/2
oct2s = (b+3)7

(¢ +25)7 J= 3Ln (xc+29)

Video Soluticns Walkthough



The curve C cuts the y-axis at the point P
(b) Show that the equation of the tangent to C at P can be written in the form
ax+by=cinb
where a, b and c are integers to be found.
(213D  A¥ x=0, J=3ln(o+25)
4=3Lln2s
Y= 3ln(oc+25)

e -
d o¢ oC 415
. - 53 -
A’roc—o} MT = 3—5 ) 94— 3Ln25 -;%(pc—0>

294 = 15Ln 15 = 3oC

"

3¢ — 254 = ~15Lla25
Zac - 25y = =75 Ln s ?

-1%250Ln S

|\

%iC —253

a2 L= -25 Cc = -1%50

(Total for question = 7 marks)

(Q09 9MA0/02, June 2023)
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Figure 4
Figure 4 shows a sketch of the curve C with parametric equations
= 295 1

x=(t+3)*  y=1-°F

The point P with coordinates (4, 2) lies on C.

(a) Using parametric differentiation, show that the tangent to C at P has equation

3x+4y =20
dot _ 2(F+3D 4y _at? 4 = (t+3)°
ol At B}
2= t+3
T
dy AT y 3t —1 =t
c—l;C 2t +6 24 +6
e flwn) = dy 30N e
t=-I doe  2(-D+b 4
I3-2= T2 (2 -«)

Video Soluticns Walkthough



The curve C is used to model the profile of a slide at a water park.
Units are in metres, with y being the height of the slide above water level.
(b) Find, according to the model, the greatest height of the slide above water level.

e & F=-2 4= 1-(-2)°

Mo

‘3:_4_4—%

(Total for question = 6 marks)

(Q10 9MAO0/02, June 2024)
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Figure 6

Figure 6 shows a sketch of the curve C with parametric equations

£ L

x = 2tant + 1 y =2sec?’t+ 3 4 <t< 3
X

The line / is the normal to C at the point P where f =4

(a) Using parametric differentiation, show that an equation for / is

y=-0.5x+85
At t =7
(<%
)c:?_'t’av\(_%':’_-) .,_i j:lSCCLC§)+Z
2c = 3 ¥y =7
PL3D
2¢ = 2temt +1 = 25eC™t £ 2 Slnth + Costt =1
_ Z 0 tat tontt + 1 = Sec’t
'-’_C_;-I = temt ) 2 ""*:_*5 sbewlE b3 = 28ectt
j=1[>f;‘] +5 itomt 5 = 28ectt+3
= 1 (-x'_()z S
g a[e0 ]+
4= @0% g
ﬂ = ax (x-1)
cloc 2
J—q = o-1
dac
c= M = J‘” - - =
f(t ? '5/ T Il’. S i 2
' |
M - -—
n 2
j_q = ’—(i L)C"Z)
= ~loc+ 2 49
N 3%+ 2

=z —9-57%¢ + %5 Shotowvi .
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(b) Show that all points on C satisfy the equation

y=05(x-172+5

B
tj = (_D_c’;_l_), +95 done i favv'b (D

The straight line with equation
y=-0.5x+k where k is a constant
intersects C at two distinct points.

(c) Find the range of possible values for k.

v
- 0-Sxa+lc = (2= ‘S
z

"I 42Kz (-1t 1O
THLR 2 se g0k H1D
©= 5¢2-5C+1l-2)a
T}« rwo odfskiact roots, L¥-qget >0
A (-J)Z—LP{,J)LH—LK—) >0
1-44+ grx >0
sk > 423

<> %32
g

At 9420 2= Czi_,;oz,,s
y = (-D" w10
4 =CLx-v"
2= 9~ -2z~
3= -4=5¢c
4z -0Sti
A% (-1,9) , 7= -o-s (-t
Tz 0:5¢ie
frS =k

S

w
N
r
IN

6-5 (Total for question = 12 marks)

(Q16 9MAO0/02, June 2022)
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Aiming For A* Live

Sessions deﬂ at SEm
Q31.

The functions f and g are defined by

(a) Find gf(e?) writing your answer in simplest form.

f(e") = —z—‘l,mo"' = 3
4« (3)+2 1S
) = oot 2 o2 2
10 2(3)+1 L

y. A5
9L (e*) =




(b) Prove that g is a decreasing function.

420 +D
j(—’t‘)‘: 2C >0
2|
3‘(9(5) (VRN T 3 V=20t
u'= ¢ v'= 2
9'(e) = 4 l2ae#1) ~ 2 (42e43D
(2re+1)*
al (o) = ¥t +e— & - &
(25 +1)*
gy = 72
(29 )
(2% F1)° > 0 4ov e>o ke ooy pasitive
-2 vu.sdn‘ve \
N < © ..ng 5 > O = v«.sod?.xlo
(20c+1) Casifove

TS %Cob} Is o odec V'-GD‘S‘I mﬁ .?WCAT tow e ComSe

(c) Find the range of the function fg

2+3
f(x) = 2 Luae qley= ¥
2 > ot
Domain . ¢ >O Dowmaini >t >0

Rowge & ©<4 (0 Romge % 2<3(0 <

43+ 73
']c‘j () = %Lvn \ Jw At
3
F\omad.z, . %Lml < ’f-tj(pc) < ;LV\ 2

hewnte almc.ﬂs ncﬁatn\ ve .

3'0:,)4 (o] —_Fu»r >0

(Total for question = 7 marks)
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Figure 1
A tank in the shape of a cuboid is being filled with water.
The base of the tank measures 20 m by 10 m and the height of the tank is 5 m, as shown in Figure 1.

At time t minutes after water started flowing into the tank the height of the water was h m and the volume
of water in the tank was V m®

In a model of this situation

o the sides of the tank have negligible thickness
o the rate of change of Vis inversely proportional to the square root of h

(a) Show that

e

[=9
e
&~

where A is a constant.
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Given that

e initially the height of the water in the tank was 1.44 m
e exactly 8 minutes after water started flowing into the tank the height of the water was 3.24 m
(b) use the model to find an equation linking h with £, giving your answer in the form

h* = At+ B
where A and B are constants to be found.
dh A
Jt -
[ W dn = [ rat
%y
2 h - AF +C
3
At t=0, h= -
?_-qu-Dlls’ AlLe) +C
3
1152 = C
i %h"gz Ak +1-182

At =%, h=32¢

‘;D:Cz.“)"s s &L 11852

2= ?}( [ %Lz-zu)'"i ;-1521

A= O 342

13'\/11/1 - ©-3.2% + 1-152

h = o0.513+ +1:72%

(c) Hence find the time taken, from when water started flowing into the tank, for the tank to be completely
full.

Tomk fub off =85 | g% = 0-513% + 1-72%

5 =;‘5—l—g (5"5— l-728>
b4

t = 4

wmindieS C 2 S'jt')

(Total for question = 10 marks)

(Q11 9MA0/02, June 2023)
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Q33.

A curve has equation y = f(x), where

Txe*
i) ="—= x> i
Vet =2

(a) Show that

. T2 -x)+ Ax + B)
f'(x)= :

Ix 5

2(e™ = 2)?

where A and B are constants to be found.

/2
[>T 19C
’ - = - 1
-‘,I[)(‘_j . = e \% (C ) ! i,
99¢ %2
u'=1[i(c°°)+vcc°cl vz “,:('5 )(e -2)
oc
1 -9¢
AV -
e -2
\ 2 -y )J’_-;’:c_—' _ 1o - sacelm 19t )
£00 = qe (A+e) e -2 P e (C _2)
e —2
2% * 12e Va
e -2 (6 -2)
12 ot . 0-53(_6‘{”6
1 e (v (e -2) t B 2
f (2 = — - -~
(e -2)
2L o _ :LIMCIHC
4oy = 14 ¢ (1ex)(e™ -2)
1C6‘L:L_L)3/-b
3x
| 7 e’ El[l +ac][c,3"—1] - 233€ ]
() = —
'F 2 (’e/'sn ——9—) V2
H 2 Y 3'A
| 7" [l(eu—nf\-accg c"!'.!t)" e ]
Ny = - =
f 2( 3 - 2)™"
12
3 cucflt:l,m‘ 4 “_2-7661” _4oc — e j
_ql (xy = 9 Cf}ac_z sy
C ¢
75”{2@“ — e Zane - a )
| - -
% ey 2 fE}oL—Q_)—s’L
il e [ C—w'(, 2-7C) — &3¢ —u :]
showw.

\ —
‘Y’ ('\)L\) — 9 C_C ';f_,c_' 2>'5/2
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(b) Hence show that the x coordinates of the turning points of the curve are solutions of the equation

3x
LR =i

X = Ix
e +4
'l'mrvdvxj Potuis ok -r—‘ (%) =0

7™ (Cm C2-2x] -4 -4)

=0
e A/
2(e¥-2)"*
”®€
26 (e (2-) -4 -%) = O
2 -0 e (1-%) —g-% =0

2e 7(‘-- DCC’L,L cg -4 =0

€
263 -4 = Dc&%u + ¢3¢

16'5'1.'_ 4 = :’CCG",L ""l’)

Shown.
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3x
2e" —4
X=——7

The equation e + 4 has two positive roots a and 8 where 8> a

A student uses the iteration formula

2¢™™ — 4
in an attempt to find approximations for a and 8
. 2{"' -4
Diagram 1 shows a plot of part of the curve with equation e +4 and part of the line with equation

y=x

Using the Diagram below

(c) draw a staircase diagram to show that the iteration formula starting with x' = 1 can be used to find an

approximation for 3

Eesr s
Video Solutions Walkthough



VA VA

Q
Q |-—=

A 4

2 4

Diagram 1 copy of Diagram 1
- - -

Use the iteration formula with x' = 1, to find, to 3 decimal places,

(d) (i) the value of X
(i) the value of B
)
2e -y

v) w6, =
e®+q

a,= A H501775¢
x,= 4.0 (3 4-7)

9
(
o = 446%
50
Lp s aant (3dee)
Using a suitable interval and a suitable function that should be stated

(e) show that a = 0.432 to 3 decimal places.

- RETT -4
0-4319<L * £ 04315 L 29C
‘ [ t 4
l’\'l‘/l'bV'L o~ « S ﬂ,q, Nﬂv- Z"f—
O = _%%—_4_. - sC
h(o-4315) = 0000297 AN £
Tt
" (O.%gﬂ = 0- 0009477 S B T S
67‘+L{—

Thewe 16 o s\aw clhauye
and 1 (70) s &-M‘ff‘lvw""\s
W, Yhe intarveld

hente = 0-¢319 (3dee-)

(Total for question = 13 marks)

(Q15 9MAO0/01, June 2023)
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F

Figure 5
A company makes toys for children.

Figure 5 shows the design for a solid toy that looks like a piece of cheese.

The toy is modelled so that

face ABC is a sector of a circle with radius r cm and centre A
angle BAC = 0.8 radians

faces ABC and DEF are congruent

edges AD, CF and BE are perpendicular to faces ABC and DEF
edges AD, CF and BE have length h cm

Given that the volume of the toy is 240 cm?®

(a) show that the surface area of the toy, S cm?, is given by

1680

S=0.8°P+ r
making your method clear.
Toe = base = v_i{_l—:o-ﬁhrl”.,.z J= base aves x Lielght
PR
L¢4«{7 = f.‘g\nt = ch em” N= 0-av’® :lﬂ"‘
LEEL = 0¥rxhz O 3vh boo - I
2

6z oyrte 04v avhrvh +0-8vh

6= pgrt+asvh

Gz 0% 4+2-%v [ "”]

rz

P
shopon.
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Using algebraic differentiation,

(b) find the value of r for which S has a stationary point.

§ = 0-%r? ¢ (bsov ™

A 4fv - Apgovt
dv
48 .o dr sThenevy Zainlb
dv
4650 _ A.(v
Y-I'
160 _ ‘('3
1.6
Y.
4 3
:EEU v
A

o A00% e (3 s-d)

(c) Prove, by further differentiation, that this value of r gives the minimum surface area of the toy.
£_9 = 4.6 +33bov "?

At v = 102

\

L5 aor s [(H2)]7

dv?

A*s

o 2
A%

480 SN

{ |
v = L0 dem ’C]“w,s o MLV munn

Suvfote aveon.

(Total for question = 10 marks)

(Q15 9MAO0/01, June 2022)




Given that 6 is measured in radians, prove, from first principles, that

i((:os()) = —sinf
dod

sinh

You may assume the formula for cos (A £ B) and that as h — 0,

(tos orth) — Cob &

(Los th) ~ Z0° 7
i 65’59’\ = Ltrr/vn h
-4

h—>0

t
(o5 Co S = SlnB Sin b - CsE

— 1lan

d

(oo & Coshh — CO5E - & ineSin

_z'f_ wse) = (|

6!0 C \) L‘Mh,so 3
d [ (oce) -

Ii;ucg) = L Lh->o n

In

o
.”,(éoosm = Llese x 0 - sin®
do
i (cggg) = - S &
A6

[

Cw%ﬁ’[c"sl" - ! ] - gI’VLS’[

4

SL’V\ [

n

(Total for question = 5 marks)

(Q09 9MA0/02, June 2018)
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Figure 2
Figure 2 shows a sketch of the curve with equation y = f(x), where
f(x) =2 - 10x
The curve crosses the x-axis at x = a, a > 1, as shown in Figure 2.

(a) Show that a lies in the interval [5, 6]

£(%)= 2°_10(s) = -3

(|

n

25 - (e 4

W

gl e
2> to LD

5lan Chonde  occuwrs Lo
% IVLMVLS o:"élﬂs'w e /w_rWJ‘“L ES,LJ

The {'V\nr,jf:-’w %C"CD 55 Cont

Hence voot | &t Ue  biween [s.t] .

Given thatf'(x) = p x 2 =10

(b) state the value of the constant p

2C

3= .
L. PEln?

Lm‘ﬂ: Lwn2

ij = scln ,p'[x): 2m ln2 — _10
.:‘: "_'_j, - a2

Y dw

:J_?_ :jl.ml

die

P
49~ 927 aa :

(B~ it g
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(c) Taking xo = 6 as a first approximation to a, apply the Newton-Raphson method once to f(x) to obtain a
second approximation to a

Show your method and give your answer to 3 significant figures.
2 =

me - Rl
nat _Flt’lﬁ,,.')
a = b~ "tﬁl
' 4'(e)
oc = b - s Z $. %539 ...
' Lyglnwa —'©
£($-5%35%.)
3(.1 = S.‘B‘gs‘s"l e - 4'C5~?‘635°£--—)
'.:Cl': S-§770% ...
x, = 558 (54

The curve has a minimum turning point at Q, shown in Figure 2.

(d) Use the answer to part (b) to find the x coordinate of Q

Show your working and give your answer to 3 significant figures.
Kt e  L'eoy=0

2 Lwa - Lo

-~ o
)‘oc v = 4o

ne ,4_
17 . 0

—_—

Ln 2

2t (W)
bad = Le |1';,
s lbwkx = LV\ILL

ln2
| 10 I
- Lw2 LV‘ l T

~ 3:%5

oC

oC

(38D

(Total for question = 7 marks)

(Q04 9MAO0/02/M, June 2025)
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Q37.

The curve C has equation y = f (x)

The curve

e passes through the point P(3, —=10)
e has a turning point at P

Given that

where k is a constant,

(a) show that k=12

k‘t’ ‘l'Wvu‘g FQ:V\ﬁ'I jA_'_'d
n

0 = 2(332
D= %4 —BL 445415

LA

2

3 2 P
2x -9x" +5x+k

o 3) es(3DFI
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(b) Hence find the coordinates of the point where C crosses the y-axis.

Lt BT T TY AU SRy
J A«Lj :Jl’ﬁs x> +5t t12 do

i %
ﬂ-’- ?ic,. ..,‘]_7(: +§/7O’L+|9.1L +C

% 3 a
* 2
j: A= %753+Z'5DL ti29c +C
2
"
-0 = () —3(_;314.1-‘5(1\7——'2-(33 +C
A~
-1 = |9 +C
= ~29%

C  Cuosses \d—mm‘s a (O/’lf)

(Total for question = 5 marks)

(Q05 9MA0/02, June 2023)
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R > 0

1)

Figure 5 shows a sketch of part of the curve with equation y = f (x), where

The curve

f() =~

e intersects the x-axis at -1 and 1
e has minimum turning points at P and Q

as shown in Figure 5.

(a) Use calculus to find the exact coordinates of P.

P

U= \1-3" Jz Q+>c‘)1
uw = -a2ac O'z 2x2. Cusse™)
'z gl teaet)
Sy = mreelieed® o g Cire) (-2
(I-l—po"‘)"'
ad @ sccw o {'(0)=0

’

—aac{ t4%™)

2 _ goc (14ae®D1-0e™) =

-25¢ (149e®) [(u-':c"') +2 C"""L)] =0

— 25t (L4ne?) = 0O

-2=z9

=0

Maactmaia
Cotwt

Wnewnte ot

P ov R

(140e2) +2(v=2?) =0

T4se? o2 (i--e™)

\wxt=o0
9e% = | 1490 =-92 42"
Mo reel -x,"' =3
voobS
1A =J"3' and 2C3 “J_?,
k3
i1 -(3
1y U
1+ (-m‘]

[
e(-03, %)
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(b) Using the substitution x = tan6 show that

J.I, fx)dx = J‘,ﬁcos wde

where a and B are constants to be found.
5 o= ‘l‘m— ' C 1)

4 - 4=
= ‘r/q.

Ty

"F [1C) - __'1/_9‘ -4 = tunl | T= -bnln—lc"')
(.M—ac )
- 2 = toanl
z 1 tant ¥ + 5! 1y 4 Coste = |
¥ - 1;9&60” e a _d: = gec V&
= (i'l' ""'Mzo) tan'e + 4 = sec’er de s
% Ave = Bec O *
:"" A- tan® @ < Gec'e 4O
A
[ e
T (sec’e
['3
= 4 - vt Ae
L4 —_—
_r & Sec "0
%
= 4 vt a6
*\] Sece Secte
z g
;\S coste — dnre d4F
-z
‘(

Cle

POt
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The finite region R, shown shaded in Figure 5, is bounded by the x-axis and the curve.

(c) Use algebraic integration to find the area of R.

(Total for question = 13 marks)

(Q15 9MAO0/02, June 2025)
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Q39.

VA

“Y

Figure 1
Figure 1 shows a sketch of a curve C with equation y = f(x), where f(x) is a quartic expression in x.
The curve
e has maximum turning points at (-1, 0) and (5, 0)

e crosses the y-axis at (0, —=75)
e has a minimum turning point at x = 2

(a) Find the set of values of x for which

f(x) 2 0

writing your answer in set notation.

') 20 Whewn x £ -4 wmd 2z ¢ §

~

{ac: Dcs—i} N, {aczléncéS}

Eesr s
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(b) Find the equation of C. You may leave your answer in factorised form.

4 Ger=(>c + 1) (e -5)7
constat wiu b 25
To ,\‘bt -5 , $0) mns b be MuW-l:ln‘uJ. LJ -2

{0y = -3 ( e )2 (oc-5)%

The curve Cq has equation y = f(x) + k, where k is a constant.
Given that the graph of Cy intersects the x-axis at exactly four places,
(c) find the range of possible values for k.

H(2)= =3(2r) (2-5)"
£02) = - 2¢7

Thuy 04 14 /4 2¢7

(Total for question = 7 marks)

(Q07 9MAO0/01, June 2025)
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Q40.

VA

Figure 4

Figure 4 shows a sketch of the curve with equation y = f(x) where

f(.wr)=(4.1r-l\’)e"l xeR

and where k is a positive constant.

Given that the curve has a maximum turning point at x = 1

(a) show that k=2 .
£y wz asc -l vz € o
-
w' oz 4 vz -ax e
A
-x” -oC
'("l[,*): ’,13&0% [¢3C—|4]4, 4¢€
\
At =1 gl =0
-1 -1
o= -2¢ [4-k] 4+ se
-1
oz -2e [ 4-18 -2]
O= 2-k

Video Soluticns Walkthough



(b) Hence show that the only other turning point is at T
1 _761- -JC 2
ftayz -2ice [4,;(; —,9.] Y 4e

-t

o= -2e ['JCC‘-hc-z)——;l]
-t o
-2e€ = g4 2C —230 -2 — O

(pc =Nl +1) =0

No veal voptiS
7. 9C = i DC:"II L\"'V“"" am’:j oth o ‘L’wvmaly\j fos‘r\-b- I‘S & s = "—i

Given that the equation f(x) = p, where p is a constant, has exactly two distinct roots,

(c) find the range of possible values for p
(A

-1
pepy - frop -] L isa
A
DY =[+(DH-2]e - 0 7251765 -

- -1
4t £V ¢ e e+ o

(Total for question = 8 marks)

(Q10 9MAO0/02/M, June 2025)
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Q41.

The function f is defined by

2x -3
f(x)= — xeR
) “+4
(a) Show that
X ax’ +bx+c
'x)=—"""2
(x‘ +4)
where a, b and c are constants to be found.
W= -3 V=t +y
w oz 2 \/( = 2C
—F(C ) - 9 (re*+¢) = 29t (29c-2)
2t -
Cac"+ tﬂz
\ 29 Y@ — T+ Goc
(x) ~ N
£ () IR
| — 25t £ G +%
() =

(e ™ry)®

u=--20 b=0C C =%

=
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(b) Hence, using algebra, find the values of x for which f is decreasing.

You must show each step in your working.
|
‘F () =z o

— L,+—
e b > +—°L ¢ 5

(e +g) "
—25¢ P 4k Lo Y & O

5¢c™® ~25c — ¢ 2 O

(DC —q—)[DL +14) >y O

i’ =4 ¢ = - | ot

Crivlcok  yalmes

oc < -4 1Y x SY4

(Total for question = 6 marks)

(Q05 9MAO0/01, June 2024)
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The function f is defined by

3x
c

f(x) = ax" + k
where k is a positive constant.
(a) Show that

f(x) = (12x% - 8x + 3k) g(x)
where g(x) is a function to be found.
{ . ?)'.)(_
(), u:z-e Vs gre” ¢ 1t

| X18

w le \ll:%DC

12

'fl[uc): BG;’L£43LL+‘<] - Paxe

(Ll—ac?’ +—lc)l

-

e %] ol
£l - (l:lmle + Blee - e’ >( %307’4—\4)

-F|(,srh = (l’.lncl— €2 + 1\@)[chc ( 43014,1«)’7']

3 -
9Cx) = g )C( 4'Dc?'+|<) &
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Given that the curve with equation y = f(x) has at least one stationary point,

(b) find the range of possible values of k.

'elc"(’) -0 O:\lbal—cébt'i'glk

(-8) - 4 (12)(3K) > O

64t ~lagle 2 O

by > lulklc
& 5 I
C‘

(Total for question = 6 marks)

(Q12 9MAO0/02, June 2022)
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A scientist is studying the number of bees and the number of wasps on an island.

The number of bees, measured in thousands, N , is modelled by the equation
Ny = 45 + 220 %%

where t is the number of years from the start of the study.

According to the model,

(a) find the number of bees at the start of the study,
At T=0, N = 45 +220 g 205t

N, = 265 Hous and bees .

(b) show that, exactly 10 years after the start of the study, the number of bees was increasing at a rate of
approximately 18 thousand per year.

N, = 45 +220 e

4 Ny 006t

L
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The number of wasps, measured in thousands, N., is modelled by the equation

N, =10 + 800 e %%

where t is the number of years from the start of the study.

When t = T, according to the models, there are an equal number of bees and wasps.

(c) Find the value of T to 2 decimal places

VQL.{,V\ M‘o :I\Jw
0-05St —o0-0o8Yv¢
45 +220€ = 4o + goo e
-~ 0-05%
35 = Boo¢€e — 220€
0-05% 0-05¢\ T
35e = go0 - 220 )
.05t \ & 0.05t
210(6005 ) + 35¢ - %00 =O
2204 + 259 - g00 = O
M= A.81903%0%2  y = -1-1%%12%949]
9-05+%¢ f'\'-\jnot
\I - 6
0-o0S ¥
LnM = L@
Lny = 0-0%t lnt
Lwny R
9-05

It

Lwn |- §2903%0%2
.05

-T'\.C iio% ans

o-05t

(Total for question = 8 marks)

(Q10 9MAO0/01, June 2022)
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Figure 2

A car stops at two sets of traffic lights.

Figure 2 shows a graph of the speed of the car, v ms™, as it travels between the two sets of traffic lights.

The car takes T seconds to travel between the two sets of traffic lights.

The speed of the car is modelled by the equation
v=(10-04f)In(t+ 1) 0<t<sT

where t seconds is the time after the car leaves the first set of traffic lights.

According to the model,

(a) find the value of T

10 —0-4t =O o= La lt+f
=7 a V=O p= lo L=t +d
0= (10=0-¢tD(tnltH]) ¢ -0

':RSSeaN-AS

(b) show that the maximum speed of the car occurs when

26

ft=— —
l+In(r+1)

dY  u=0-0gr vE Lalt+r)

# u = -0.§ iz — O-quV\[-L- +O) + 0 ¢ Lln(F+0)
+xt

du . 0dtlnz+) + 0.4t =

N . _wglalit) £ 'O-0&

dt o t o+ o.qt[Lm(++q+i]

t (Ln(eEr D) +4) =
t ~ QE’LV\ (‘b‘*’(ﬁ
L+ Lln(t+D)

25411 = Ln (£+0)
A Fla(te)

Mo Speed o A L
dt

(0—-0Gt

t+l
to—- o4t

t+I

O - - O‘L}LV\ (_‘L"H‘) +

t =

0.4 Ln (41 =

+t=

26
I +lnCe+10)

14+ Lla Cf'H-)

= |Q-O"+t

O - O-C[rLV\C‘f.'-{’(B
= do- 0-¢lu(++0)

25— Ln (++)

26 — [ 1+ La(e+0)]
A+l CE&D
A+Ln (D

A+ Ln (£+0)

Video Soluticns Walkthouwgh
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26

r .=
nrl 1 4+ ln(t" +1)

with ty =7

(c) (i) find the value of t3 to 3 decimal places,

(ii) find, by repeated iteration, the time taken for the car to reach maximum speed.

:\ Jc:”’u’_,—i = .44 3% .
1 1+Lln (__H—D
v, = 26 4z 7-29¢
[+l (74434 1)
ft:\ Joq = - 344045%5Y
£ = 1-332%003a]
20
fime 4o man Spcel x 7-33 Seconds

G 4r)

(3 s- £

(Total for question = 8 marks)

(Q08 9MAO0/01, June 2022)
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f(x)=10e" *sinx. x>0

(a) Show that the x coordinates of the turning points of the curve with equation y = f(x) satisfy the

equation tan x =4
—O-2%¢
L(> = 10€e

-0 297 .
w= & v = SvwaC

SI‘V\DC

. —0-15%%¢ \
W=z -0-25%€ V' = LoS9¢C
—~o-250 —o0-25a |
CoSo — 9-25e S1twv e

$lon= e

At ‘Eww:vj ?a\\\/\-‘/’ , 20 o
—~ 025 . ]
Cos e — 0166 I TS

-0-255¢
. o= 10 [ e
- 9- 1%L —0-15c
0-25¢€ Sinot = e CoSat

Stwoc A

[ = ——

CoSic 0-25

tange = & Showowv .
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Figure 3

Figure 3 shows a sketch of part of the curve with equation y = f(x).

(b) Sketch the graph of H against t where
H() = | 10e7%% sint t=0
showing the long-term behaviour of this curve.
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The function H(t) is used to model the height, in metres, of a ball above the ground t seconds after it has
been kicked.

Using this model, find

(c) the maximum height of the ball above the ground between the first and second bounce.
A"L' H-Mwn 44 =0

T
_l_ -'L"Q.V\t =Y
£ = 1.326%... + N
t = 4467 -
W = wl(¢-4b7¢l-) = |- 275257~

Man

H 2 3.4% metres (?,sf_v

Mo

(d) Explain why this model should not be used to predict the time of each bounce.
’\'f.Mg, bebvweenr eacdn bouwnle Sb\-o\d-o! ﬂei:’ Smodhens  becanse Hee he,t‘s\r\ﬁ '7&,
et \gpunmce %{)\TS Lowev bLut the wmodel dees ot alcowmd :(fov Hus.

(Total for question = 10 marks)

(Q12 9MA0/01, June 2019)
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Q46.

Given that
y = 2x

use differentiation from first principles to show that

5 z
dx =4x J = 2s¢
iy . 2 (e - ax®
— = I,M
dn h—>o h
Iy o 250>+ 23tk 0> ] - 25>
I; - w—>e b\
230% ach #2107 — 90 ™
dy L
-— = (M\A’-—}'D (72N
e
4acn 4+ 21
OB' - L:Mv\—sc
dse .
Lyoch 2
L =
dat W
\ 2 + 2l
Moo WMo N
d>e
Mo 4ac
dat

(Total for question = 3 marks)

(Q04 9MAO0/02, June 2022)
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Figure 2
Figure 2 shows a sketch of part of the curve with equation y = f(x) where

|
f(x)=8sin(2")—3x+9 x>0

and x is measured in radians.
The point P, shown in Figure 2, is a local maximum point on the curve.
(a) find the x coordinate of P, giving your answer to 3 significant figures.

Flo = $xdixcos(3%) —3
0= 4 Cos ((52t) -3

.E = CoS C';_:’L>
4

01247 - j An —0-7117/ An + 0-72277 = e

1
2

I

2C = | 4450 AR - 1445 4 F a5

-FH (%) =-25%n [Lz_“’)
FoLreed) = 2,29 hete 1'“kS ok o comvelnode 0 T . Y-cosnlinadt wust L negelive

1" (r -lues-) = 103225 2" (wm-1465) >0 hence locad vm inlamamt
{'“ (Ll»'n’-{’ l-l&(ﬁ..,,) = - 3205 . _r,l(C¢F+|.qq.5>éD hewe [locad m{w‘,/um/lr

Flar +rwes) €0 T P(”F'Oj‘j)
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The curve crosses the x-axis at x = a, as shown in Figure 2.
Given that, to 3 decimal places, f(4) = 4.274 and f(5) = -1.212
(b) explain why a must lie in the interval [4, 5]
>0 and FIS240  hew a Ggn Chomge occuwS befwecns i omd S
The ,Fw,\c:f:ov\ 'S Cont i nuas  ulthin tee tvtevval RPN

et the ot | & st Le (o the intereel (#,5]

(c) Taking xo = 5 as a first approximation to a, apply the Newton-Raphson method once

to f(x) to obtain a second approximation to a.
Show your method and give your answer to 3 significant figures.

1212
[ B K B
2, = B 4 oS (2-50)—3

X, = ¢-¥0 (358D

(Total for question = 7 marks)

(Q06 9MA0/02, June 2022)
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A curve C has equation

dy

(@) Find (i) &
dzy
(i) @

) :]=Dc1

oy

dt

2,
EL> olj::l"'

doc®

— 22

=2 -2 —4as

% —
y=x"—2x — 24yx, x>0

Ir
~ 24 ¢ °

[

~ %y
G 2C

(b) Verify that C has a stationary point when x = 4

At =% ,

.y
°l_3 :2lyd —a—12(«) *
A?L
oy
— =D Tht A oc=9
dac

C hay o 51""f"°"‘”\”j Point -

(c) Determine the nature of this stationary point, giving a reason for your answer.

At

=

OQ’Lj %/9_

dooz

i T

= L+ CJEL"]/

UYSS fo o lotel minimum

ot=¢g

(Total for question = 7 marks)

(Q02 9MAO0/01, June 2018)
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Figure 4
Figure 4 shows a sketch of the curve with equation x* — 2xy + 3y? = 50

dy _ y-x

(a) Show that dx 3y-x

_ - oy dy  _
2 + =D
2oc 22 —?L G,I\.j _o‘;(,

;9 (by-2) = 2y ~25t
oL

ol/\J :)_z.j - 2L
J— = —
JDC 68 —Q'DL
oy 29—

da i 1’(,'521"1’>

dy j Y- 2C
A, Tl
doe 321 -
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The curve is used to model the shape of a cycle track with both x and y measured in km.

The points P and Q represent points that are furthest west and furthest east of the origin O, as shown in
Figure 4.

Using part (a),
(b) find the exact coordinates of the point P.

At Pl P gqradiadt o0, Thws  denowindor =50

dy 9%
:Q: ) 3:]'-)(—
' 3y-x =0

DL'—'—BD

(33)1 - 2y(3y) + 331 =50

"4:]1— éjiﬁ-gam =50

637’ =50

Lsﬁ

J 2
Y= 5 _ -5

{3 &
rc:s‘ff{’

20 = ghna

3

’ "ls "S

- l"( = I

(c) Explain briefly how to find the coordinates of the point that is furthest north of the origin O. (You do
not need to carry out this calculation).

éﬂ/uﬁr{. (jru').;cvxk ;?Mo‘r.'am Yo z2exvd  omd Sole Fev 3C
_TLV\A5 501,00 j -3¢ M\A :)(‘,7'—2905 + 33 - 5o 5;mu\l‘t'o-meou.slg ownc

celect  tThe po Sive  Golubions.

(Total for question = 10 marks)

(Q09 9MA0/01, June 2018)
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Given that
3sinf} 3
W T
2sinf) + 2cosf 4 4
show that
dy 4 R _pom
d®  1+sin20 4 - i

where A is a rational constant to be found.

Uw=3%nb V= 2500 + 20088
w = 2(osP V' Z 20050 — 25 ®
dy 3 Cost ((LSInE F2088) — 25in8 (2cos® —asine)
49 (25ne + 20050 ) ™
) t (a5
d LolngCos® L GCos¥ e — LSin CosO + 65 0
J;_ = L(,S‘mia g 2 BCos S + L\,CDgZSJ
| Loin™e + Gcos'e
4 - :
T Aonte + & (06 T + TIPS
1 b(Sinte +Co5te)
9 _
;\g qCﬁnLe’ﬁ-Co%ze ) + 4 (28inB CosE))
cl C;)(,‘{_
ﬂ = t
T g4xd +gxSin2e
b
oy _ ‘
;l;_ - 4t 4 Sin 20
b
dy /ﬁ——ﬂ (Total for question = 5 marks)
dv A+ Sn2® (Q05 9MA0/01, June 2018)
1.5
D{j _ A=1(-9 ,
—DE/ i +Sn 28 A o
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